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PREFACE 


The  contact  problem  is  one  of  the  basic  problems  in  the  theory 
of  elasticity.  Calculation  of  the  many  important  parts ,  structures 
and  machines  is  based  on  the  theory  of  the  compression  of  elastic 
bodies.  However,  this  theory  presents  considerable  mathematical 
difficulties.  The  first  correct  solution  of  the  basic  case  of  the 
contact  problem  was  given  by  Hertz *  as  long  ago  as  in  1882,  and  the 
mathematical  development  of  the  problem  set  on  this  solution  for 
approximately  60  years.  During  this  period  efforts  of  engineers 
and  theoreticians  were  directed  mainly  at  the  experimental  checking 
of  the  theory  and  the  development  of  its  applications  in  engineering 
(works  of  academicians,  A.  N.  Dinnlk,  N,  M.  Belyayev  and  others). 

In  the  1920's  and  especially  1930's  and  1940’s,  the  mathematical 
base  for  the  solution  of  the  contact  problem  became  quite  different 
from  what  it  was  in  the  second  half  of  the  last  century.  Hertz 
used  in  his  investigation  only  formulas  from  the  theory  of  potential 
of  a  uniform  ellipsoid,  which  represents  the  simplest  prototype 
of  solutions  of  problems  of  the  theory  of  potential  and  theory  of 
integral  equations;  whereas,  starting  approximately  from  the  1930's 
we  had  available  the  powerful,  developed  by  us  in  the  Soviet  Union, 
apparatus  of  the  resolution  of  problems  of  the  theory  of  elasticity. 


*Hertz  H.,  Qesammelte  Werke,  t.  1  Leipzig,  1895,  str.  155. 


and  the  other  one  -  In  his  monograph ,  “Singular  integral  equations” 
and  in  articles  preceding  it.  In  these  books  extensive  bibliographic 
data  cap  be  found.  Let  us  note  that  in  science,  to  a  certain  degree 
of  the  related  theory  of  elasticity,  namely,  in  hydro-  and  aero- 
dynamics,  for  a  long  time  in  resolution  of  problems  about  two-dimen¬ 
sional  motion  of  liquid  and  about  the  lift  of  a  wing  functions  of  the 
complex  variable  and  singular  integral  equations  were  used. 

It  is  quite  natural  that  in  the  Soviet  Union  a  number  of  works 
have  appeared  in  which  the  contact  problem  of  the  theory  of  elasticity 
has  received  substantial  improvement  and  development. 

For  the  first  time  solutions  of  new  contact  problems,  which  are 
a  generalization  of  the  basic  case,  were  given  by  me1.  In  subsequent 
articles2  1  obtained  the  solution  of  a  number  of  other  problems, 
using  partly  the  mathematical  apparatus  created  by  Academician  A. 

M.  Lyapunov3 . 

Very  valuable  solutions  were  obtained  by  a  number  of  authors, 
especially  in  the  school  of  N.  I.  Muskhelishvlli4 ,  and  also  by 
L.  A.  Galin5,  A.  I.  Lur’ye6,  G.  N.  Savin7  and  others.  Thus,  at 
present  the  theory  of  the  contact  problem  has  attained  3uch  great 
development  that  it  can  be  examined  as  a  large  independent  branch 
of  the  theory  of  elasticity,  which  has  an  important  practical  value 
for  a  calculation  of  parts  of  structures  and  machines. 


‘Shtayerman  I.  Ya. ,  K  teorii  Gertsa  mestnykh  deformatsiy  pri 
szhatii  uprugikh  tel  (On  the  theory  of  Hertz  of  local  deformations 
with  the  compression  of  elastic  bodies).  Doklady  AN  SSSR,  t.  XXV, 

No.  5,  1939. 

2Shtayerman  I.  Ya.,  Obobshehenlye  teorii  Gertsa  mestnykh 
deformatsiy  pri  szhatii  uprugikh  tel  (Generalization  of  the  theory 
of  Hertz  of  local  deformations  with  the  compression  of  elastic  bodies) 
(Doklady  AN  SSSR,  t.  XXIX,  No.  3,  1940).  Mestnyye  deformatsii  pri 
szhatii  uprugikh  krugovykh  tsilindrov,  radiusy  kotorykh  pochti  ravny 
(Local  deformations  with  the  compression  of  elastic  circular  cylinders, 
the  radii  of  which  are  almost  equal)  (Doklady  AN  SSSR,  t.  XXIX, 

No.  3,  19*10).  K  voprosu  o  mestnykh  de format siyakh  pri  szhatii 
uprugikh  tel  (On  the  question  of  local  deformations  with  the 
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One  of  the  necessary  prerequisites  for  this  is  the  bringing  of 
the  mathematical  theory  of  the  contact  problem  to  the  theoretical 
engineers . 


The  account  of  our  book  has  been  given  in  such  a  manner  so  that 
it  with  a  few  exceptions  is  accessible  to  the  engineer  familiar  with 
a  course  of  higher  mathematics  of  a  technical  college  and  having 
certain  experience  in  the  reading  of  mathematical  literature. 

The  eat&re  firat  chapter  of  ©ur^book  is  devoted  to  methods  of 
the  solution  of  fundamental  equations  of  the  contact  problem-  We 
try  to  combine  the  simplicity  of  the  account  with  proper  fulness 
of  the  mathematical  scope. 


The  second  part  contains,  together  with  the  classical  investiga¬ 
tions  s  an  account  of  certain  works  of  Soviet  mathematicians  on  the 
two-dlmentional  contact  problem  of  the  theory  of  elasticity,  including 
my  works,  part  of  which  has  been  published  for  the  first  timeV«„£hese 
include;  a  new  formulation  of  the  problem  on  the  pressure  of  a  stamp 

[FOOTNOTE  CONT’D  FROM  PRECEDING  PAGE]. 


compression  of  elastic  bodies)  (Doklady  AN  SSSR,  t.  XXXI,  No.  8,  19*11). 
Nekotoryye  osobyye  sluchai  kontaktnoy  zadachi  (Certain  special  cases 
of  contact  problem)  (Doklady  AN  SSSR,  t.  XXXVIII,  No.  7,  19*13)  • 

Ob  odnom  obobshchenii  zadachi  Gertsa  (On  one  generalization  of  the 
problem  of  Hertz)  (Zhurnal  "Prikladnaya  matematlka  i  mekhanika”, 
t.  7,  vyp.  3,  19*11). 

’Liapounoff  A.,  Sur  les  figures  d’equilibre,  III  chast’, 

St.  Petersbourg ,  1912. 

''See  Muskhelishvili  N.  I.,  Singulyarnyye  Integral ’nyye  uravneniya 
(Singular  integral  equations),  Gostekhizdat ,  19*<6 

5Ga2In  L.  A.,-  Issledovaniyye  sraeshannykh  zadach  teorli  uprugostm 
(Investigation  of  mixed  problems  of  the  theory  of  elasticity) 
(Doktorskaya  dissertatsiya,  (Doctoral  Dissertation)  Institut 
mekhani'UI  AN),  Moskva,  19*16, 

*Lur’ye  A.  I.,  Nekotoryye  kontaktnyye  zadachi  teorii  uprugosti. 
Zhurnal  (Certain  contact  problems  of  the  theory  of  elasticity. 

Journal)  "Prikladnaya  mekhanika  1  matematlka”,  t.  V,  vyp.  3,  19*11, 

’DAN  URSP  No.  6,  1939;  No.  7,  19*<0;  Soobshcheniya  Gruzinskogo 
Filiala  AN  SSSR,  t.  I.  No.  10,  19*10  g. 


FTD-MT-2*J-6l~70 


vii 


on  an  elastic  half~plane,  d±struS¥£3~  in  f  S' 'Of-Ghapte-r^  II,  and  the 
periodic  contact  problem^  which  comprises  content  of  §  5  of  Chapter 
II. 

In  S  8  of  Chapter  II  an  attempt  is  made  to  calculate  surface 
deformations,  which  up  till  now  were  not  calculated  'in  the  theory 
of  the  contact  problem.  a 

/'  *  •  ”  - 

Chapter  III  gives  a  number  of  new  solutions^-^f  an  axisymmetric 

contact  problem  of  the  theory  of  elasticity. 

In  Chapter  IV,  together  with  the  classical  solutions,  a  number 
of  new  solutions  belonging  to  the  authors  is  given. 

a  "  -v  :■ 

The  book  should  be^ oxamitred  as  a  division  of  the  mathematical 
theory  of  elasticity,  since  it  is  devoted  to  the  solution  of  basic 
contact  problems  of  the  theory  of  elasticity*..^ 

\ 

Basic  information  on  the  theory  of  the  contact  problem  can  be 
found  In  courses  of  Academician  L.  S.  Leybenzon1  and  S.  P.  Timoshenko2. 


! 


*Leybenzon  L.  S.,  Kurs  teorli  uprugosgi , (Course  of  the  theory 
of  elasticity),  Gostekhizdat ,  19^7* 

2Timoshenko  S,  P.,  Teoriya  uprugosti  (Theory  of  elasticity), 
ONTI,  1937. 
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CHAPTER  I 


MATHEMATICAL  INTRODUCTION1 

S  1.  Reduction  of  the  Fundamental  Equation  of 
the  Two-Dimensional  Contact  Problem  to 
“TEcTIlirlchie't  Problem  for  a  Circle 


Let  us  gein  from  the  consideration  of  the  fundamental  equation 
of  the  two-dimens tionsl  contact  problem  of  the  theory  of  elasticity: 


Q 

^  W  to  if  »/(*),  -e<s<a. 


(1) 


where  fix)  is  function  assigned  Inside  the  interval  (— e,«>,  is  the 
unknown  functlon9  which  must  be  determined,  inside  interval  i-at  a) 
in  such  a  manner  so  that  equation  (1)  is  satisfied.  Relative  to 
the  assigned  function  fix)  we  will  assume  that  it  is  continuous, 
and  a  derivative  of  It  /’(*)  can  have  points  of  discontinuity  inside 
the  interval  i-a,  a). 


Let  us  consider  the  function  of  two  variable 


« 

<2> 

where  .  —  * 

R^Y  (z — ' IpHKs?.  ■  (3) 

When  y  *  0  R'  turns  into  \x—t\  and  function  F(®,  y)  turns  into  the 
left  site  of  equation  (1).  Thus,  equation  (1)  is  equivalent  to  the 


In  this  chapter  we  give  in  detail  and  as  elementary  as  possible 
the  discussed  solutions  of  certain  equations  on  which  the  theory  of 
the  contact  problems,  placed  in  Chapter  II  is  based. 
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condition 


imposed  on  function  F(xa  y) .  Function  V(xt  y) ,  defined  by  relation 
(2),  is  called  the  logarithmic  potential  of  the  simple  layer  on  the 
segment  of  the  Os  ~e<«<< *  with  density  p(t).  Solution  of  the 
initial  equation  (1)  is  equivalent  to  the  detecting  of  the  density 
of  the  simple  layer,  the  logarithmic  potential  of  which  v(xt  y)  turns 
into  the  assigned  function  f(x)  on  the  segment  of  —o<s<a.  Before 
turning  to  the  solution  of  this  problem,  let  us  investigate  in 
greater  detail  properties  of  the  potential  of  the  simple  layer 
V(xt  y)«  If  the  point  with  coordinates  x,  y  does  not  lie  on  the 
segment  of  Ox  — «<*<<>,  partial  derivatives  of  function  7(x,  y)  can 
be  calculated  by  direct  differentiation  under  the  integral  sign  in 
the  right  side  of  relation  (2). 

Consecutively  we  find: 


Hence 


la i-  ~§  laKs-O’-Hfl, . 

d ,  {  s—t  8 «  1  «' 

S®*®  “(i-Tjs+P*  -In -if- 

i>8„_  8  («-»)*-»* 

m  la  -g  m  {y-’—Crr'.'j?, »  min  -w  arr — srraa* 


W <*.  V) f  J» (<)(*-«)*  £  p(i)ydt  , 

“sr^*3  b-v+f* 

•t 


^  c  p  (ot(« 


From  relation  (5)  it  is  obvious  that  function  V(x,  y)  satisfies 
the  partial  differential  equation 


8>ir  ,  d*r 
*57^*^ 


«=»0. 


(6) 
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Differential  equation  (6)  is  called  the  Laplace  equation:  any 
function  satisfying  the  Laplace  equation  is  called  the  harmonic 
function.  Thus,  function  y>  everywhere  In  plane  xOy ,  with  the 

exception  of  points  of  the  segment  of  ~©<s<e,  of  the  Oz  axis  i3 
of  a  harmonic  function. 


Let  us  Investigate  now  the  behavior  of  the  partial  derivative 
with  the  approach  of  the  point  with  coordinates  zs  y  to  the 
segment  of  the  Oz  axis  — a<as<&  When  —«<*<«  the  definite  integral, 
which  determines  the  derivative  'SfL'  in  formulas  (5),  can  be  divided  in- 
to  three  integrals : 


P(t)dl 
(«-»)*+  *»“ 


8^ 


p(  9*  T,f  P(*)dt ' 


(7) 


The  second  of  the  definite  integrals  of  the  right  side  of  formula 
(7)  in  turn  can  be  represented  in  the  form  of  the  sum  of  two  integrals 


f  P< 

y  i 


(8) 


if  function  pit)  is  continuous  at  point  t  *  x. 
Thus , 


arc**) 

*v 


“/»(*»  y) + <7,  (x,  y)4*«7«(*»  v)> 


(9) 


where 


hi*,  y)< 


.,..T  .£<••>*  , 


hi ^y)^-y\^rr~ 


(10) 
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(11) 


B+6 


V)  *■  —I fp  (®)  5  • ' 

.  ,.  ~  .  «-•  V  t  •' 

*  •  ’«  ,  • 

A  &  !?)**#  ^  ^rifUr  *. 


.  a~a 


Assuming  in  (10)  y  “  0,  we  will  find 


/*(S,C£es/B(S,  0)*=o§, 


since  in  definite  integrals 


¥0 

(12) 


4’ 


(13) 


-a 


l^W 


(14) 


integrands  are  limited,  and,  consequently,  the  very  definite  integrals 
(14)  are  limited.  Assuming 

|b>2— |y|tgs 

we  will  find: 


r+o  «, 

5  C-0*Ty*"Tr  5  d*m7vl  ' 
»-#  -*»  N 


where 


t#«arctg~  (o««.<{). 

Substituting  (15)  into  (11),  we  will  find 

■M*»  y)*  “]fi  2a»p(x). 


(.15) 


(16) 


« 
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<7*  (*»£}*»  —  2a4p(s)  when  U>&>  1 

*  (a?» «a 2ss/?(a‘>  when  y<&  /  (17) 

As  can  be  seen  from  (16) , 

* 

SjW-2  when  y«®0.  (18) 

Thus,  if  coordinate  y  tends  to  zero,  remaining  positive,  function 
Jy{xt  y )  tends  to  the  limiting  value  —xptek  if  coordinate  y  approaches 
zero,  remaining  negative,  function  y)  approaches  the  value  ~p(x). 

Function  F)  undergoes  discontinuity  when  y  «  0, 

/,{*, -fO) /»(x,  ~0)«ap(x);  (19) 

here  +  311(1  -0)  denote  the  limiting  values  of  function 

J^{x,  y)  on  various  sides  of  the  point  of  discontinuity. 

Using  relations  (13)  and  (19) >  from  formulas  (9)  we  will  find 


ar(x,  -fp) 
dV  (g.  -0) 

c>y 


{*)»/*(*,  4-0), 
-r:^(z)«/4(r,  ~0). 


1 


From  (12)  we  find 


lAMKilirl  $  (Tr^+p. 


*-• 


(20) 


(21) 


where  n  is  the  maximum  absolute  value  of  the  difference  p{t)~p{x)  when 
*  j— Since  function  p(t)  by  assumption  is  continuous  at 

point  t  «  x,  then  n  will  be  as  small  as  desired  at  sufficiently  small 
e.  Substituting  (15)  into  (21)  and  taking  into  account  (16),  we  will 
_  find 


1 7,{*,  y)l<2a,ij<»nj. 


(22) 
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* 


On  the  basis  (22)  from  (20)  It  follows  that 


(23) 


Since  inequalities  (23)  are  accurate  at  any  e  as  small  as  desired, 
and  n  approaches  zero  together  with  e,  then 


d?(z,  4-0) 

an 

ay  (x,  -o) 

<ty 


"  —  **{*)» 


} 


(2H) 


if  at  point  t  *  x  function  p(x) ,  does  not  undergo  discontinuity. 

Let  us  investigate  now  the  behavior  of  function  V{x,  y )  with 
removal  at  infinity  of  the  point  with  coordinates  xt  y.  Assuming 
in  (3) 

xesrcoa?,  yairsiof,' 

we  will  find 

_ * _ _ 

R**  j/r'  —  2rt  cos  <p -}- r*  **  r  J,/"  1  ~2  cos^  +  jj,  . 

In  •« In y — (q  j/*  1  —  2  —  cosip-hp.  (25) 

Substituting  (25)  into  (2),  we  will  find 


•  ' - -T 

*■  — 5  ^wla  K  *-“2 


(26) 


where  the  right  side  of  equality  (26)  approaches  zero  when  r  -*•  ®. 
Introducing  the  designation 


S 


P  (t)  &£ea  Pf 


we  will  find 


4  *  - 


(27) 


(28) 


Thus,  the  solution  of  the  initial  equation  (1)  is  reduced  by  us 
to  the  construction  of  function  V(xj  y) ,  harmonic  in  the  whole  plane 
x,  y ,  except  points  of  the  segment  of  the  axis  Ox  — a<z<«>  and 
satisfying  conditions  (4)  and  (28) x.  Having  constructed  function 
V(x,  y) >  we  will  find  the  unknown  function  p(x)  according  to  one  of 
the  formulas  (24). 

Before  turning  to  the  construction  of  function  V(x ,  y) ,  let  us 
show  one  important  property  which  the  Laplace  equation  (6)  possesses. 
Let  us  produce  in  this  equation  the  change  in  variables  x,  y  by 
variables  e,  n,  having  assumed  that 


1 


Consecutively  we  find 


*The  problem  of  construction  of  the  harmonic  function  according 
to  boundary  values  assigned  to  it  in  the  theory  of  potential  is 
called  the  Dirichlet  problem.  The  existence  and  uniqueness  of  the 
solution  of  this  problem  are  probem  with  very  general  assumptions. 
In  our  book  these  investigations  are  not  discussed. 
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whence 


3Y  8V  8s  .  87  Sy 

Sf**3 ErST+STST* 
ar  avd*.8V$s 

8^“*  dx  £15  *"$%  &He 


tLJSLf&f+l 

a?  a#  \&.)  “ 

a»r  5»r  * « 

5?  *5?  W  4,2 


<?n'  3i8y  „  8*Yf$r\*3V  8*x  ,8Y  8* w 

a^w^^vsrJ  *5?  *ir4'^s 

$*F  3x3*.  a*Y  /ay*v»  5/a,xa.2^£i? 
dx^eh}#}  •  jfy*  V^/  <*n4* 


3*Y  d'Y 
dp  **"e>»/ 


Wr^Vx/feVU->  *v  /itxdv  .9z8y\, 

”5^iUJ  +W  J+25^A2T5c‘fW  + 

[(i)+OQ>£  <*+«>+£  ®+s>*. 


(30) 

(3D 

(32) 

(33) 


(34) 


i 


Let  us  now  connect  function  y(Z,  n)  with  function  x(£,  n)  by  relations 


3y  8s 


r 


(35) 


The  necessary  and  sufficient  condition  of  the  existence  of 
function  y(£,  n),  which  satisfies  relations  (35)>  is  the  condition 

o  /  ds\  8  /&tN 


i.e.,  condition 


3*3  ,8*2 
Hi*  *d>f 


0. 


(36) 


If  condition  (36)  is  fulfilled,  then  function  y(£,  n)  can  be 
found  by  function  x($t  n)  from  relation  (35)  by  means  of  quadratures. 
Here  function  y((,  n)  will  be  determined  with  an  accuracy  of  the 
arbitrary  constant  term.  From  relations  (35)  it  follows  that  the 
thus  found  y((,  n)  will  satisfy  equation 


A  ,3S 


0. 


(37) 


t 


8 


Thus,  If  two  functions  x(C,  n)  and  y\K»  n)  satisfy  conditions  (35), 
they  mus-t  be  harmonic  functions,  as  one  can  see  from  (36)  and  (37). 

If  harmonic  function  x(£,  n)  is  assigned,  then  harmonic  function 
y(S*  n),  connected  with  it  by  conditions  (35)  can  be  found  by  means 
of  quadratures  with  an  accuracy  up  to  the  arbitrary  constant  component. 
Under  conditions  (35)  the  harmonic  function  y(K»  n)  is  called  the 
function  conjugate  with  the  harmonic  function  «(£.,  n). 


Substituting  (35)  into  (34)  and  taking  into  account  (36)  and  (37), 
we  will  find  that  under  conditions  (35)  the  relation  will  take  place 


a*r 

di* 


'*'5?  “  Vk* 


)[(ir)’+00‘]- 


(38) 


This  relation  shows  that  if  function  V(xt  y )  satisfies  the  Laplace 
equation  (6),  then  after  a  change  in  variables  (29)  this  function 
will  satisfy  equation 


&+SV-0*  (39) 

i.e.,  the  Laplace  equation  retains  its  form  with  a  change  in  variables 
(6)  if  conditions  (35)  are  fulfilled.  In  other  words,  if  in  the 
expression  for  the  harmonic  function  K(x,  y)  a  change  in  variables 
x,  y  is  produced  by  variables  £>,  n,  then  we  will  again  obtain  the 
harmonic  function  of  new  variables  £,  n  under  conditions  (35).  This 
property  of  harmonic  functions  is  widely  used  in  the  solution  of  the 
boundary  value  problems.  Actually,  if  it  is  required  to  construct 
function  V{xt  y) ,  which  is  harmonic  in  a  certain  region  g  and  satisfies 
the  assigned  boundary  conditions  on  the  boundary  of  this  region,  then 
by  producing  a  change  in  variables  x,  y  by  variables  £,  n,  we  will 
arrive  at  the  problem  of  construction  of  the  harmonic  function  of 
new  variables  n  according  to  boundary  conditions  assigned  already 
on  the  boundary  of  the  new  gft,  into  which  region  g  passes  as  a 
result  of  the  transformation  of  the  variables.  In  particular.  If 
one  were  to  find  function  x(£,  n)  and  y(£,  n),  which  satisfy 
conditions  (35)  and  transfer  region  g  in  plane  xOy  into  a  circle 
«* -f- ij* < l  in  plane  ££n,  then  it  is  possible  to  reduce  the  construction 


of  the  harmonic  function  according  to  boundary  conditions  assigned 
on  the  boundary  of  region  g  to  the  construction  of  the  harmonic 
function  according  to  boundary  conditions  assigned  on  the  circle. 

By  examining  the  solution  of  the  initial  equation  (1),  we 
arrived  at  the  construction  of  function  V(x,  y) ,  harmonic  in  the 
whole  plane  xOy  with  the  exception  of  the  segment  of  the  Ox  — «<*<a* 
according  to  the  boundary  condition  (4)  and  subsidiary  condition  (28). 
Let  us  show  that  the  transformation  of  variables  x,  y  into  variables 
S,  n 


(40) 


satisfies  conditions  (35)  and  turns  the  whole  plane  xOy  ,  with  the 
exception  of  the  segment  of  the  Ox  axis  — «<x<a,  into  the  circle 
S’-H* <”i  on  plane  £0ri  (solving  (40)  relative  to  £  and  n,  we  will 
obtain  two  real  solutions;  from  these  solutions  below  we  will  take 
for  which  V +■*?<!): 

Differentiating  (40),  we  will  find 


**  -  «.  r  j  ,  1  «* 

*  i  l  T<F+W  i’  Xi  “  * 

N  -1-  ,1 

*1  2  l  1  MP+i  V  J* 


du  _ 

<>i  "  ' 


(41) 


Thus,  conditions  (35)  are  satisfied.  Assuming  in  (40) 


$ *«»p cos 0, 


(42) 


i.e.,  passing  to  polar  coordinates  p,$  on  plane  £0n,  we  will  find 


f)eo*8’  \ 

y-i 


(4?) 
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whence 


iHF^W-or-1-  <«> 

Equation  ( il ^ '  shows  that  points  of  the  plane  £0n,  lying  on  the  circle 
or  radius  p: 


**+’?’»?*  {?<! y, 


(45) 


correspond  the  point  of  plane  xOy  lying  on  the  ellipse  (44)  with 
semiaxes  +  and  ^en  fc^e  radius  of  the  circle  p 

approaches  zero,  the  semiaxes  of  the  ellipse  increase  without  limit, 
point  p  =  0  in  plane  £Or)  corresponds’  to  the  point  at  infinity  of 
plane  xOy  When  p  approaches  unity,  the  semimajor  axis  of  the  ellipse 
approaches  a,  the  semiminor  axis  of  the  ellipse 
approaches  zero,  and  circle  p  *  1  on  plane  E,Or i  corresponds  to  the 
segment  of  the  axis  Ox  —  «<jc<a.  Prom  (43)  it  is  clear  that 


y<G  whan  G<8<«,  \ 

y>0  whan  «<0<2k.  ]  (46) 

Thus,  the  upper  semicircle  p  =  i  on  plane  £0rt  corresponds  to  the 
lower  side  of  the  segment  of  the  axis  Ox  —  a<x<a',  and  the  lower 
semicircumference  —  to  the  upper  side  of  this  segment.  Assuming 
p  *  1  in  the  first  of  relations  (43),  we  will  obtain  the  dependence 

x  K3  a  cos  0,  (47) 

which  connects  the  position  of  the  point  on  the  segment  of  the  Ox 
axis  — a<x<a  with  the  position  of  the  point  corresponding  to  it 
on  the  circle  p  «  1  in  plane 

Thus,  if  in  the  expression  for  the  unknown  function  V(x,  y ) , 
harmonic  outside  tne  segment  of  the  Ox  axis  —a<x<a,  one  replaces 
variables  x,  y  by  variables  n  according  to  (40),  then  we  will 
obtain  the  function  of  variables  n,  harmonic  inside  the 
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circumference  i.e.,  satisfying  inside  this  circumference  the 

Laplace  equation  (39)  in  variables  n-  Boundary  condition  (4), 
according  to  (4 ?),  will  take  the  form: 

K«*/(eeoa&)  wh*n  ftai,  (^8) 


Prom  ( 39 )  we  find 


ain*8j *** 

“  T  0*  *  2  coi  25  Z5*  f)  “  Ip  2?‘ eos  J)» 

whence 

1  2?  » 
r  a/?6 +*r< 2& +  V 

Taking  the  Logarithm  of  (^9),  we  will  find 

la  ~-~ln  —la  |/j>‘ J-2?,c©j2(J'|*i. 

Hence 


(49) 


(50) 


la  J1 —  la  ~  — *  0  wan  p — ►O#  r  — f-  oo,  (51) 

On  the  basis  of  (51)  we  find  that  condition  (28)  will  now  take 
the  form 


y-p loj-  o  when  $—*0.  (5  2  ) 

Thus,  the  solution  of  the  initial  equation  (1)  was  reduced  to 
the  construction  of  function  V ,  which  satisfies  the  Laplace  equation 
(39)  inside  the  circumference  (/•/c'tV)  and  conditions  (48)  and 
(52)  on  the  circumference  p  =  1  and  at  the  beginning  of  coordinates 
p  =  0.  Using  the  relations  (43),  we  will  find: 


bV_ 

Oi 


bVdx  B y 
Hx  *?  •  c/y  tf} 


H?(  cos5+^(1+r*)8in&]' 


(53) 


S 


* 


4# 


IP 


whence 


(54) 


since  y  ■*  0,  when  p  -*■  1.  But,  as  one  can  see  from  (46),  when  0<&<« 
jr “  —  0-(i .e . ,  approaches  zero,  remaining  negative)  when  p  -*■  l,  and 
when  c<8<2s  when  p  1.  Thus,  according  to  (54) 


Mhen  o<,<*- } 

(f),.,”wiDi>  (!>,.« when  1 

Substituting  (24)  into  (55),  we  will  find 


^—^^"sajinOptacosD)  when0<8<«, 

when*<&<2* 


(56) 


(we  replaced  argument  x  of  function  p(x)  by  acosO  according  to  (47)). 
Relations  (56)  can  be  given  the  form 


^i^_j™mjlsio0|/?(ac°s0)'  (0<0<2s).  (57) 

Having  constructed  the  unknown  function  V,  which  satisfies  when 
p  ^  1  the  Laplace  equation  (3S)  and  satisfies  conditions  (48)  and 
(52)  when  p  =  1  and  when  p  =  0,  we  will  find  the  unknown  ^unction 
p  from  the  relation  (57). 

Let  us  turn  in  the  Laplace  equation  (39)  from  rectangular 
coordinates  £»  n  to  polar  coordinates  p, b,  assuming 

EwpecwO,  ijrapsiaS. 
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Let  us  find 


$*r  .  i  &v  ,  i  a*?  ,  <?*? 

5F4'F^i“'SF'f,5?*  (58) 


Thus,  if  in  rectangular  coordinates  C>  n  function  V  satisfies  the 
differential  equation  (39),  then  in  polar  coordinates  p,  0  this  function 
V  satisfies  the  differential  equation 


W.  !  nr  ,  1  PV 
4**f?r^rrPTJ5T 


Let  us  now  examine  function 


(59) 


W(?,fyc*V~Pln^.  (60) 

Substituting  V  from  (60)  into  (59),  we  will  find 


(61) 


i.e.,  function  &K(p,S),  defined  by  relation  (60),  will  also  satisfy 
the  Laplace  equation  in  polar  coordinates.  On  the  basis  (48)  and 
(52)  we  will  find 

14 


C62> 

(63) 


ir  (1,  6}  »/  («.«*§)  J*Ia  ■§ ,, 

nrtMH*  a 

Substituting  F  from  (60)  into  (57) »  we  will  find 

-  -J-  t»l«n  & }  fi(e  ec«@)5 


whence 


f  t 


(64) 


Thus,  having  discovered  function  H*(p, 8),  which  satisfies  the 
differential  equation  (61)  when  p  <  1  conditions  (62)  and  (63)  when 
p  «  1  and  p  »  0,  we  will  find  the  unknown  function  p  from  the  relation 
(64).  The  construction  of  the  function,  harmonic  inside  the  given 
circumference  and  taking  the  rated  values  on  this  circumference,  is 
the  subject  of  the  following  paragraph. 

§  2.  Certain  Methods  of  Resolution  of 
the  Dirichlet  problem  for  a  Circle 

Let  us  expand  function  IK (i,  0)  of  argument  8,  defined  by  relation 
(62),  in  Fourier  series.  Since  function  according  to  (62), 

is  even,  l.e.,  IF(1,— b)**W(i,fy,  this  series  will  contain  only  cosines 
of  angles  multiple  of  0,  i.e.,  it  will  have  the  form 


IF  (i ,  8) »  /  (a  cos  8)  - />  Id  +  2  cos  ft  8. 

*•5 


(65) 


Coefficients  of  this  Fourier  series  can,  as  is  known,  be 

found  by  means  of  quadratures  by  formulas 


15 


> 


or 


j 

W{U%c&z#m, 


R  38  ^  **9  | 


a»=®  , 

S* 

««**  "  f/{rfCitsO)SP3jV&<l&,  B«>^S#.n 


(66) 


Let  us  now  show  that  function  W (?,&),'  which  satislfes  the 
differential  equation  (6l)  when  p  <  1  and  condition  (65)  when  p  «  1, 
can  be  found  in  the  form  of  the  series 


Qt» 

IV  (?,  &}  m  6, ^  B«  P"  C®«  «®*( 

IM>t 


(67) 


Let  us  find 


«T 

<ff 


2=»  «es  a  0.  -  2  a«*  («  ** 

«-*  ^  »-i_  • 


B'W 

«■■■«  EC® 

<*9» 


—  2  ®nn  V  cci 

n*l 


(68) 


Substituting  (68)  into  (61),  we  will  find 


an*/ ,  t  d\ r  t  aw' 

cfy*  *  o  *  $*  di>'  *" 


09  • 

2 *»  fa  (n  i)  +  » — »']  CM  *>  0, 

A»l 


l.e.,  function  Wr(?,0),  defined  by  series  (67),  indeed  satisfies  the 
differential  equation  (61). 


Assuming  in  (67)  p  -  1,  we  will  be  convinced  in  the  fact  that 
condition  (65)  is  fulfilled. 
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Substituting  (67)  Into  (63),  we  will  find  that  equality  should 
take  place 


(69) 


Condition  (69)  determines  the  constant  P,  which  up  till  now  has 
remained  indefinite.  Actually*  by  asauaing  oQ  from  (66)  into  (69), 
we  will  find 


2« 

Pam  - i-g.  iflacoafyi fft. 

e*  ta  i  | 


(70) 


Substituting  (6 7)  into  (64),  we  will  find 


^C0!°)~ — (7D 

We  will  not  touch  upon  the  question  about  the  convergence  of  series 
formally  obtained- by  us  (71). 

Substituting  from  (70)  and  (66)  into  (71)  and  replacing 

in  (71)  acoaO  by  x,  we  will  find  the  unknown  solution  p(x)  of  the 
initial  equation  (1). 

Let  us  examine  the  examples. 

/(*)«■  a <»coa*t,  (72) 

As  can  be  seen  from  (66),  in  this  case 

a,  »#,  ■»  ,.{ 

Prom  (70)  we  find 

P-  (73) 

Jb* 
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Formula  (71)  gives: 


Assuming  fleo «&«■*,  we  will  find 


e  f  siaO  \  ~/e*— c*  cos'  I « 
p(s)*»  * 


(74) 


Formulas  (74)  and  (73)  give  for  the  given  example  the  solution  of 
the  Initial  equation  (1). 


2)  /(*)■■  a— As?. 


(75) 


In  this  case 


/  (e  cos  8}  *»  a — yia*coj*0  «■  a — -j  j46'  —  y  Aa*  cos  2  8, 


whence,  on  the  basis  of  (66)  and  (70), 


a,«»0,  a,  «*  —  —  Aa',  o,  ™  o4  *s  >r.  «a  0, 


•—  ^Aa* 

«* - i — . 

Jui 


(76) 


From  (71)  we  find 


p(aco$S)«  ^—^(F-Aa'cosiS)- 

“  ST^nTi  (?+***— ^Ao* co*®  &)• 


Assuming  in  this  relation  acos&a**,  we  will  find 


/>(*). 


P  +  Aa*-74t* 


(77) 
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Formulas  (77)  and  (?6>  give  the  solution  of  the  initial  equation 
(1)  for  the  case  when  the  right  side  of  this  equation  fix)  has  the 
form  of  (75) • 

In  general  the  formula  (71)  established  by  us  gives  the  solution 
of  the  initial  equation  (1)  in  the  form  of  an  infinite  series. 

Let  us  now  show  another  procedure  of  resolution  of  the  problem, 
which  made  possible  in  general  to  obtain  the  solution  of  the  initial 
equation  (1)  in  the  form  of  a  definite'  integral.  Let  us  prove  that 
function  ?,&),  which  satisfies  the  Laplace  equation  (6l)  with 
p  <  1  and  takes  rated  values  with  p  «*  1 

(78) 

can  be  represented  by  formula 


The  right  side  of  formula  (79)  is  called  the  Poisson  integral.  With 
p  <  1  partial  derivatives  of  this  integral  with  respect  to  p  and  0 
can  be  found  by  direct  differentiation  under  the  sign  of  the  integral. 
Let  us  find 


Hence : 


dW  i  FM  10  ' 

^  11-2?  co»  {s~l)+Pl* 


\  - - Ii-2,cc»(9-»>+W 

<jn?  l  ^  I 

g§r  “-«  )  -  r  n  ..  , 

9 


* 

mr  ,  t  dw,  »0»ir  tf  P(rt  4(49—29(14*?*)— 

—2p(l“?*)}cos9(?—0)4- 

4* 1  _  a  ?*  (3  +  ?*)-f  (l  +  p*y + 4?9- <1  +  ^*)I  eoj  (? -■ »)  + 

4*  2j.  ( -  J  +  3?*)  -  2?  (I -f  f ’)  +  (1  -  ?*)) «??  «•  0» 
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i.e.,  function  W(t,9h  defined  by  relation  £79),  indeed  satisfies 
differential  equation  (61)  when  p  <  1.  Let  us  now  find  the  limit 
to  which  the  integral  of  Poisson  approaches  when  p  approaches  its 
limit  value  ~  unity.  Having  divided  this  integral  into  a  sum  of 
four  integrals,  we  will  give  to  formula  (79)  the  form 


where 


^  0)  -f*  /,  (p,0)  4*  &)i 

(79') 

Mn  if  F(9Hi-rtdt 

u 

(80) 

,  t  f  F'(f){i~t*)dr 

w*  s*  )  * 

.  R+e 

(81) 

»♦* 

2*  J  l-2?eos(V-i)+>lf 

1— « 

(82) 

'  *♦« 

/  (;  5)J  C  <*-*>*# 

•-a 

(83) 

Assuming  in  (80)  and  (8l)  p  =  1,  let  us  find 

A(M)— 


(84) 


since  when  p  **  1  the  integrands  in  definite  integrals  and 

</,(?,&)  turn  into  zero  everywhere  in  the  region  of  integration. 


Assuming  further 


let  us  find 


tg 


co*  (9—0)* 


'-v'-r 


(!+?)*  co*«t-(l-»)*»lt>*« 


2»  +  (1  +  p*)  cos  2* 
m  l  Vf +  2?  an  U  * 


„  (!-»»)» 

1  +  2?  CM  It  +  Pk"  * 


( i  +  tff*  »  fjS  SCC* «  A, 


^  * 


lJr^ 


sec* i «?* 


_  2(1-?*)  i* 

** (l  +  ?)’  ***' »  4-  (t— ?)*(Uto'a “ 

r(t -»*)<(. 

T+2?  «50#5»')-pt ' 
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and  thus, 

it*  » 

5  {=TSsS3b?“* (85) 

&M(  .  -e$ 

where 

V-.*s*%|~{tST  (®<  %<!)'•  (86) 

As  can  be  seen  from  (.85 }  and  ( 86 ) , 


S  Ww (*“») »*0a?<U 
*— *  >  • 

(87) 

w» 

S •  %  * 

0 

(88) 

Substituting 

(88) 

into  (82>,  let  us  find 

/.(i 

(89) 

Substituting 

(84) 

and  (89)*  into  (79’),  let  us  find 

(90) 

Prom  (83)  we  find 

*4e 

<*  whsn  p<*» 

o-« 

on  the  basis  (8?)  and  (88).  Here  n  is  the  maximum  absolute  value  of 
the  difference  ^(?)  —  f(0)  when  0  — Since  by  assumption  function 
F(?)  is  continuous  at  point  ?«*0,  then  n  will  be  as  small  as  desired 
when  sufficiently  small  e.  From  (90)  and  (91)  there  follows  the 
inequality 


|IK(l,0j-J’(d)|<4.  (92) 

But  since  inequality  (92)  is  accurate  at  any  c  as  small  as  desired. 
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and  n-  apj^oaches  zero  together  with  e,  from  (921  it  follows  that 


(93) 


i.e.,  function  &),  determined  by  formula  (79)  when  p  *  1  indeed 
turns  into  the  assigned  function  Assuming  in  (79) 


we  will  obtain  function  IF (?,&},  which  satisfies  the  differential 
equation  (61)  when  p  <  1  and -boundary  condl  tdToii'  (62)  when  o  a  1, 
Substituting  (9^)  into  (79) ,  we  will  find 


..  \'c  f/(acos?)-i>ra~l<*~»,> 

K  (?» °)  *® &  \ 


assuming  in  (86)  and  (85)  e  =  tt,  we  will  find 


(95) 


i 


2k 


*,«=»■£•  whan  *«X, 

i~2?cos<9-.ejT? 


|  Thus,  formula  (95)  can  be  given  the  form 


l 


/(a  cos  ?)Q -.?»)<*?  p.  2 
l- 2?  «»(?—•&) +9®  «  * 


(96) 


(97) 


Substituting  (97)  into  (63),  we  will  find 


-^r\/ (a  cos  <?)«??. 

2»Jo-  2 


(98) 


Formulas  (97)  and  (98)  determine  the  unknown 
satisfies  the  Laplace  equation  (6l)  when  p  < 


function  IV (?, 0),  which 
1  and  conditions  (62) 
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and  (63)  when  p  »  1  and  when  p  *  0.  In  order  to  find  the  unknown 
function  p<«)»  it  remains  to  substitute  (97)  and  (98)  into  (64). 
When  p  <  1,  by  fulfilling  differentiation  under  the  sign  of  the 
Integral,  from  formula  (97)  we  will  find 

m  1  F/(acsa»)  itt-H*)  cos  (p  -  8)  ~  2,1  d, 

***  « I  Jl-  VeMCp-Hf>+^  *  ( 99 ) 


Using  identity 


§i(r. 


and  fulfilling  in  (99)  partial  integration,  let  us  give  to  formula 
(90)  the  form 


tfy  « 


Ja 


/,<8<»a?)Binytln(f-8)Gy 

”  i  —  2f  csa(V~0)4*t4 


(100) 


(according  tc  the  condition  function  fix)  is  continuous  and  has  a 
piecewise  continuous  derivative). 

Formally  assuir-’ng  in  (100)  p  «  1  and  taking  into  account  the 
identity 


liCft-i  ;  _  * *!a  w®  Sr 


we  will  find 


or 


ta  : 


(101) 


8ft  Ip.  »i  *  *?  <*/(*  cm?) 


(102) 
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Not  dwelling  now  on  the  question  about  the  existence  of  the 
obtained  definite  integral  (102)  and  substituting  (102)  into  (6*0, 
we  will  find 

['-s!^***"*1*:*]-  (a03) 

*  8 

Substituting  P  from  (98)  into  (103)  and  replacing  in  (103)  eeosS  and 
s%  let  us  find  the  unknown  solution  p(a?)  of  the  initial  equation  (1). 

Thus*  for  the  desired  function  p  we  obtained  two  formulas  (71) 
and  (103).  Let  us  discuss  briefly  their  comparisons. 

By  differentiation  with  respect  to  0,  from  formula  (65)  we  will 

find 


**  n»l 

If  function  ®(6)  is  presented  by  the  Fourier  series 


(104) 


cp- 


<!>(&)  wsa+  ]£  (a„ 


(105) 


then  the  series 


’  \ 
co 

2  («„  tin  nS — c«  nS) 


is  called  the  series  conjugate  with  series  (105),  and  the  sum  of  this 
series*  if  it  converges,  is  designated  by  ^(d); 


<j>  (0)  ■"  2  (a»  cci  nO). 

Using  this  designation,  from  (104)  we  will  find 

«•»> 


(106) 


(107) 
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On  the  basis  of  (107),  formula  (71)  can  be  given  the  form 


4 


p(aeoaO) 


1 

1 4la0j 


a 


(108) 


In  the  thoery  of  trigonometric  series  it  is  proved  that  the  sum 
of  conjugate  series-  $(0)  and  <F(&)  are  connected  with  each  other  by 
the  dependence1 

. _ 

Hence 

if  (a  cos 6)  t  f  <//{«co»?)  ,._f -*j_ 

3| } 3^—  ctg-y-rff 

0 


(109) 

(110) 


By  substituting  (110)  into  (108),  we  will  obtain  the  formula 


p(acojO) 


l  r  n  ,  dHatut)  ■] 
** j  sin 3 1  L'  ’  ?T  J* 


which  coincides  with  formula  (103).  Thus,  If  in  the  general  formula 
(108)  function  dl  («co*»)  is  represented  in  the  form  of  a  trigonometric 
series  (107),  conjugate  with  the  Fourier  series  (104)  for  function 
,  we  will  obtain  formula  (71),  which  determines  function  p  in 
the  form  of  an  infinite  series.  If,  however,  we  use  the  integral 
formula  (110),  we  will  obtain  from  the  general  formula  (108)  formula 
(103),  which  represents  function  y  in  the  form  of  a  definite  integral. 
With  derivation  of  formulas  (71)  and  (103)  we  arrived  at  the  series 
of  (107)  and  the  definite  integral  (110),  formally  assuming  p  =  1 
In  the  first  of  formulas  (68)  and  in  formula  (100).  The  question 
about  the  convergence  of  series  (107)  and  the  equivalent  question 
about  the  existence  of  the  definite  integral  (110),  the  integrand 
of  which  turns  into  infinity  with  has  remained  open  here.  In 


lSee  Mikhlin,  S.  G.}  Applications  of  integral  equations  to  certain 
problems  of  mechanics,  mathematical  physics  and  technology.  State 
United  Publishing  Houses,  1947,  p.  91. 
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the  region  of  the  theory  of  the  trigonometric  series,  these  questions 
have  been  the  subject  of  a  large  quantity  of  investigations.  Not 
dwelling  on  these  extensive  investigations,  let  us  note  only  the 
following.  We  assume  function  f'(x)  to  be  piecewise-continuous . 

In  this  case  series  ( 10^ )  will  always  be  convergent  (in  particular, 
for  points  of  discontinuity  of  function  f*(x )  this  series  will  give 
an  arithmetic  mean  from  limiting  values  of  derivative  with 

an  approach  to  the  point  of  discontinuity  on  the  right  and  on  the 
left) . 

However,  the  convergence  of  series  (104)  does  not  yet  entail  the 
convergence  of  conjugate  series  (107).  In  particular,  for  points 
of  discontinuity  of  function  /’(*),  this  series  diverges,  and, 
accordingly,  the  definite  integral  (110)  does  not  have  meaning. 

The  solution  p(x )  of  the  initial  equation  (1)  infinitely  Increases 
with  an  approach  to  the  point  of  discontinuity  of  function  f'(x). 
Later  in  §  3,  we  indicate  certain  sufficient  conditions  with  which 
function  fr(x)  should  satisfy  so  that  function  p(x)  remains  limited, 
and  indicate  the  procedure  of  calculation  of  the  definite  integral, 
which  determines  the  solution  p(x)  of  the  Initial  equation  (1). 

) 

In  conclusion  of  this  paragraph,  let  us  indicate  one  more 
conversion  of  formula  (103)  obtained  by  us  for  function  p.  Assuming 

9«»2k* 

df  (m  cos  f) 

™  —  U-91U  Y  /  lU  W  * 

d/(acMf) 


’?  » 


let  us  find 


W 


cigizi, 


—  a.$in  ? /' (a  cos  ?)  > 

« a  sin  ?'/'  (a  cos  9')  - - 

,ctg 

% 


Hence 


l3ctgt±*iT-.  • 

(«.» t^+cts «£)*. 


(Ill) 


since 


,2  [  (a  c03 f)  tln  ? 

’  \  df  cos  9  -cos  f 


df, 


(112) 


etg 


,  9 -ft 
J 


f  Ctg  » 


ccs  do  £±i  +co*  slo 
sin  sift  %-j- 


Siftf 


•  (cos  8  —  cos  ?) . 


t 
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Substituting  (11?)  into  (103),  we  will  find 


B4 


i _ r*  *  c  (a  css  y)  tioe  .  ,  1 

TiiaW  l  ^  (113) 


Assuming 


we  will  find 


r 

r” 


a  f.Q*S  *•  z,  a  cos  9  ««  f, 

•  » 

fljtiaO|«  —a’  eos’O  «■  j/  a*  —  2', 

™  ~aMa?/'{flcc»s)«  -\r a*^?  f  (t)  niien 


(114) 


(115) 


Formula  (98)  can  be  given  the  form 


P~— W  \  /(ae o»?)d?, 
*la7  t 


or,  assuming  acosf»<, 


P 


,  2 
*  la  -* 

M 


r  /(Qds 
)  y*z. T*  * 


(116) 


Formulas  (115)  and  (116)  determine  the  solution  of  the  initial 
equation  (1). 

§  3-  Solution  of  the  Fundamental  Equation  of 
the  Two-Dimensional  Contact  Problem*  by  Means 
1  ofJ  function'  ‘of  a  Complex'  Variable 

In  this  section  we  give  one  more  derivation  of  formula  (115),  which 
gives  the  solution  to  equation  (1).  This  derivative  is  based  on 
elementary  concepts  about  functions  of  the  complex  variable. 
Subsequently,  the  method  of  the  solution  of  equation  (1),  given  in 
this  chapter,  will  give  to  us  the  possibility  of  obtaining  the 
solution  of  more  general  equations. 
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If  in  the  expression  for  function  Fix )  argument  x  is  replaced  by 
the  complex  number  x  +  iy }  then  we  will  obtain  in  general  the  complex 
number  P(x  +  iy) ,  the  real  and  imaginary  part  of  which  we  will 
designate  by  u  and  v: 


a+io™p(z+iy).  (117) 

If  one  were  to  change  the  real  and  imaginary  part  of  the  complex 
number  x  +  iy ,  then  in  this  case  the  real  and  imaginary  part  of  the 
complex  number  u  +  iv  will  be  changed.  In  other  words,  u  and  y  will 
be  functions  of  two  variables  x  and  y : 


U<mU(Z,y),  d«*b  (*,  y),  (118) 

Thus,  for  example,  if  F(x)*=ts\  then  F {x-f/y)-»(je+iy),=*x*— y*-f2/zy,  and  in 
this  case  u«*‘— y\  Let  us  investigate  properties  of  functions 

uix,  y)  and  vix,  y)  definable  by  relation  (117), 

Differentiating  (117),  we  will  find 


whence 


a+'a-ri *+«.  | 

(*+<»).  ) 

(119) 

•  /Su  ,  .  So\  Su,.Su 

(120) 

By  comparing  the  real  and  imaginary  parts  of  the  right  and  left 
sides  of  relation  (120),  we  will  find 

So  Su  y 

I 

1°*“  ■  j  (121) 

Sy  5s*  J 

As  we  already  know  from  §  1,  relation  (121)  indicate  that 
function  vix ,  y)  will  be  the  harmonic  function  of  variables  s,  yt 
which  is  conjugate  with  the  harmonic  function  u(x,  y).  Thus, 
dependence  (117)  of  every  function  Fix)  places  in  correspondence 
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to  the  pair  of  conjugate  harmonic  functions  a(«J,  y)  and  n{s3  y)  s 
which  we  will  find  by,  separating  the  real  and  imaginary  parts  in 
expression  F(ar  +  i'y ).  Having  designated  by  a  the  complex  number 
x  +  iy ,  we  will  call  F(zs)  the  function  of  the  complex  variable  a. 
The  real  and  imaginary  parts  of  F(s)  will  be  designated  by  ReFU) 
and  ImF(zt).  respectively: 

“fai  y)®Re^(s),  (122) 


Thus,  the  real  and  imaginary  parts  ReF(s)  and  Imp(a)  of  the 
function  of  the  complex  variable  F(s)  are  conjugate  harmonic  functions 
of  variables  x  and  y . 


Let  us  consider  now  the  function  of  the  complex  variable  z: 


Let  us  find 


'*-W- .  \ 

—fi  • 

p(Aim  ( ISM Lm  C  rW (*-*+&*• 


(123) 

(124) 


By  separating  the  real  and  imaginary  parts  in  (124),  we  will  find 


pit)  (t  ~z\dt 
(»-  *>* +  V*‘  * 


Ira  F  (;} «*  ^ 


Pit)  yd* 
(»-*)*+#*  * 


(.125) 


By  comparing  (125)  and  (5),  we  will  find 


,nFM—£g*. 


(126) 


Thus,  function  F(s),  determined  by  the  relation  (123),  is 
connected  with  the  logarithmic  potential  of  the  simple  layer  V(x ,  y), 
determined  by  formula  (2),  and  relations  (126),  whence 
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(127) 


n*) 


sir  .  sv 

er~*  1?* 


Condition  (4)  for  function  V(x,  y) ,  according  to  (126),  gives 


Re  F  {*)  «  /'  {x).  *»hsn  y  awO,  |sj<a. 


(128) 


The  second  of  relations  (125)  directly  gives 


I»F{s)»0  when  ym  0,  I  >  a. 


(129) 


Finally,  from  (24)  and  (126)  it  follows  that 


lmF{s)"s«p{s)  *  whan  y  «*  +  0,  \z\<a, 
—  rip (s>  Khan  y«*»  —  0,  |*l< 


(130) 


The  expansion  of  function  F(s) ,  determined  by  relation  (123),  in 
series  in  powers  of  1/s ,  or,  so  to  speak,  expansion  in  the  neighbor¬ 
hood  of  the  point  at  infinity  of  plane  xOy ,  gives 


(131) 


where  «„  e„a„ ...  are  real  numbers,  where 


or 


* 

-  $/>(<)*, 
8,  «*  ~  J* 


(132) 


according  to  designation  (27).  Thus,  in  the  neighborhood  of  the 
point  at  Infinity  of  plane  xOy  function  F{s )  should  have  the  expansion 

F  W~-  £ +  5'  +  $  +  •••  (133) 
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Thus,  the  solution  of  equation  (1)  is  reduced  by  us  to  the 
construction  of  the  function  of  the  complex  variable  F(s),  which 
satisfies  conditions  (128)  and  (129)  on  axis  Ox  and  condition  (133) 
in  the  point  at  infinity.  Having  constructed  function  F(a),  we  will 
be  able  to  find  solution  p(x)  of  equation  (1)  according  to  one  of 
formulas  (130). 

Let  us  consider  at  first  the  simplest  case  in  which 

/(s)«sOs»COB8t.  wheti  |*j  .<«.  (13*1) 

Designation  by  F^(s)  the  function  of  the  complex  variable  a,  which 
solve  in  this  case  the  stated  problem,  let  us  find  for  it,  according 
to  (128)  and  (129),  these  conditions: 


Ro  Pt  (s)  »  0  when  y  «»  0, 

— 0  »j,e n  y«* 0,  |*j>e. 


Let  us  examine  function 


s— *, 


where  xQ  is  the  real  constant.  Let  us  find 


Considering 
(Fig.  1),  let  us  find 

Hence 


x— x#o>re osy, 

x— s,*»r  (ccj  y-f* sin 
j/j—*,  }/r $ 


(135) 


(136) 


(137) 


Fig.  1, 
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For  definiteness  we  will  consider  that 


^eaQ  when  ym  0#  *>** 

and  further  (Fig.  1): 

ip  am  when  ff  s*  +0,  *<*#*  \ 

^■a,— *  when  yew  —  0,  *<*».  J 

At  the  same  time 

r  •»  |  X  —  X#  j  when  y  '*»  0. 

From  relations  (137) a  (139)  and  (140)  it  follows  that 

Y  X  — X»  when  X  >  X,, 

Y  X-~Xt  •»  i  Y  —  z  when  y*»+0>  i<*0, 

•  —  i  j/i,  — 'i  whan  ytm  —0,  X  <  X,, 

since 

e'faecos  y  +  J  *ia  ^  ^  CO*£~iMO  ^  M  — •*. 


(138) 

(139) 


0  40) 


(141) 


Assuming  in  (141)  xt"»a  and  — a,  we  will  find 


whence 


Y i—a**  Yx~~a>  *>a'  * 

/Z+S-  /*+«, 

j/s  —  aai|/’fl~x,  s<o, 

j/s  +  a«t^  —a~x,  x<—a,  y«*  +0, 
*<«,  . 

/s+a*»  -i/  ~-a— x,  ?<-«,  y~  -0, 


j/’i'-B'-j/j'-a’, 

yV-a,--i /«•-*% 
yV~-e'®»  —  Yz>m~at> 


*>«.  y»0, 

—  a<a<a,  y«»  +0, 
-a<x<a,  y»  —  0, 
x  <~o,  y«»G.  - 


( 142) 
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Let  us  now  show  that  function 


Kc*h 


p  * 

- 


satisfies  all  the  set  conditions. 


(143) 


Actually, 


Pe» 


Is* 


2Pi‘ 

rs?* 


•••» 


(144) 


i.e.,  condition  (133)  is  fulfilletk  Substituting  (142)  into  (143), 
we  will  find 


nw- 

/%(*)- 


p_ 
p 


z>a, 


* 


*f» 


s? 


/.TU? 


*  y-  -0,  fa|<«. 


(145) 


(146) 


Relations  (145)  and  (146)  show  that  condition  (135)  is  fulfilled. 

By  comparing  (130)  and  (146),  we  will  find 

(147) 


which  coincides  with  the  earlier  found  solution  (74). 

Passing  to  the  general  case,  we  will  look  for  function  F(z) , 
which  satisfies  conditions  (128),  (129)  and  (133),  in  the  form 

(*)*$(*),  (148) 
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bringing  the  determination  of  function  Ft  a)  to  the  finding  to  the 
finding  of  function  As  one  can  see  from  (146),  when  js{<a,  pee  £0 

function  Fq(z)  is  pure  imaginary.  Consequently. 


Ro F (s) ■»  iPt (s) Ira & (s)  *h#n  |s|  <  a,  $*■  4;  0.  _ 

i  '  » 


(149) 


Substituting  into  (149;,  (228)  and  (146),  we  will  find 


whence 


/'<*)“*-  ®  (i),  gm  +  0,  |*fc<  a, 

/'  (*)  “  Im  ®  tf®***®*  l*Ke, 


s8 /'{*).  J  <  «•  y- +©,  | 

*  « 


Cl5Qi 


As  can  be  seen  from  (145),  when  I *i> a,  j?«*0  function  Pq(z)  Is  real. 
Consequently , 


lea  F  (i)  *»  F*  (j)  Im  $  (?)  when  |*|  >  0,  JfmxQ, 


(15D 


Substituting  (129)  and  (145)  into  (151),  we  will  find 


|z|>e,y«»0. 


(152) 


We  will  look  for  in  the  form 


(153) 


where  o  —  real  constant.  Using  formulas  (123),  (129)  and  (130),  we 
will  find 


lmQ>(S,)"*rtq(z)  *han  Ixj  <  e,  y  *=  +0, 
(x)  wh«n  \x\ 

lmQ(i)**Q  wh*n  | x j 


i <  e,  y*»  +0,  \ 
I<a»  y»  —0,  l 
;\>a,  y**0.  J 


(15^) 


Comparing  (150)  and  (152)  with  (154),  we  will  arrive  at  the  conclusion 
that  function  $(*)  determined  by  the  relation  (153),  will  satisfy  the 
set  conditions  (150)  and  (152)  if  one  were  to  assume 


#(*)*■  x*/  (*)• 


(155) 


Substituting  (155)  into  (153),  we  will  find 


$>(x)‘ 


_L  \  L±!i&l=£±*  ■  - 

'»/»  )  i-*  +  * 


(156) 


Substituting  (143)  and  (156)  into  (148),  we  will  find 


(157) 


Thus,  function  F(s),  determined  by  .relation  (157),  satisfies 
conditions  (129)  and  (130).  Expanding  this  function  in  series  in 
powers  of  i/s,  we  will  find 


,  A  4. 

t  ***  » 


(158) 


where  b„  6,,...—  certain  real  coefficients.  Comparing  (133)  and 
(158),  we  will  arrive  at  conclusion  that  condition  (133)  will  be 
fulfilled  if  one  were  to  assume 


C  1. 


Substituting  (159)  in  (157),  we  will  find 


(159) 


35 


« ~  1 


(160) 


In  order  to  find  the  unknown  p{x)  ,  It  remains  tc  substitute  (160) 
into  (130).  According  to  (1^2)  function  V**—0*  when  \s\<a,  ±0 

is  pure  imaginary.  Consequently  , 


>>T)an  |  -  j  K.  Oi  y  **  i  0. 


(161) 


Taking  into  account  the  relation 


noggEgg  „  r=  C  r(0/gZ^lr-i±M£!. 

t-s 

<»  -e 


C  /'<0 

J  (i -*)•+»• 


and  relation  (142),  we  will  find 


JtnP(l)  am 

* 

1 

[  35m  c  ruY^T'ft-xydt  pi 

n 

t  ^+0  Jo  (1  -  *)'  +  V*  P  J 

npa  |*!  <a,  y«=*  4- 0,v 

1m  P  (2)  *=* 

* 

i 

r  urn  c  -«)*  _ni 

«  | /a*~x* 

L*—®)  («-.*)»+*• 

npa  |s|  <  a,  y<=»  — 0., 


J 


(162) 


Formally  passing  to  the  limit  in  formulas  062),  i.e.,  considering 
in  definite  integrals  entering  into  this  formula  y  =  0  and  comparing 
(130)  and  (162),  we  will  find 


P(z) 


« 


_j _ r  i  f  rw  v*'-i 

y a* — ** L  «  3  «-* 

-• 


(163) 


which  completely  coincides  with  formula  (115)  obtained  in  1  2. 

Let  us  dwell  at  this  time  more  specifically  on  the  last  passage 
to  the  limit,  which  leads  us  to  formula  ( 1 6 3 ) • 


3b 


Let  us  divide  the  definite  integral 


'(»■*>- Sa*H <16*0 

into  four  comfk.nents : 

J(z,  £)“/»{*,  y)-f /»(*»  sr)+/«{s,  j)*  (164’ ) 

where 


«*0  •' 

(165) 

V)~  \ 

(166) 

*+a 

(167) 

*+* 

•u*.  w-rw 

(168) 

In  definite  Integrals  (165)  when  y  =■  0,  the  integrands  remain 
limited  in  the  whole  region  of  integration.  Thus, 


Further 


whence 


/»(*.  y>0ay<0. 


(169) 


(170) 


On  the  basis  (169)  and  (170),  from  formula  v  l6h  * )  we  will  find 


flf-4 


/(*.±oh 

-A<*.  ±0)* 


(171) 


>7 


It  remains  to  investigate  the  limiting  values  /#(z,  *f0)  and  Jt(x,  —0) 
of  the  definite  integral  Afolf)*  It  is  said  that  function  ?(/)  at  point 
t  «  x  satisfies  conditions  of  Lipschitz,  if  in  a  sufficiently  small 
interval  (**”•#  «4- «)  it  is  possible  to  select  such  two  positive 
constants  M  and  a(0<*<0»  so  that  inequality  is  fulfilled 


f?(0— frfire  i»K«2  +  «i 


(172) 


If  the  two  functions  ?»(*)  and  ?*(*)  satisfy  the  condition  of  Lipschitz 
at  point  t  *  x,  i.e.t 


i ?» i (Or?* <*) *{■»,  mo- f . wi< am  a~s)h. 


(173) 


then  the  product  of  them 


?(0**V*(0?e(Q 


(174) 


will  also  satisfy  the  condition  of  Lipschitz.  Actually, 


v  (0 -?(*)«?»  (0?»(0-?»  (*)?»(*) - 

-  [fi  (0-9*  (*)}?.  (*) + 1?.  (0 (*)]  ?» (0# 


whence  on  the  basis  of  (173) 


I  ?  (0  r 9  (*)  I  <  i  i  -  s  r«  j  ?t  (x)  I  +  U%  1 1  -  X  j*‘ * ,  <  A/  i  l  -  *  I* , 

s— •«<*  <*•$•«, 


(175) 


where  —  maximum  absolute  value  of  function  ?*(0  in  the  Interval 
(x  —  «,  s+«)»  jV*"A/,19,(z)| 4_  i«  the  smaller  of  numbers  and  a2 
(ir:  (175)  we  assume  that  e  In  any  case  is  less  than  unity). 


Thus,  let  us  assume  that  fu.icti  •  /Mr)  satisfies  at  point  /=»* 
(  — o<z<a)  the  condition  of  Lipsor-.tz.  Then  function 
will  satisfy  the  condition  f  Lipschitz  at  this  point,  since  when 


to  unity: 


satisfies  the  condition  of  Lipschitz  with  a  equal 


*--*<<<  *•$*«*< 


were  m  -  the  largest  absolute  value  of  the  derivative  with  respect 
to  t  of  V in  the  interval  (*—«»  s+«):  Thus ,  the  inequality  will 
take  place 


i r (o  j/ar^7*~ r (2) Y i  < 4/ m * j%  o<«<*, 

t.  •  (176) 

On  the  basis  (176)  from  (167)  we  find: 


a-* 


(177) 


When  y  -  0  the  integrand  in  (177)  turns  into  —  and  remains 
integrable,  since  0<«<i.  Thus  , 


I  A(*.  i  0)  i  <  ,1/  J  |  l~  X  \*~'di  mm 

«  +  • 

« 2.1/  $  (I - *)-•* -»—{/-*)• 

n 


(178) 


On  the  basis  (178)  from  (171)  we  find 


(179) 


Prom  (179)  it  is  clear  that  J (x,  y)  remains  limited  when  y  approaches 
zero,  where 


J  (*.  i0)» 


lim 

•-•o 


(y_nugES  \tnQ- i-*). 


(180) 


39 


The  expression  standing  In  the  right  side  of  equality  (180)  is  called 
the  main  value  of  the  integral 


£ 

joagE?*, 


(181) 


and  we  use  for  it  the  standard  designation  of  the  definite  integral, 
stipulating  the  fact  that  the  written  Integral  should  be  understood 
as  its  principal  value,  i.e.,  the  limit  of  the  sum  of  two  parts 
of  this  integral  standing  in  the  right  side  of  equality  (180). 


Thus,  on  the  basis  of  (180)  from  (164)  we  find 


lim  f  Xl'I m  C 

j  (i -*/*  +  #*  j  *— *  * 


(182) 


if  function  /•(£)  satisfies  the  condition  of  Lipschitz  at  point 
t  —  z  (  —  a<x<a),  where  the  definite  integral  standing  in  the  right 
side  of  relation  (18?)  should  be  understood  as  its  principal  value, 
i.e.,  the  limit  shown  in  the  right  3ide  of  formula  (l8o). 


Substituting  (182)  into  ( 1 6 2 )  ,  we  will  find 


'“'<”--77 hr 

•d 

when  j  1 1  <  a,  y  «*  +0, 

vnat  !*!<<*»  y  ***  — 0, 


(183) 


where,  according  to  (ijO), 


(184) 


Thus,  for  the  case  when  at  point  *«•*  (  —  a  <  x  <  aj  function  f'{t) 
satisfies  the  condition  of  Lipschitz,  we  justified  the  derivation 
of  formula  (163),  obtained  by  us  earlier  as  a  result  of  the  formal 


passage  to  the  limit,  and  proved  that  function  p(x)  defined  by 
formula  (163)  will  be  in  this  case  limited,  and  the  definite  integral 
entering  into  formula  (163)  can  be  understood  as  its  principal  value, 
and  it  must  be  calculated,  as  the  limit  of  the  sura 


yMgEli,.  . 

-ta  (*f aqgai**  { tags*).- 

*  ««  s+* 


Let  us  examine  as  an  example  the  case  when 


(185) 


i  .e. , 


/{x)««-,i|*j*‘8  {0<£<Sil, 

Ac4**  wh«n  a> 0  a  /(x)»»a— ,4(— x)4*8 

wfa*n  X  <01 


(186) 

(187) 


Differentiating  (187),  we  will  find 

wh*n  S >  0,  (i88) 

Khan  X  <  G. 

Substituting  (188)  into  (184),  we  will  find 


(188) 


p(x)« 


P+A 


*  +  i 


5 

-• 


Allll£Eg 

t-x 


(189) 


where  under  the  integral  sign  in  ( 1 89 )  the  plus  sign  can  bo  taken 
when  t  >  0  and  minus  sign  when  t  <  0,  and  this  integral  should  be 
understood  as  its  principal  value.  As  can  be  seen  from  (188), 
when  x  +  0  function  /*(x)  has  a  continuous  derivative  and  satisfies 
the  condition  of  Lipschitz  with  the  index  a  «  1.  When  x  =  0 
function  f'(x)  satislfes  the  condition  of  Lipschitz  with  index 
a  *  k  if  0<*<i,and  does  not  satisfy  the  condition  of  Lipschitz  if 
k  =  0.  In  particular,  when  k  =  0  function  f'{x)  at  point  x  a  0 
undergoes  discontinuity: 
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}  (x)  =o  —  .4  wh*n  *>0,  /'  (2)  k*  ^4  when  *<0. 


Thus,  if  0<*<i,  then  function  p(x),  determined  by  formula  (189), 
will  be  limited  everywhere  inside  the  interval  When  k  a  0  we 

can  only  affirm  that  function  pOs)  will  be  limited  when  — <x<s<G 
and  (K*<s. 

Let  us  conduct  computation  to  the  end  for  the  maximum  case  k  -  0. 
In  this  case  formula  (189)  takes  the  form 


>»-  773=?-  (.p+  r  ] 


(190) 


Let  us  find 


Assuming  further 


(  AXSS  dim  ' 

mm  a  "9 

*.  (  dt _  (  t+*  dt 

2«C  /  a  -  ,  a- 

fTPO" - i - -  — - > 


3(rt 

*“r+7»  * 


we  will  find 


(!  +  «')*  * 


'  *  1  K  a  (ip?  K  “T^T! 

„  *(*+?>  ,  _  _  (T"°(Hr) 

€(*-<“  «*>  *  1  C(t  +  t«)  ,  TRS  ' 


(191) 


(192) 


whence 


v, 

»- S» 


din 


dla 


5-* 
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(193) 


y  finding  the  principal  value  of  the  definite  integral 

wh»n  0  <  X  <*fl( 


it 


will  obtain 


a 

$ 


it 


ft 

l 


+  Ho  f  ( - —?«  . . 4.  [  _  ^ 

—  L  j  (-7  -  0  4.  Vtt  (i  -  i)  : 


aking  into  account  ( 193)  and  (192),  we  find 

(  '  dt 


here 


f^f10  if,  +.'if0  (ln  T*  "”+lnf^r  )] 

.  -  «  .  U  >  T“’U  T-U/j 

-  A  Ua  in  JL^-^tO-oCt-Q 

*  - 

+  ... 
t^rn  izj£*H3EEIE  ,  ™ « -  /«*”-(* + 1 i1 

«-•  ’  •  rjr; - • 


(194) 


(195) 

(196) 


ccording  to  (192)  and  (196)  we  find 


(f  “  *i)  {  >-  ~ 

iimia  ■7T-V- . <• 


ra-/a»-x» 

.lira  In  i - £ - 1 - 7r£^t====Jx 

s-rO  f  x  a  —  )'a*  — (s  — t)*^ 

l « -  ^«* -**  *“*  J 

V  La-  /ggg _ *4-c  J  _ 

a  —  vv— 

L  x+«  ~  *  J 

,  In  lim  g. 

»-*  — *  O’ -«+(*  +  *)  /«*“** 


-x+/a»-s«  + 


—  a  +  yV  - 1*  +  —r=s = 


(197) 


Substituting  (197)  into  (195)  and  replacing  after  that  £  by  x  according 
to  (192),  let  us  find 


[• . Z==T, - ;  — rr.'ni' 

Ji (7-.) 


,4 . .‘-Jgrg _ tair£5E?. 

_  j\  j  * 


(198) 


By  conducting  analogous  calculations  for  the  case  —  a<*<0,  fLnd 


J~'_  it _  _  7x _  |n  a'-x' 

±vt~, >(±.xy~7x*  -*  : 


~s<x<0. 


(199) 


Formulas  (198)  and  (199)  can  be  united  into  one: 


c. - dl - -■■■  g  1- 


2x  ,  «-/aTTP 


>  0<lii<c. 


(200) 


Further, 


(201) 


Substituting  (200)  and  (201)  into  (191)  and  (190),  we  will  find 


0<\x\<a, 


(202) 


As  can  be  seen  from  (202),  the  found  solution  of  equation  (1) 
approaches  infinity  when  x  approaches  zero.  When  \x\-*a,  the  found 
function  p(x)  also  approaches  infinity,  with  the  exception  of  che 
case  when 


ft  W 

^  7®* 


(203) 


In  this  special  case 


Pi*)1*  —  .q-r  In- — ” >  Q<|sj<s, 


and  turns  into  zero  when 


Substituting  (187)  into  (115),  we  will  find 


(204) 


Further, 


4J4LS) 


-a 


r  4t  .  t  (• 

I  -7====  ■»  arc  am  —  ra*. 

•~0 

-a  C 


45 


(205) 


(206) 


Substituting  (206)  into  (205),  we  will  find 


V  (207) 

By  comparing  (203)  and  (207),  we  will  find  that  condition  (203) 
under  which  the  initial  equation  (1)  has  solution  (204'  will  be 
fulfilled  in  the  case  when  equality  will  take  place 


~(l  +  la§)»s.  (208) 

Formulas  (202)  and  (207)  solve  the  examined  problem  in  general  when 
arbitrary  value  of  constants  a,  a  and  A ;  if,  however,  condition  (208) 
is  fulfilled,  formulas  (202)  and  (20?)  pass,  respectively,  into 
formulas  (204)  and  (203). 

§  4 ,  Case  of  Several  Sections  of  Integration  in  the 
Basic  Equation  of  the  Contact  Problem 

Let  us  now  examine  the  solution  of  an  equation  more  general  than 
equation  (1): 


O  &.X8 

2  \  **"/(*)»  (/»  «  1,  2, ..  tl), 

wi*>!  a® 


(209) 


where  fix)  -  function  assigned  in  n  intervals  of  argument 
x,am<x<bm  («*=!,  2,  and  p(x )  -  unknown  function,  subject  to 

the  determination  in  these  n  intervals  of  the  argument.  In  the 
special  case  when  n«=i,  a,«=»  ~o,  4t»a,  equation  (209)  turns  into 
equation  (1). 

Let  us  consider  the  function  of  a  complex  variable 
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(210) 


here 


(*)  **  ^  -vr/"  (a«i»  2,  . 

ccording  to  (127)  ~  * 

here 

h> 

fo y)a\  P W to &•  (cj«l»2, 


*  m«2£?-z2£?  ; 

'  eta  ^  * 


quation  (209)  Is  equivalent  to  condition 


2  GWC*)#  <*»<*<  &„,  (« «i,  2, . . a), 


mposed  on  function  Vgix.y),  V%(xty),  ♦  -*  •  ^  (*»  y)»  or  to  condition 


hen 


•Ro?M~  2  J  &(*, 0)=m 

«“t  «H»} 

y*»0.  «m<x<ba 


.mposed  on  function  P{z) . 


Relation  (219)  and  (130)  will  correspond  to  relation 


ImF„(z)-0  -» 

Im Fm(z)  —  ± *p[x)  «*>en  y*=*  ±  0 ,am<x<bm  J 


whence 


"  » ' 

lmF(x)  **  2  IroF,ix)  —  0  <r.-y«*0, 

s<au  bm<x<am,t  (ot-1,2,  ....  n-i),  *«<*» 
lmF(i}-  ±  */>(•*)  -  >•  pxii,a„<Kl  m  —  1.2,.  ..n). 


(211) 

(212) 

(213) 

(214) 

(215) 


i  It 


since  when  y *=* db 0*  lvLFg.(t)»Q  when  !=}:?«  and 

when  *■»«• 


According  to  (133)  the  expansion-  of  function  .F^Cs)  in  the 
surrounding  point  at  Infinity  will  have  the  form 


whence 


where 


r&Pm~^p{Qdi, 

I  ,  *U) 

1  .  n 

*w»  2 '»w--f +>'+•*••  • 

•  ••*  .«*i  -  s  . 

-  ,  *  *  < 

ntp  ■ 

2  \ 

■  •  «-i  Cfl* 


(218) 


Thus,  having  constructed  function  Fiz) ,  which  satisfies  conditions 
(215)  and  (216)  on  the  axis  Ox  and  condition  (218)  in  the  neighborhood 
of  the  point  at  infinity,  we  will  find  the  unknown  function  p(x)  by 
formula  (217).  For  simplicity  we  will  limit  ourselves  to  the 
consideration  of  function  F(z)  in  the  upper  half-plane  y  >  0,  and 
we  will  determine  function  p(x)  according  to  (217)  by  the  formula 

p  (*)  ■»  ^  lm  F  (z)  when  yxa  +0;  am<z<bm 

(m-1, 2, . Ul9) 


Just  as  in  §  3,  we  will  examine  first  the  special  case  of  the  problem 
in  which  f(x)  =  const,  and  accordingly 

/'(*)  =  o  rfien  ffm<z<6„,  (220) 


Let  us  show  that  in  this  case  function 


F.(:)’ 


(221) 


where  JV , (z)  —  polynomial  of  power  n  -  1  in  a  with  real  coefficients 
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(222) 


satisfies  conditions  (215)  and  (216),  i.e.»  let  us  sftow 


wh*n  2,  J?*®  4*®*  Y 

•  ’  -  lm'Fv(£)*s*0  '*■  » 

£k.«£s  <<%*„(»»  **$,2,  %),  &«<*,  )> 


(223) 


According  to  Cl^l) 


*h#R  S  >  8^5, 


i 

—rssstaa  era 


■  -yssssss  whan  ?  < 

ys»-* 


p^sa^«aa  sfcsn  £  5* 


i? 83  "fQ* 

i9®ii  2}  »>»| 


a— *« 


i 


t 


(22k) 


Assuming  in  (221)  y«-fO  and  taking  into  account  (224),  we  will  find 


^B-j  W 


I  -  _  ,_  *** %  i  .....  n . i.  ,  „  • 

f  (*-*4)(***  «*)•>«  •  c*  ^««)  c®  -^r crnrp 

wh*n  y  a  4-0, 

F,(*)~- - ^8=^ 


nw- 


V (*-  «"»>  t*  -  «*>♦  •  -iffittjfTSip- 

whM  s*  <  a?  <  6„  y  «  -f-0, 

P  «->  (g) 


.  „ — - - — ....,,  .  ,,,^r^rwn^. 

•  •  *  (*  ~  *»•»)  (*%  ”  *)(*••  y  •  *  •  1 

*  «fe*n  &*.,  <  *  <  e„t  y  w  •$•  ©, 

^ (3  —  Cj)  •••(*“  “"^l)’  ♦  •  (*”  ^W"  *)(*«  “ 

wh«a  <.  3  <  |f  •  «$■  0, 


i»9 


(225) 


when  ^4<8<4s,Csj«1<24 


•^■^m^^^^sasBssssA .  (226) 

J^  l  n  ?*“*«>(*  -*5»)  | 

»at 

when  &»<  £<cR,»s{m«*6/  S»  2, . . s),  «$»0,  if  one  were  to  take  &4ssa  —  ao,  e**,**®®. 

Formulas  (225)  and  (226)  show  that  relations  (223)  indeed  take 
place. 

Let  us  find*  further,  according  to  (221) 


where  e*,e„  certain  real  coefficients.  Comparing  (227)  an H 
(218),  we  will  find  that  function  PQ(a)  will  satisfy  condition  (218) 
if  one  were  to  assume 


aa|<n 


(228) 


According  to  (219),  (225)  and  (228)  we  find 


yjET- 


■■MMMMV 


n«t  / 

em  <  *  <&»(<?*  *>  S,  2,  a). 


(229) 


Formula  (229)  gives  the  solution  to  equation  (209)  for  the  special 
case  when  /*(*)** 0  when  «!»*<*<&*  («5»l,2r When  n  »  1,  (229)  turns 
into  formula  ( 1 h 7 )  found  earlier  for  this  case. 
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Passing  to  the  general  case*  we  will  look  for  function  PCs),  which 
satisfies  conditions  (215),  (236)  and  (?18),  in  the  form 


(230) 


reducing  the  determination  of  function  F(z)  to  the  finding  of  function 

^(s). 


As  can  be  seen  from  (225),  when  a*  '  *-<  &,*(•'»  *»  trX  . .  -*n)  4-® 

function  ( s )  is  pure  imaginary*  polynomial  £\.»(s}  when  sr**  4©  obtains 

real  values-  Consequently „ 


when 


Be  F  (s)  **  I©  ©  {*) 

<  s  <  ba{m«s  .«n)t  y «*»  40* 


(231) 


Substituting  (225)  and  (215)  Into  (231)*  we  will  find  that  condition 
(215)  for  function  P{%)  will  correspond  to  condition 


i.e.,  condition 


*»3 


V  i  n  c») 


*M>t 


(232) 


when  «»< «<&*{««»  1,2. ....  h),  y*4©  for  function  ©{*), 

Aa  can  be  seen  from  (226),  when  <*<*«.»  (»••©,  i,  3,  •  •••<*)»  y*»  4© 
function  F&(a)  obtains  real  values.  Consequently, 


when 


®o*i  (® **©*  t»2>  v*»  4© • 


(233) 


and  condition  (216)  for  function  F(a)  is  reduced  to  the  condition 


|Q©(s)caO  Bps  (©*®0, 1, 2,  4©  (23*1) 
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for  Pmo&Xm  We  till  looH  for  function  ©§$  in  she  fora 


*s»f>3ja 

According  to  (216)  and  (217)  we  will  have 


ld^(l)-eaj8 

nhen  5*  <  S  <  0^,,  {<©  «z»Q,  J,  3,  ...»  C),  J?»  £0, 
wh6H  ^  2  ^  *,  $),  ®|*0* 


C235) 


(236) 


Comparing  (236)  with  (232)  and  (234),  we  will  find  that  function  ®(z), 
defined  by  relation  (235)*  will  satisfy  conditions  (232)  and  (23*0, 
if  one  were  to  assume 


zip-  |/  |g.(?-e«H45~6l9)Jf  (a& 

m>*>i 

Gf%  ^  ^  fofgr  • «  py  • 


(237) 


Substituting  (237)  into  (235),  we  will  find 


$**«&  /  * 


«t*»f  *«•! 


(238) 


Substituting  (221)  and  (238)  into  (230),  we  will  find 


^  2  <“*>*■"  f  ]/ [ft  «*-•«>  (*“r*0 


O  " 


«»l  *J!I  _ _ **"1 


Kn<*- 


*n)  (*“W 


«*l 


(239) 


Thus,  function  F(s),  defined  by  relation  (239),  will  satisfy 
conditions  (215)  and  (216). 

We  find  further 
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(240) 


x  0  4*  P  *-.4“  *<>4  •  ♦  *-4*  j»  •• ' 

-f-  ’  * 

-  ~ '  >-  "  >-••’. 

Thus,  under  condition  (22&)  function  Pis},  defined  by  relation  (239), 
will  satisfy  condition  (218)  in  the  neighborhood  of  the  point  st 
infinity . 

f 

From  (225)  we  find 


(241) 


Prom  (239),  according  to  (241)  we  f4.n<3 


Jej/;(s)  « 


*» 

sossKssRBss&gt 


(a-«w)(p-M  ‘  , 


T# 

(IjC-iP"** 

a») 


xto&j  K  |II 


(242) 


«•» 


whan  ®j  ^ S <1  tj  (i»  1,  2,  ,,t>  #)j  y a®  *§*0. 


But,  as  we  already  known  from  §  3,  if  function  f'(t)  at  point 
#«*  (cJ<45<fcJ)  satisfies  the  condition  of  Lipschitz,  then 

liaRo 

W«oft  * 

■»  Cf'  jH  (<—«*) 1 ...|i»)i 

«*»  W»l 


(243) 


where  when  m  «  l  under  the  integral  standing  in  th£  right  side  of 
formula  (243)  should  be  understood  as  its  principal  value*  Substituting 
(243)  into  (242)  and  (242)  into  (219),  we  will  find 


where 


<%<£<$& 


JVi(s)  *=e*«fe»s* ..  * 

» 

*  P<*>  2  «  ' 


(244) 

(245) 

(246) 


When  %*=»«*  formula  (244)  coincides  with  formula  tlS3)  found 

earlier  by  us  for  this  special  case. 

Formula  (244)  for  the  unknown  function  p(z)  is  found  by  us  from- 
relation  (219).  Function  F(z) ,  which  appears  in  (219),  satisfies 
the  boundary  condition  (215): 


where 


RoF(j)ml*  W  s!xn  J/®1  *f  ^  (m*sS,2, 

» 

n  bf$  > 


»  ft 


ReF(s)*»£  M  ^^2  ^WlnTT=iI*  ' 

W*.i  ,  a® 

Whsa  $e»  *^0 


(247) 


according  to  (213).  Thus,  the  found  function  p(z)  will  satisfy  the 
relation 


*  fcsi 

sS  ^wto—^-rw, 

W«i  >d 

<  *  <  bm  («  - 1»  2,  . . .,  n). 


(248) 


54 


Ho&gmr*  fpoia  relations  (248)  it  daew  not  follow  yet  that  the  found 
function  pis)  will  satisfy  the  initial  equation  (205).  Integrafci-ng 
(248)  with  respect  to  s,  we  will  find 

2  \  (2ii9) 

*  ‘  1 

4 

where  **»  >•.»«»“*  constants*,  i.e.,  by  substituting  the  found  function 
p(z)  into  the  left  side  of  equation  (209),  we  will  obtain  the  function 
of  argument  s,  which  on  each  of  the  intervals  (st*3!,  2, 

can  differ  from  the  assigned  function  fix)  by  a  certain  constant 
a  .  However,  function  p(s),  determined  by  formula  (244) ,  contains 
n  arbitrary  constants  «#»  £»»  and  P,  which  are  coefficients  of 

the  polynomial  Thus,  additional  constant  components 

which  we  will  obtain  as  a  result  of  the  substitution  of  function 
piss)  from  (244)  into  the  initial  equation  (209),  will  be  functions 
of  constants  «#*  «*»  c*.s*  and  in  this  case  linear  functions,  since 

these  constants  enter  linearly  into  the  expression  for  function 
p(x) .  Equating  to  zero  these  additional  constant  components 
«m0*»  we  will  obtain  n  linear  equations  for  the  determination 

of  constants  c«  tft»  ...» <v*  and  P,  which  enter  into  the  expression  (244) 
found  by  us  for  function  pis).  Having  thus  determined  constants 

...,-Ca.a  and  P,  we  will  obtain  the  solution  of  the  initial  equation 
(209). 

In  the  contact  problem  of  the  theory  of  elasticity  we  will 
encounter  later  the  case  in  which  function  fix),  which  stands  in  the 
right  side  of  equation  (209),  is  assigned  only  to  within  the  arbitrary 
constant  component,  common  for  all  intervals  am^x^c»  2, 

but  then  quantity  directly  is  assigned 

n  |g£ 

p-2 

In  this  case  for  resolution  of  the  problem  it  is  sufficient  tp 
express  constants  *«»*»*  which  enters  into  formula  (.2 44),  in 

terms  of  the  given  quantity  P.  Below  we  write  out  the  equations, 
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s*hleh  in  this  case  determine  constants  *e.  e*.  *?rom  (24?)  we  find 


o  -tia 


fr_ 


«*»i»  2»  *.*»  n-—i 


(250) 


according  to  (209),  If  function  f(ar)  is  assigned  to  with  in  the 
constant  component,  common  for  all  intervals  aw<s4^  {»:«»!, 2,  ..lfn), 
the  differences  standing  in  right  sides  of  relations  (250)  will  be 
fully  defined. 

In  accordance  with  relations  (226)  from  (239)  we  find 

* 

♦ 


'  B$&bn  <Z<  «*,*  (J»aats  %  8—  I). 


(251) 


0 


Substituting  (251)  into  (250;  and  taking  into  account  designation 
*  (245) 

*».*  (a)  «*«  +  C,*  -f  . . .  -f 


4 


: 


we  will  obtain  a~l  equation 

»-3  o»*s 

S‘.  $ 

»-»  *» 


*?dx 


*1 


*C 

H 

*a> 


Otwft 
* 


*"  |/  |n  c* 

Hat 


<»-«**) <»“&!«}{  »  •  .. 


ts-i 


(252) 
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J55t  If  fit®*  I 

for  the  determination  of  coefficients 


In  the  contact  of  the  theory  of  elasticity  we  will  also  encounter 
the  case  in  which  the  function  fix)  standing  in  the  right  side  of 
equation  (?09)  is  assigned  in  each  of  intervals  (/a*=J,  2, n) 

only  to  within  its  arbitrary  additive  constant  for  each  interval,  but 
then  n  of  quantity  $*«,...* Pa  is  assigned: 

{*s«®tr 2* (2^3) 

Cgi 

In  this  case 


'  p*yiPk 


RVo§ 


(254) 


and  we  will  find  coefficients  *»,«*.  ...r  c«-8  according  to  (244)  from 
equations 


&a 


j?ds  . 


«s»Ha»>5w) 


ft® 


V\k  (*-««)(*- ®te)j 

eM 


• 


x  [  s  (  -  ir"  f  Ki  n  <»-  o  (<-uf^“]  «&. 


m-i 


«S»  *«! 

/5 )  «2f  Sr  »  *  *p  Sr 


(255) 


which  are,  obtained  by  direct  substitution  of  function  p(x)  from  (244) 
into  the  first  n  —  l  from  relations  (253)* 

In  conclusion  of  this  section  let  us  examine  examples. 
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safes* n  —  <fc<  <*  < —e,  f &}•*** 


i)  a  a  3,  s»  «®  —  ©4  «®  —  s>  s, »  a,  &,  «*  &»  /{*)**• 

when  «<*<$,*-  is  an  arbitrary  constant. 


In  this  case  formula  (21*1})  takes  the  form 


PP4** 


<S<[2}«&, 


(256) 


where  the  plus  sign  should  prevail  when  x  <  0*  and  the  r..l,nus  sign 
when  x  >  0.  Equations  (2.52)  form  m  *  1  give 


«* 


s&s  ‘  '  ' 


(257) 


Assuming  s  **  at  and  designating  by  &  the  ratio  we  will  find 


T  • 


dt _ 


(258) 


where 


» 

K(k}*>  (259) 

Is  the  so-called  complete  elliptic  integral  of  the  first  kind,  for 
the  calculation  of  which  there  are  tables. 

Further, 


5 


sds 


©e 


(260) 


since  in  this  definite  integral  the  integrand  is  odd. 
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Substituting  (258)  and  (260)  into  (257),  we  will  find 


6?,  *s* 


(261) 


Formulas  (256)  and  (26l)  give  a  solution  to  the  problem. 

2)n«2.  ^ - o,  f(*)**<h  when  /(*).a, 

when  a<s<£,  a,  and  «»*-  are  arbitrary  constants, 

ft 


In  this  ease  for  p(x)  formula  (256)  is  retained,  but  the  constant 

Wl11  be  dete3™*«ed  this  time  by  the  first  of  equations  (255),  which 
gives 


Considering 
we  will  find 


(262) 


x~Vrvr~{b--a')t'  and  designating  by  k  quantity  / i-p, 


»  —  1 

|  /(**- •«){&* -P)"*  &.ji  /(I-  -W| “  T  ^ 


Assuming  we  will 


find 


(263) 


J 


21 

_ *4* _ ^  ^ 

'5 


m 


(264) 


Substituting  (263)  and  (264)  into  (262),  we  will  obtain 


*05 


since 
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Thus, 


P  n  -J. 
c  a 


(265) 

(266) 


Substituting  (265)  and  (266)  into  (256),  we  finally  will  find 


s<Ul<6, 


C267) 


where  the  plus  sign  prevails  when  x  <  0  and  the  minus  sign  when  x  >  0. 
§  5 .  Equation- of  the  Periodic  Contact  Problem 
Let  us  now  examine  the  solution  of  equation 


S  /.(&)»“"<*<  ft-  (268) 

(m  =sl,2,  <•<) «)| 

where  /(0) —  function  assigned  in  rc  intervals  of  tHe  argument 
&am  <?<Pm  ...,n),  and  /> <U)  —  is  unknown  function  subject  to 

determination  in  these  n  intervals  of  the  argument.1  We  will  subse¬ 
quently  assume  that  . 


0<  a.  <2*.  (269) 

Let  us  examine  inside  the  circle  of  the  unit  radius  of 

two  variables  c,  and  r> : 


X  («.  t)  -  2  $/>(?)! ajdf, 


mrnt 


t"*t  1  r  rr^T^  »" 1  v*"* 

'Keldysh,  M.  V.  and  Sedov,  L.  I.,  Effective  solution  to  certain 
boundary  value  problems  for  harmonic  functions. 
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where  J?  ~  distance  between  point  Q  with  coordinates  n  and  point 
Q'‘  on  the  circle  of  the  unit  radius  with  vectorial  angle  $  (Pig.  2): 


— cea  ~  im 


Pig..  2. 


Function  r>)  constitutes  the  logarithmic  potential  of  the 
simple  layer  with  density  p,  which  is  located  on  arcs  (*«»$ »).►..»  («»,-& 

of  the  unit  eircle.  Just  as  in  5  1,  by  direct  differentiation  we 
will  be  easily  convinced  in  the  fact  that  function  P(£.»  n)  inside 
the  circle  l*+n*wi  satisfies  the  Laplace  equation  it  is 

a  harmonic  function  of  variables  C»  n.  Passing  to  polar  coordinates 
i.e.,  assuming  £-*pCQS©,ij>»te3a©»:  we  will  find 


Va*  y 9  ^ 


(270) 


Assuming  in  (270)  p  *  1  and  taking  into  account  identity  we  will  find 

(271) 


p»is  p(?)bT 
•  *-t4  »[•!» 


3gr^9  whan 


By  comparing  (271)  and  (268),  we  will  arrive  at  the  conclusion  that 
equation  (268)  is  equivalent  to  condition 


wh*n  {>*»!»  aR<&<^lo  (/ie»J,2, 15), 


(272) 


imposed  on  harmonic  function  P. 
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Fulfilling  in  (270)  differentiation  with  reapect  to  p,  we  will 


find 


Using  the  identity 


we  will  be  able  to  give  to  formula  (273)  the  form- 


e>l  % 


where 


*•  fa 

Pm  Y  ^ 

jZm*  J  <■*  «•**-  * 

9(M 


t  "  8f>  «■ 

But  expression  constitutes  the 

integral  "*"*** 


fcr 

^  ^  (?)  x— eot*  -f>  f  * 
e 


in  which  ^(?)-/>(?)  when  (««=i,2, and  Ffc)®0 

a»d  approaches  />(&) 

...,a)  and  to  0  when  £*<&<«*„  (bj-CU,  2, . 
approaches  unity.  Thus,  from  (27^)  it  follows  that 

0^  9 

wfwn  p*t,  «»  <3  <&,£»*»  I,  2, 

$y  p 

wh«nfr«*lf  ?w<0<«i,H  {BS*“0,  1,2, 


(273) 


(27*0 

(275) 

Poisson 

when 

when 

n),  when  p 

(276) 
(277) 
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Thus,  having  constructed  function  K,  which  is  harmonic  inside  the 
circle  p  a  1  and  satisfies  on  this  circle  the  boundary  conditions 
(272)  and  (277),  we  will  find  from  (276)  the  unknown  function  p(<J>). 

The  solution  of  equation  (268)  is  equivalent,  thus,  to  the 
construction  of  the  function  harmonic  inside  the  circle  according  to 
mixed  boundary  conditions  assigned  on  this  circle.*  Just  in  preceding 

chapters,  we  will  reduce  this  boundary  value  problem  to  the  problem 

»  £  - 

of  construction  of  the  function  of  the  complex  variable  according  to 
boundary  conditions  assigned  for  it.  Let  U3  consider  the  function 
of  the  complex  variable 


fc*  (m 


V‘ 


(278) 


Here  under  the  integral  sign  C®l+i’j»pco30-fi>8irr&~  is  the  complex 
number  depicted  in  Pig.  2  by  point  Q»  fl‘>«=c03 is  the  complex 
number  depicted  on  the  same  figure  by  point  Let  us  find 


{  »  cot  ft-f  Ip  tin  & _ 

/»  _  (  cos  1 + 1  tin  ?  coiD  —  is  *Jn  \  ' 

m,  fp  cot  &  y  fpuln  {)  pcos  0  — <  (ih  9-MifT  0){  m 

m  |  ota  j  -  f  cm  9  +  /(!iu  si..'  fcnf?  L  f  css  4(»Ia  f  ~ ©)} 

•,  .  '  .  '  , _ . 

i~fyC03(f  —  ftj+p*  J  (279) 


Substituting  (279)  into  (278),  we  will  find 


*  to* 


♦to-  2 


«-*«« 


(280) 


By  differentiating  with  respect  to  0  from  (2J0)  we  find 


dy.r»  Y  P  (y)M»n  (?-6)rfg 
09  Ml  j  1-  2?co»{|-6i-i-y 

*rs 


(281) 


According'  to  (28l)  and  (273),  formula  (280)  can  be  given  the  form 


*C) 


0V 

at 


(282) 
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Thus,  the  real  and  imaginary  parts-  of  the  function  of  the  complex  4(c) 
introduced  by  us  are  connected  with  the  harmonic  function  V  by  rela¬ 
tions 


8«®Q-£ .  . 


(283) 


and  conditions  (212),  (211)  and  (276)  which  are  satisfied  by  function 
V  on  the  unit  circle  p  =  1,  correspond  to  -conditions 


Ro  <!>(;)  ts. /'(0)  when  p=»i,  ft*,  <  0  <  *a  i,  2,  .  .  »), 

Im<&Q=»  whan  p  =  l,£m<0  <  1,2, 

ha  <!>(;)  —  ~  whan  p  e*  1>«*<8  <pm(«*»l,2, 


(2811) 

(285) 

(286) 


which  will  be  satisfied  on  the  unit  circle  by  the  function  of  the 
complex  variable  4(C)*  Thus,  having  constructed  function  <{>(?),  which 
satisfies  conditions  (28i|)  and  (285),  from  (286)  we  will  find  the 
unknown  function  />{&). 

By  means  of  consecutive  transformations  we  find 


<c  1  /!*«»+«  A  *\  ‘ 

pzi  t (. 7tt— ;  —tk-r -ig- — •  , 

#  3~>  »c  -  '• 

a[  co3f  +  <«8i-(c«4-l,|oi)c  J*  x 

7<l+t>  .]  t(,_‘cls-sfr|  ' 

1  m^s-tj+uio-’-a+o  j”  */“ 

-i (-'*'**  \ A 

»(-rtei-1*±|+,tlr*  7  .  •  .  :•  ,  . 

'  '  **<»■• 

Substituting  (287)  into  (278),  we  will  obtain 

*>-<{• 


where 


m®l  9®  —  fcUr-j  -  * 

»  >10 
m-l  *a 


(287) 


(288) 


(289) 


and  p  is  determined  by  relation  (275)*  Assuming  further  in  (288) 


we  obtain 

f*  -Ctg  |«2f  .  # 

* 

nbtst  ’ 

(290) 

*  * 

(291) 

where 

SjjiBS bKsa  — a§  Y  •••#«$, 

(292) 

According  to 

(269)  /»*(<>«  K~2gre<S§& 

(293) 

—  »<  fl»  <  £>»  <  «a  <  K  «►»-.<  ea  <£«<«©. 

( 29*0 

By  introducing  designation 


(295) 

(296) 

(297) 


Formula  (295)  determines  the  complex  number  s,  the  real  and  imaginary 
part  of  which  are  changed  when  a  change  in  the  real  and  Imaginary 
parts  of  the  complex  number  C  .  Designating  by  a?  and  y  the  real  and 
imaginary  parts  of  the  complex  number  z  and  assuming  in  (295) 
C«?co3$+ij»8Ja9,  we  will  find 


3  *  iym  « 


f-pdnfi-H<t+j>eo3C)l(l -.pcosS-fr  (ftlo-l 


&~zpcaW^y 


whence 

„  -5?ala5  I-f* 

c* T-^Sj  ce# ^ csaS j> •  (298) 

From  (298}  it  is  clear  that  y  >  0  when  p  <  1  and  y  »  0  when  p  *  1, 
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i.e.,  point  P  with  coordinates  xt  depicts  tlie  complex  number 

&  **  x  +  iy  t  is  in  the  upper' half-plane  xOy ,  when  polpfc  $  with  poTar 
coordinates  p»  0,  which  depicts  the  complex  number  («{•***,  is  inside 
the  unit  circle  p.  »  1  (Pig.  3)3  and. point  P  emerges  on  axis  Ox  when 
point  Q  gets  into  the  circle  p  **  1.  When  p  »  1  formula  (298)  gives: 

din  &  & 

a  -  — Trgnr  --«*>?*  (299) 

Relation  (299)  shows  that  when  point  $  describes  the  circle  p  *  1, 
point  P  passes  axis  0zt  where  x  changes  from  ~®  to  +»  when  changes 
from  0  to  2  s. 


Pig.  3. 


Prom  (296)  we  find 


ImF(s}>*  Ira  <!»(£)■$.£•  '  ' 

3 


(300) 


From  (300)  it  follows  that  conditions  (284)  and  (285)  for  function 
$(C)  correspond  to  the  condition 

{Ro P (2)]a~*s «*> /' (#)  —  f  *h«n  2, 

(ImF(*}]v.+e-0  *>h»n  pa«-0, 1,2, 


for  function  F(z) ,  which  according  to  (299)  and  (292)  can  be  given 
the  form 
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(303.) 


U&g  (s£*s  /*  { s?c  sig  s) — f 
sfcang*®  -H>,«a<S<^|^3=»itg,  •  •  »#  $3* 

>  IfiiFOsJaaO 

^  t  >%...]  &)t. 

$&„»»  *  *"• 

r 

1 

i  From  (300)  and  (286)  it  follows  that 

! 

I 

laf^aaspf— •f©$*»<S<£& 


(302) 


(303) 


if  one  were  to  use  designation  (293) ► 

Relations  (302)  and  (303)  directly  ensue  also  from  formulas  (216) 
and  (217),  if  one  were  to  compare  (297)  with  (210)-  anu  (211). 

As  showed  in  §  4,  function  F(z) ,  determined  by  formula  (239), 
satisfies  conditions  (215)  and  (216).  Thus,  function 

P%  (2)  <®  _ _ 

;  s  <-»-i  / 

-  ^ _ i»-J . . _ —  j  ( 304 ) 

P  —  *m)(*  ”  ^a) 

I 

•ft 

will  satisfy  conditions 

Re F,  (£)«/'(—  Sarcetgz)  • 

sfran  ym  -}.Q,  C„<*<frM  («*»!,  2,  . 

wfc*n  y  **»  -f  0,  bm<x<am,l  1,2,...,  a). 

We  will  look  for  function  F(z)  in  the  form  of  the  sum 

F(:)-F,(i)+F,(2).  (306) 

Then  according  to  (301),  (302)  and  (305)  function  F2(x)  sl"J0Uld 
satisfy  the  conditions 


(305) 
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1 


He  Ft  (sjta  ~y  rtung™  *r  0,  «*<«  <6^  (m  «*i,  \  .  * . ,  sU 
loF9(s)e»0when  y«®  +  G;  &fle<*<3la,*  (f5?e»G,  S, 


(307) 


Furthermore ,  as  can  be  3een  from  (297)  and  (304),  ^(°») *3*^, (©)=•.& 
Consequently,  function  F(s)  should  also  satisfy  the  condition 


Fg-(coj  as* 


Let  us  examine  function 


5, 


*~e& 

ra«^ 


According  to  (224) 


when 

when 

and 


/r&  /iii  • 

n»t  saot  - 

yKr  i . ft), 

ta**j  • 

+0.  J 


/  m 


.  ^  L  • 

-Ti  .?  — »  4. 1 ,  when  Z~o  00 J 


According  to  relations  (309)  and  (310)  function 

'•«-»[/  ns£-<] 


satisfies  both  conditions  (307)  and  condition  (308). 

Substituting  (304)  and  (311)  into  (306),  we  will  find 

PM**  . _ 

I  n<—->  Cizgs«zs«.K(., . 


»«l 


W*>< 


/ffy 


*«o)  (*  “  &sn) 


(308) 


(309) 


(310) 


(311) 


(312) 
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where  K*&)  is  a  polynomial  in  a  of  the  power  n : 

*:c*h<+<*+«s*+ 


(313) 


Using  identity 


»*  [  n  fafe * 1  ~  n  ( rf^)  ]  - 

*S“1  «»4  .  ^  J 

f» 

*  rb  II  +  ^  W  ■ +  ? » w « *  . . .  +  9m (t) ***, 

"  m-ot 


where  ?i(0»  •**»  ¥*«*(*)—  functions  of  argument  t,  the  evident 
expression  of  which  we  do  not  write  out,  it  is  possible  to  give  (312) 
formula  the  fora 


m-t 


(**“as0  ' 

*1=  ss*»S  ,  * 


3  ares 

l**8 


IF  ^  \  , 


*W— V 


nsfeitr  Inv=g|f-fc,r5,*,> 

IMl  n*l  Cot  mat 


frfr) 

<*-«»)  <*-o 


( 31*0 


since 


*»h*n  aa  <t<bm  (»■»!,  2, ....  *jk 
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Here  &?(%■  is  a  polynomial  In  s  of  n  power,  the  coefficients  cf  which, 
with  the  exception  of  the  latter  are  different  from  coefficients  of 
the  polynomial  K(*)‘ 

Using,  further,  the  identity 

i  l-fr  ts  .  t 

«- 3  “(I +«<>(*-*>  * 

let  us  give  to  formula  (314)  the  final  form 


where 


s~<Jsa, 


!R«»l 


"7 

ami 


(*) 


a*— T» 


(315) 


K  («}  s»  -f  . . .  4“ 


(316) 


is  a  polynomial  with  certain  new  coefficients  e«* •••»  *«•  Substituting 
(315)  into  (303),  let  us  find  in  accordance  with  (309)  and  (224): 


not  ’ 


'r  |n^" 


when  om<*<K  (es  ■*  1,  2,.. i»J. 


(317) 


Substituting  into  (317)  am  and  bn  from  (292)  and  assuming  in 
(317) 
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we  will  obtain 


since 


or  finally 


or  finally 


n  2 

if,  Sm6-J« 

/ 

"  .elniliS 

n  2 

r 

**  .  f-s„. 

ra-tUU  1—~2 

3 

31  T*»  eJo°~m  J  ce»®  |  . 


V\ n**^ 


when 


^iaeluld 


(m»l,  2, ....  n), 


1 


(®*“0, 1,2, 


•  *» 


s). 

* 


(318} 


(319) 
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Let  us  now  turn  to  the  determination  of  coefficients  Y»»  Tt*  which 

enter  into  formula  (318)  for  the  unknown  function  i'W-  Prom  (278)  it 
is  clear  that  $(0)  =  0.  Further  from  (295)  it  follows  that  z  *  i 
when  C  »  0.  On  the  basis  of  this,  formula  (296)  gives 


*(0+r-*4. 


(320) 


Substituting  (292)  into  (315),  assuming  in  (315)  and 

taking  into  account  the  identity 

„  cot-?+UL%  '  ’  <¥*■ 

■*  +  6t8  - - - ~ *»  «.+  Ctg  feaa-t^. 

#  »i*»  f  •  .  ..  * 

H  ,  k 

......  (-•“!{+<)■ 

•  ’  T> - ; - - - - - : - - - —axl.:  • 


we  will  find 


Pli\rz 


t  f  2  «»-»>"  ^  1 

_ L  ,  m-i  ^  3 

3«e  •  ZJ  J  & 

.  F 


*  ginlZJSs  .  '  ’ 


V 


I  n 

r  S  M 
Oe  "■-» 


•  o 


(321) 


Substituting  (321)  into  (320)  and  taking  into  account  (319),  we  will 
obtain  equation 

*  2  c ™ 1 *  f  [  503  f  i  <«»  +  fW+ *  ■ »«  T  2  (*»+ RJ]  + 

«k~#  Ctai  owl  ■* 

»«•!  n»l 


•••>  ••  .  . 


.  «2\ y  1 
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whence 


+^«n^2x 

»»4  ««*  >  cqs 


•  gi.  gr^s 

I!  1 


e»«c|  0**! 


♦  *..  *  *  •. 

“?*;f?a—?8,f?9~»"t®§£<£8  \  21  (“ia+fcaH* 

,  9  ‘ 

*  *  *t  s 

+»(-tSr.)sT¥  tn-irbirw* 


#io 


(322) 


Further  from  (283)  and  (272)  it  follows  that 


(Ro«W»  •»-  00>-«  ~(?w 

•“V.r  *"**  . 

hoar  ^  •«») 


(323) 


If  function  /(8)  is  assigned  to  within  the  arbitrary  constant  component 
common  for  all  intervals  (®i.  ?*)*(»«•  W»  •••*  (*«.  ?«)•  the  right  sides  of 
equations  (323)  will  have  fully  defined  values.  From  (296)  we  find 


{Rc  F  QU  -  (Ref 


(32*1) 


Substituting  (315)  into  (32*0,  let  us  find  in  accordance  with  (309) 
and  (22*0 


utopoi.,—  x-v  |nH£|x 

9  «u»t 

x  i  T  / in  *+ 


W.  -S  ec  •  mol 


(~>V '-*Pn(x) 


(325) 


'ohen ^  ^  ^  (^sa>  2/  •  A*”*^ 


Substituting  (292)  into  (325)»  assuming  in  (  325)  ttm 
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and  taking  into  account  (319),  we  will  find 


* 

*s$ 

w«S  03) 


ev*»S  *5* 


USB  . ^  ■» 


*(  -  ss?“*  2J  *«  9ittB'R  V  «awY 


£la  ~2ata 


*  '*en^ft<S<eau  2, . »»t 


Substituting  (326)  into  (323),  we  will  obtain  the  equation 


(326) 


"  **«»  *ia*'re  A  cwi®  A  ^ 

W  -  f  'It 


£  7"  \ 


v  in  *«« ^.i^i 


•ftn  /  a  aia 

f  f  ]/  j] —  * 

l  ■»  '  2»*  1  1/  U 

^  f  *„}  ala  — £■ 


«  »»  /  » 
(ssy  n 

o»l  *m  t  m*l 


Trg  '  (327) 


(i»i,  2(  (<•)  #•"!)» 

which  jointly  with  equations  (322)  will  form  the  system  of  n  +  1 
equation  for  the  determination  of  n  +  1  coefficient  T«*7»* •••»?«• 

If  function  /(a)  is  assigned  only  to  within  the  arbitrary 
component,  its  own  for  each  of  the  intervals  (*».?»)»  •  *.,(*».  P»),  but 

then  all  n  quantities  are  assigned 


Pk**^p (S) si&  2, 


(328) 


7^ 


and  not  just  their  sum  P,  then,  substituting  (318)  into  (328),  we 
will  obtain  equations 


(329) 


which  together  with  equations  (322)  will  form  for  this  case  the  system 
of  n  +  1  equation  for  the  determination  of  n  +  1  coefficient  T»*  h> 

After  coefficients  T»»  !»*•  are  calculated,  formula  (318)  gives 

the  solution  of  the  initial  equation  (268). 

In  the  special  case  when  n  B  1,  {*, «*»+«„  formulas 

(318)  and  (322)  take  the  form 


/  «TIE?  *+•  f  coa  1±! 

'<*>--«>{/ - Fft  |  V  -—£i rii)«tt£dr 

f  COS  -5-  «*-,  l  c®s  . 


6  9 

T.*in  j-+t»co*-j 


/- 


2  2 


n—a  <&  <  8-f-a; 


'  .  *+«  "f  «os  1+5 

«-«  V  " ;  1 


■y»> 


•rnf  ^ 


COS 

~  rw*?. 


coj  i.TLi 
2 


(330) 


(33D 


since  when  j*~#  <0  < c-f  a,  e<k  we  have 
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{ 


— s  <  w— 2a  <  0  —a  <«,  «  <0-fa  <«4*2a  <  3s, 


and  consequently, 


0«ra  .  #>  ^  j\ 

COS  -j-  >  0#  cos  <  0. 


(332) 


Substituting  (331)  into  (330),  we  will  obtain  the  formula 


PW-—' . ,vJl  5  ]/ 

in®  y  **  COS  — —  COI  “g™'  *"*  r 

X  /'  (?)  (cos  Ctg  -  •UB 


f  — fi  * 

COS 


cf?~ BPem  |J, 


or,  if  one  were  to  consider  the  identity 


?  — a 

B  ft  »  COS 

6-8  .  9  —  6  .  0  — a  2 

co»-rctg!T--“,n-j— ^jrs-" 


we  will  obtain 


- 


7====4=========ix 

f  _  u  —  A  0  -4>  d 


005—  —  COS - 

S4  t 


a - 


rc — a<0<n*{-’«* 


(333) 


Assuming  in  (  333)  tt  +  4>  instead  of  <p  and  *+&  instead  of  &,  and 
taking  into  account  the  identity 


aiaizigiati**,  i.  (cajO— coaa), 


it  is  possible  to  giye  to  formula  (333)  a  somewhat  different  form 

- /_  1  m  _ _ _ v»  '  *  } . 


p  (»  +  0)  - — 7==rt=====rX 

2«*  /ecu  0  —  CC3  s 


i  f  /  cot  y- 


:[t?  i 


t 

■tt<  0<«, 


<  331* ) 


In  the  maximum  case  when  a  ®  ir,  formula  (333)  gives 


♦ 


a«».ta|4  n"*to!^S~ 


Using  the  identity 


it  is  possible  to  give  to  formula  (335)  the  form 


?  <9>  “  -  ^ tf !  cf®  ~r  “'f  -  aji5ua  “8 1 +s- 

In  particular,  if 

■  t  * 

/(2=)~/(oy«o, 

V 

in  •* 

pm-  5  /'Wtqr'x  «?■»•£. 

* 

or,  according  to  (109), 

pw-i[ra+4]. 

where  F(?)  is  a  function  conjugate  with  function  /’($). 

In  conclusion  of  this  section  let  us  examine  examples, 
i)  n«  i,  a,t*e— a,  t  +  a,  cun*t. s  —  a  < 

In  this  case  formula  (33^)  directly  gives 


P(s-M) 

i. 

2)  »«»3,  a, «»e  — as, 
»—a<9 


£  J^sf  C03 

»  —  —  ay.— r=rasrs=r  . 

2*K  —  COS* 

~-i- «,  /(?>—  —  >4  cm*  j  4-  coast. 


(335) 


(336) 


(337) 


(  338) 
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In  this  case 


/'(s-f  ?)°*  — -jsin?  thaa  —e<f<s. 


Substituting  (339)  into  (334),  we  will  find 


.  2e*KC0S»~«Sa 

xC-4^(  ^EEEJ^siit 4«j>c<«4y 
Wii.  .i»  i£-‘  »•' 


Assuming 


we  will  find 


jR.nl, 


-CMO 


/s(co»»l-cM»|) 


— ■»* 11 11  ‘  »■'  *  " 

sIr  ~  COS  —  -  cof  4-  *in 


♦  / 


’/T 8)0  4 csss* 
z 


■f' 


/*COS  / *05*  "  —  ISC*  J 

-tC*?**1*?)  ’ 

•  ztg~cc*r  «ig 

tin f dfasisf . —  —  dt n . . .  . .  dt i 


tec®  ~ 


MC*4- 


4  tga  ~  aln  i  ccs  t 

(*+<*•  T 


Bio*  ij 


7^ 


and 


/? 


»  (»•{- 0)  «a - J  - . .  —  ■  — .  X 

*  2«»  /co*9-eas? 


^flfT 

COS  4 


ilisteosHi* 


c _ _ 

-4  0*  I 


(339) 


(340) 


(341) 
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The  Integrand  In  (3*11)  can  be  presented  in  the  form 


t  c«s  t 

pnHTn mMrnrnammm «g— — »a—  ». mcM—w |^j  * 

£tg~si3l«tg~^l  +  4*|.eia*i^ 

/•  ts*  ■  e*  ■  »  +  |  e4-t-g»siat. 

tg-sinl-tgi  i  + 

where  ett  c*.  <*,  .*«  and  do  not  depend  on  t  and  must  satisfy 

'»  C>~Mg|'‘“C4tg|-oat), 

2**  tg*  |  ~  *.  tg  |  tg*  |  +c,  tg  |  *  e#  tg  ~ »  0, 

•  •  ;  «?*tg*f~?,tg|tg5 

Mg*£**tg*|«0.  \ 


Substituting  (3^2)  into  (3*11)*  we  will  find 


where 


y? 


\  *. 


p(*+ 8}-* -  X 

.  2«' /cot  »-««:■> 


eos  — 


j - (<»/»- 


»C03  |jt 


n 

7 


* 

T 


A-  5  -r-2 — 5.  A-  \  — * — .  ’ 

T  *  -*..  *  .  V 

It  K  V 

T  * 

.  f  sift  tit  r  f 

A"  \  ” - 7 - »  *tm  V  7 — tt - 

ji  1 + V I  •to*i  -iC1*2*!  ^  v 


sin  t<fi 


A*  \  7 - 7 - v- 


(3*12) 

equations 

( 3**3) 

(3*1*0 
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Let  us  find 


/s  *»  /» *“  0, 

since  in  these  definite  integrals  of  the  integrands  are  odd. 

Assuming  further 
we  will  find 


efts  -jr  tg  ?>  • 


dt> 


cos  ~  sec1?  iff 

I  ■  ■■■—  —  — — 

1 + cos*  ~  tg*f 


0  -  ^*~t 2U 

-f  tg8  -a-nln*|mi  -  a  ■  -  m  *  an  ,0C  ?  — 

. «  H  .  . 

*  ■  •  •  •  . 

t  : 

/**>  ^  cos  ~<J^»»sco5'|*,  .  .  ''  •  /"  •*, 

“7  ' 

*  •  •  . 

/,«»  ^  COS  ~  CO»*  ®OS*  tg“  «*  • 

~t  •  . 

« 

T 


"3S03f  ^  [*  +  c^2?4-cos*~~(i«-eo82j>)J<f?«* 
7  CMK! +  '«'?)•-  . 


« 

T 


Assuming 


tg-^tgj—pj  (  —  !<*<!  "hen  —  a<6<«). 


we  will  find 


1H 

*“!+*** 


A-ctgjfi+^jr^r®- 


-t 

i 


;  js _ c 

1  t~*  j 

►l  » 

-i  <J5<1. 


(3*5) 


(3^6) 


(347) 


80 


By  calculating  the  principal  value  of  the  definite  integral,  we  will 
obtain 


-I  ~i  • 


Further, 


( 3^8) 


( 3^9) 


Substituting  (3^8)  and  (3^9)  into  (3^7),  we  will  find 


(350) 


Substituting  (350),  (3^6),  and  (3^5)  into  (3^*0,  we  will  find 


i'* 


2b  V  cos  9- ees« 


X  * 


.  x| - T~^  [  2c»+(l+«#*  •£)«*]  fi>co3~}« 

\  s  i 


(351) 


Excluding  from  equations  (361),  a ^  and  c^>  we  will  obtain  equations 

Cssec^-Hc.tg*-®  ~ttg* 

-  Ct  sec'  ~  *  e4 «  ctg  ~  2  cig*  ~ , 

whence 

~ctg‘ jcoi’l  (352) 

,  i  s  ,  a  |  i 

ct  «•  C4g‘  -  »ec‘  2  «°3  6 

Substituting  (352)  into  (351),  we  will  obtain  the  unknown  solution 


/-  * 

y*co»-  r  f  T 

'<s+«-T7F5?=S??  !>  («»♦-“»• 

—  a<0<c. 


(  353) 
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As  we  see,  when  0  approaches  -a  or  to  +  a,  r  approaches  infinity. 
Only  in  the  special  case  when 


(35*0 


do  v;e  obtain  according  to  (353)  the  solution 


P  {«  +  S)  S3  COS  -j  }/ COS  U  —  CCS  8, 


(355) 


limited  in  the  whole  interval 

§  6 .  Equation  of  the  Contact  Problem  in  the  Presence 
of~ Friction  Be tween  Compressible  Bodies 

Let  us  now  examine  the  equation 

*  .  e  * 

\  *(<)*+*$  *»/(*),  .  j^i  < a,  (356) 

0  -# 

where  u  -  certain  constant. 

Just  as  earlier,  let  us  introduce  into  the  consideration  the 
logarithmic  potential  of  the  simple  layer. 


(357) 


As  we  already  know,  function  F(a:,  y)  satisfies  relations 

(7L-"v(,)  *“  !*><«•  "n,n^i>c-  (  358) 

Equation  (356),  according  to  (357)  can  be  given  the  form 

J  /»(/><*/ +  vV (^0)«/(i),  |*i<a. 


or,  if  one  were  to  differentiate  this  relation  with  respect  to  x, 
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!*!<«* 


(  359) 


Taking  into  account  (358),  we  can  give  to  condition  (359)  the  form 


dV  dV  * 

Ty  “KV3I  “  “”  */’(*)  when  |*|<«,  y«*  +0. 


\  / 


Let  us  examine  in  the  upper  half-plane  y  >  0  the  function  of  the 
complex  variable  z: 


F{S)»C  miL^v^.av 

j  t-i  as  **!)• 


(361) 


According  to  (358)  and  (360)  function  F(z)  will  satisfy  boundary 
conditions 


rvR oF(x)  +  hnF(z)<»K/'(z)  Bh8nis|<e,  y«-+Q,  1 
120^(1)  =  0  wh*n  |x|>a.  y—+0.  ) 


(362) 


In  the  neighborhood  of  the  point  at  infinity  function  F(z)  will 
have  the  expansion 

* 

F(:)=  ~  7-+  ....  P~^p(t)dL  (363) 

_ 

By  knowing  function  F(z),  we  will  find  the  solution  of  the  initial 
equation  (356)  p(x)  by  formula 

p{2)«i[!mF(j)]9~+a,  !*!<<»►  (364) 

as  follows  from  (353)  and  ( 361) . 

Thus,  the  solution  of  equation  (356)  is  reduced  to  the  construction 
of  the  function  of  the  complex  variable  F{z)  in  the  upper  half-plane 
y  >  0  according  to  boundary  conditions  (36  )  [.slcj  and  condition 
(  363). 

We  will  look  for  function  F{z)  in  the  form 
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(365) 


{  \ 

F(s) rn {j-f  a)  ~¥”? (s-«) 7*  (*),  —  <  ?<  •§ 

thus,  reducing  the  detecting  of  function  F(a)  to  the  detecting  of 
function  $(z).  Let  us  deduce  the  condition  which  should  be  satisfied 
by  function  $(s).  The  difference  a  —  a  can  be  presented  in  the  form 

*-«  (366) 


where 


+i/\  &™arctg~|~-  (367) 

(Figure  4).  In  this  case  we  consider  that  0  changes  within  limits 
of  0  to  ir  when  point  z  is  in  the  upper  half-plane.  From  (366)  we 
find 


As  can  be  seen  from  relation  (367), 

j,«*jz  —  «j|  wh9n  y  =3  .f  0,  0  =-  0  *hens>  a,  y«»  ^-0, 

when  2  <C  fl,  y» 


(368) 


(369) 


a 


Fig.  4. 


Assuming  in  (363)  y  =  +0,  let  us  find  on  the  basis  of  (369) 

(x~a)  3  a»Jx— e|  3  x>fl,  y™  -fO, 

'  _i  _  t 

(z  —  a)  3+T«|x  —  a\  3+1f (sin ny — i coa sy) 

wren  K<  a,  t/*»  -j-0.  J 


(  370) 
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’**"•*5 


Changing  In  (370)  the  sign  at  a  and  y»  we  will  find 


(s*M)"S~  i*»n  S>-St  piO,  ( 

_J  _  i  _ 

«,ja  +  ej”^  (— siatrf— i &&&() 

.  when  S<  —  fl,  |>«»  - 


(371) 


From  (370)  and  (371)  we  find 


-l-,  _i . .  *.» 

(«  +  $  8  (a— a)  *  *«{a-j-a)  *  (s—a)  * 

•  when  *  >  3,  g  «»  -f*  0* 


<»+«)*r,fs-«)"5+V  '  / 

wl  _*+T 

*(«fs)  *  (a— a)  *  (Mftcf~icc8tr|) 
"hen  ~fl<2<fl,  y  *»  -fO, 

(x-f®)  *  7(x— a)  5*7*»  — (-“d—a)  2  T(a— *)~3^7 

"hen  3  ^  —fl, 


i 


(372) 


Assuming  in  (365)  y  a  +0*  we  will  find  according  to  (372) 


Ro  F  (s)  Hr  *  I  m  F  (*)  «• 

*  ,  t 

•■(a +  «)“*”  (a -a)"’3  {Ho *f* (a) -f  . 

"iw»  a  >  a,  y  «»  +  0| 

R«F(x)+ilrsF(a)«- 

_J_T  t  T  . 

«=»(a+a)”5'  (a  — a)  ”  (sbrj'— icojsq^x  ' 

X(R»‘&(3)4-«  8mO<r)|  when  —  «<a<a,  ym>  .£0, 
RaF(a)-fiIiaF(s)«  * . 

«>  —  (  —  a— a)”3  7 (a— 2)"^+T(Re$(r)  +  *lm®(*)J 
,  when  a  <  —  a,  y  «»  -f  0.  .  - 


(  373) 


The  first  and  third  of  relations  (373)  directly  give: 


j,  _  •  i 

Ira®(*)»  (a*®)5  (s~a)5  Im  F(s) 

"hen  a  >  a»  y  *»  +  0, 

I  j 

Ira «&(!)■»  —  (—a—  s)^7 (a -a)5"*7 Ira F (a) 

Wien  a  <  —  a,  y  a*  -f  0.  ' 


(37*0 


Multiplying  both  sides  of  tne  second  of  relations  (373)  by 
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tinej+imz-f,  we  wm  nnd 


la  $  (s)  » (&  -f  s)***  (a  —  s p01!| cca  sjReF  (z)  ^eianyiaF  (2)] 

WT*n  ~a<S<e,  yaa»-f0. 


(375) 


The  constant  y  up  till  now  has  remained  indefinite  for  us.  Let  us 
now  put 

(376) 


Using  relation  (376),  it  is  possible  to  give  to  condition  (375) 
the  form 

Iro  tf>  (4*»~~7  (a  -f  s)5+Y  (a  -  Re  F  (s)  -f  !ns£*{s}] 

»har.  — >  fl  <“  3  <  fl,  y «»  •$•  0,  (377) 

Substituting  (362)  into  (37*0  and  (377)»  we  will  obtain  for  function 
$(a)  the  boundary  conditions 

Im  *  (2)  «  “12  (a  +  (a- /♦  (s)  j 

*4ien  { X  |  <T  <E,  y «»  -}■  ["  (378) 

Iia'I>  (a)a>0  when  jar  1 2*  ®i  y  “  •?{*  0*  j 

Let  us  clarify  further  the  behavior  of  function  4>(z)  in  the 
neighborhood  of  the  point  at  infinity.  From  (365)  we  find 

*W-(,+.)5t,{*— +  (  379) 

But,  according  to  (  36  3),  we  should  have 

{^  (;)],„««  —  />,  (  380) 

From  (379)  and  (380)  it  follows  that 

•J1  (  OO  )  S3  (38l) 

We  will  look  for  function  $(s)  in  the  form 
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(382) 


where  a  —  real  constant. 

As  we  already  know* 

Jm 4> (;) t»tj! (a)  when  \  x\<s,  y «  -f  0, 

!m  (i)  =3  0  wh»n  1  s|  >  C,  g**  -fO- 

(see,  for  example,  formulas  (361)  and  (358)). 

By  comparing  (383)  and  (378),  we  will  find  that  boundary 
conditions  (378)  will  be  satisfied  if  one  were  to  assume  that 

?  +  *)*”  (a~i)W  (*). 

Further,  as  can  be  seen  from  (381)  and  (382),  condition  (381) 
carried  out  if  one  were  to  assume  that 


f®  —P. 


Substituting  (38^)  and  (385)  into  (382),  we  will  find 


*<«)- 


COS 


f  (j-f  <)5*T(g-tp'Vo)<h 
j  »-* 


/>. 


The  second  of  relations  (373)  gives 

J+T 

lmF(:)*»(o-f  x)  *  (a  —  s)  2  (sinnf  Im<I>(i)— cosK?Re$(j)] 

*rh«n  |  z  |  <  a,  y«  +0. 

From  (3620  and  (  387)  we  find 


•Li  { Im  Q — cot  ( R°  $  <*)!#- + o 

<*(«+*r  <«-*r 


when  1*1  <•• 


(383) 


(38*) 
will  be 

(385) 


(  386) 


(  387) 


(  388) 
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Substituting  (384)  into  (383),  we  will  find 


tlm <1>  (*)Jw.*o - (a  +  *)*+T  (a - Y (*)  i*an  \ s j  <  a. 


5~-  it  > 


(389) 


Prom  (386)  it  follows  directly  that 


[ReO(z))„.+o=» 

Hjectpa:., 


C031 

*» 


t,  „  m3  T  M/ 


(390) 


Substituting  (389)  and  (390)  into  (388),  we  will  find  the  unknown 
solution  of  equation  (356): 


where 


;(,,.-taaL-L n,)r  .•/  .. 

^  ~  i*t  i-t  ' 

c<m*»t  f  (g -to3  (0  -  h"  f{i)dl 

«»*  j  *-*  “ 

-a 

~  »+T  i.T 


cos 


a 


(391) 


(  392) 


according  to  (363)  and  (376). 


S  7 .  Equation  of  the  Problem  About  the  Compression 
of  Elastic  Bodies  Bounded  by  Cylindrical  Surfaces 


Let  us  now  examine  the  equation1  to  which  the  problem  about 
the  compression  of  two  elastic  bodies  bounded  by  circular  cylindrical 
surfaces  leads: 


*(*)ff(*)-T  —  fl  <z  <  <2,  (393) 


‘For  a  numberical  solution  of  equation  (393)  the  method  of  finite 
differences  is  very  convenient  -  see  Appendix  II. 
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where  X{ar)  and  fix)  are  assinged  functions  (we  will  assume  below  that 
>. (sr) &  0  when  —«<*<«» /(—s)«/(x)),  and  #(x}~  is  the  function  subject 
to  determi nation.  (Jiving  rise  to  equation  (4ll)  is  also  the  theory 
of  the  airfoil  of  finite  span,  developed  by  Prandtl,  in  consequence 
of  which  this  equation  is  called  the  Prandtl  equation.  We  give  below 
the  solution  of  this  equation  for  the  case  when  function  A(x)  has 
the  form 


M*) 


... 

•  •  *"+ 


(394) 


where  both  polynomials  entering  into  (394)  do  not  have  real  roots 
in  the  interval  —  e<z<Za. 


In  general  for  the  assigned  function  X(x)  it  is  possible  to 
construct  a  quite  similar  approximate  expression  of  the  form  (394), 
having  taken  the  number  n  sufficiently  large. 

We  adhere  below  to  the  method  of  the  solution  of  equation  (393) 
proposed  I.  Vekua1.  By  means  of  this  method  the  solution  of  equation 
(41)  is  reduced  to  the  integration  of  the  differential  second-order 
equation. 


In  §  2  we  showed  that  equation 

* 

\  P <0 to *-/(*>*  '-«<*<«. 


-•4 


(395) 


has  the  solution 


(see  formula  (115)),  or,  if  one  were  to  use  identiy 


*See  I.  N.  Vekua,  on  the  integro-differential  Prandtl  equation. 
Applied  mathematics  and  mechanics,  Vol.  9,  No.  2,  1945. 
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V a’  —  ^  a*— a6  f+s 

P<2) 


Since 


if  f\x)  is  the  even  function. 

This  solution  will  be  limited  in  points  x  »  -a  and  a;  *  a  then 
and  only  when 

n  3  * 

-6 

In  this  case  the  solution  of  equation  (395)  takes  the  form 


i  »  j  yv-**  \  ♦  • 

.  .  * 

wL.]; 

.  '  *  *  ■  r 

c  xm^oi  ■-  ' .  '  ;; 


•'v 

0 


5 


rout 

!*<*_*>' 


~  a  <  *  <  a. 


(396) 


The  same  solution,  limited  in  points  x  =  -a  and  x  =  a,  will  be 
had  by  the  equation  which  we  will  obtain  by  differentiating  with 
respect  to  x  both  sides  of  equation  (395).  When  t  >  x  we  find 


when  t  <  x: 
Thus , 


i  ,  i  <*  ,_  i  t 

s  ^  rr^Ti  “  &  r=*  “7^s» 
a  i  a ,  i  i 

y  In - .  «=  j-  la— — ;8»r— ;« 

rf*  |t  —  *|  da  M—t  t  — ■ 

a  i  « 

&  lnj7rri,a'n7s‘ 


Differentiating  with  respect  to  x  both  sides  of  equation  (395), 
we  will  obtain  the  equation 


P(t)dt 
—  — a 
t  —S 


’/'(*).  <3  <  s  <  a, 


(  397) 
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which  has  the  solution  (396). 


Let  us  present  now  equation  (393)  in  the  form 


S  i -«<*<« 


(398) 


we  will  temporarily  examine  the  right  side  of  this  equation  as  the 
known  function.  Then,  according  to  formula  (396)  for  the  solution 
of  equation  (397),  we  will  be  able  to  find  from  (398)  derivative 
g*(x),  which  stands  under  the  integral  sign: 

-„<*<«.  {399) 

Substituting  (39*0,  into  (399),  we  will  find 


a*  —  A  l/ <ri_  »i‘  f  +  j  ,  f,,_\ 


where 


*  j, /«•-*»«-•) 


(400) 


(  ^01) 


Relation  (400)  can  be  presented  in  form 


— » (f  {*)  —  y {*)  +  ••• +°n*n  C  dl  ,  f  r/f\n/f  o.\ At 

1 ra7zzr  m  5,ts^'+"”. +i.i*  3  ttf+  3 


(402) 


where 


VrV+...+^J' 


no  ,sa  r,(t)+r}(')*  +  . .^± 

1 '  '  (J.+V  +  ...  +  V) (t, +*,«  +  •••  +  *>»*") * 


(404) 


where  P«(<)*  P, (r), .... P0., (z)  —  polynomials  :ln  £,  the  coefficients  of  which 
are  easily  calculated.  Actually,  by  comparing  (403)  and  (404),  we 
will  find 
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(t  - X) {Pt  (/) +  P>  (/) * +  . . . .  +  *«-.  CO**"] - 

«»(<?,  +  a,/  4*  •*  ♦  4*  **n  (ft.  4"  ft*3*  4-  *  •  •  4"  ft/v3*}  ^ 
— •  (a,  4*  a,*  +  ..•+  an^r>)  (ft.  4*  ^  4*  •  • »  4*  V)* 


(405) 


By  comparing  components  containing  identical  powers  of  x  in  the  left 
and  right  sides  of  relation  (405),  we  will  obtain  the  equations 


tP%  (/)  *»  ft,  (a,  4*  aJ  4*  ♦  •  •  4-  ■** 

*—  a*  (ft,  +  ft»/  4”  •  •  •  4*  fiatyi  ' 

tpx  (t)-Pa(tfi*  ft,  («’•  +  «»<  + —  4-  ««*")  - 

—  a,  (6,  4"  ft,/  4"  *  *  *  4*  ^n^)r 

. y.  I  *.  1 1 

^«.*(bLK-i  w-C»(«4+«i  4*.*.  •  +*>)- 

—  fl/i-t  (ft,  4^  ft,*  4*  •  •  •  4* 

-  Pn.t  (0  *  b„  (or.  +  a,/  4-  . . .  4-  «»/")  - 
,  -»an(&,4*ftft*4*  4-^a*")»  , 


(406) 


which  determine  polynomials  P.(0.  /*,(<), ...»Pn-i(0‘  From  the  first  n  -  1 
equations  (406)  we  will  successively  find 


Pt (0 *» ft, (a,  +  a,<4- ...  4- Ofi/"'1)  — 

—  a,  (ft,  4*  ft,/  4*  •  ♦  •  4“  ftn*”~x)» 

-Pi  (<)  -  (ft.  4-  ft»0  («.  +  «.<  4* ...  +  «/,<"“)  - 

-  (a.  4- a,0  (ft.  4- ft.*  4*  •  •  •  4- ft^’-*), 

/>,  (/) » (ft,  +  ft,/  +  ft8/:)  (a, 4- aj  +  ...  4-  ant*-') - 

—  (a,  +  a,/  4-  a,/*)  (6, 4-  ft,/  4-  •  *  •  4*  bJn~*)i 

Pn*i  (0  *=*  (ft.  +  V  4* » » •  4-  ftn-i*""1)  <*«■”. 

.  •  —  (a, 4*<,i*4' 4*®fl-i/"",)ftn'  . 


(407) 


and  the  last  of  equations  (406)  is  a  co  -ollary  of  the  others. 
Substituting  (404)  into  (402),  we  will  find 


where 


1t.g't*)-F<3)[nflt-f8,r-K..  +an»"  f 
/«*—**  bt  +  bls  +  ...  +  hnzn 


e U)<*<  ,  *»  + -Mn-j**-* 
t—a  +  •* 


(408) 


H' 


g(t)  Pku)dt 


•  *  + 


U  ,  0,  1,  #  .  .  ,  li  ■* 


(409) 
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Relation  (^09)  connect  the  unknown  as  yet  constants  s*)  «B-» 

with  the  unknown  function  g(x). 

Let  us  represent  (408)  in  the  form 


(a e  **•»«* 


^  sJMt 


t  •*•*!*  4-,.. 

«0 +•  fij3 *{•... -4- 8j 


or,  according  to  (39*0, 


(410) 


where  /?(x)  -  rational  function: 


'  *  «#+«*»•}•...  +«»»“  * 


(Mil) 


Integrating  by  parts,  we  will  find 


a*  •  *  * 

«  ^  f ' (t)  la  |7~  <4  -f  g  (a)  In  (a -x)  -g  ( -  «)  la  (a  +  s). 


(412) 


Differentiating  both  sides  of  the  obtained  relationship  with  respect 
to  x,  we  will  have 


*  [  [OML-.m-.iLzJ!). 

«*  J  t~3  J  t-a  a  —a  «** 


(  413) 


Substituting  (398)  into  ( 413) »  we  will  obtain 


(414) 


Differentiating  with  respect  to  x  both  sides  of  relation  (410)  and 
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taking  into  account  (43.11),  we  will  find 


d  (  s' (x) -FW 
&  i.  *1*3  . 


™f(x)-l(z)s(z)+R,(z} 


6{a)  g{-a) 

s—  x 


(415) 


Thus,  the  solution  of  the  initial  equation  (393)  is  reduced  by  us 
to  integration  of  the  differential  equation  (415).  This  differential 
equation  is  integrated  in  quadratures.  Actually,  assuming 


we  will  have 


Z 


d? 
ix  * 


_  S’ (z) 3x  dg 
i{x)  dxdr^ap? 


X{7)3x  l  T(S)  j  ix  \d$)  d p  <V  * 


(4l6) 


Thus,  dividing  both  sides  of  equation  (415)  by  X(x) ,  we  will  obtain 
the  equation 


or 

where 


d‘j 

& 


t 


*W-rk{**a  [x$]  +/  }  • 


(417) 

(418) 


Following  the  method  of  variation  of  arbitrary  constants,  we  will 
look  for  the  solution  of  equation  (417)  in  the  form 


g®/,(p)cosj*4-/I({i)8io}»,  (419) 

having  subordinated  unknown  functions  and  /^(u)  to  condition 


/»'  (h)  COJ  -f  /,  (}»)  U  B  1*  mr  0. 


(420) 


Differentiating  (419)  and  taking  into  account  (420),  we  will  find 
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V 


(421) 


if  -  “*  /»  (?)  sinji-f /» (p)  cat  p, 

jj_ 

2$  m  -  A  GO  ‘in  P 4*  /•  00  cm  I*  -  A  00  cos  p  -  /*  00  sia  p. 
Substituting  (419)  and  (421)  Into  (417),  we  will  find 


7((|i)eina  +  /'  (p)  cos  p  «<!>(£). 


Prom  (420)  and  (422)  we  will  find 


Hence 


i'x 00-  (*)  sin  p,  /i (p) «  <& (x) cost*. 

*  •  *  - 
•  *  •  .  •  * 

*  *.  i*  ‘  |  ’  ’  *  •  ‘  ’ 

/iOO  —  \  $»(t)cosp*  dp®4*c»»’. 

’■  :  'J 


where  variaoles  t  and  y#  according  to  (416)  are  connected 


^  <0-4  \  >.(*)*; 


and  and  c 2  are  arbitrary  constants, 


Putting  (424)  in  (419),  we  will  find: 


.  > 


or 


g*»  ^  <!>(*)  (cos  p  •  sin  p — sin  p*  cos  p)  ip* + c,  cos  p  *f  c*  sin  p, 


®(<)sin.(p~p#)<fp*  +  ctco5p+cBsiap.  • 


Passing  in  (426)  from  variable  y*  to  variable  t>  we  will 
accordance  with  relations  (4l6)  and  (425) 

.  %  *  *  *  # 

g (x) » ■»  (0 (x) - p (0) X (0 4- c. cos p (x) 4*Cs sla p (x). 

Substituting  (436)  into  (445),  we  will  obtain 


(422) 

(423) 

(  424) 

by  relation 

(425) 

(426) 

find  in 

(427) 
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•  0 

'  d  •*  • 

.  -  ’*  -fCiCMpC^+CiSioutx).  (428) 

Integrating  by  parts  and  taking  into  account  (4l6),  we  will  find 

jjr.  t"*r^7'R(,>] 

[*'£$+*«] «M|i‘W-fWli*'W*--  • 

u 

X 

-  [e» £^  +  *(0)]  sina(2)«  -i  $  +  > 

X  co5(u(x)-p(/)]^-[-*|~  +  -R(0)]8inu(x).  (429) 

Substituting  (447)  into  (446)  and  including  constant  — 

into  the  arbitrary  constant  c2,  we  will  obtain  the  following  final 

expression  for  the  unknown  function  g(x) : 

X  *  • 

8  (x)  Is*  <0 + '•  (0  *  (01  C0‘  ll» (*)  -  ^  (0  )’* + 

+  ^  sin{jt(*)-jt  (*))*  + 

°  ■  +  c» cos }» (x)  +  ct sin \l(z),  (430) 

where  functions  F(x) ,  i?(x)  and  y(x)  are  determined  by  formulas  (401) 
(411)  and  (4l6). 


Assuming  in  (430)  x  -  a  and  x  =  -a,  we  will  obtain  the  equations 
for  the  determination  of  constants  c-j  and  c 2  appearing  in  formula 
(430): 


v> 

e,  cos (c)  +  c,  sin  u  (a) «  g  (a)  t;,  j  F  (0 + *  (0  R  (01 X 

•X cos (t* (a) ~ j* (01  ^ J  [/(0-jZ»-4+f  ]  X 
:  ’  X  sin  {it  (a) — p  (1)1  dt, 

c1cc»it(  —  a)  +  c,sinii(“a)«g(  —  fl)  +  ^  X 


> 


(431) 
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(431  cont’d) 


* 

i 

«ote  «■» 

•  ,  O 

Substituting  (430)  into  (409),  we  will  obtain  the  system  of  n  linear 
equations  for  the  determination  of  constants  3»>  *»»  •••»**-«  which 
appear  in  the  expression  for  R(x) . 

Boundary  values  of  the  unknown  function  g(a’)  and  g(-a)  appearing 
in  formula  (430)  are  determined  by  supplementary  conditions,  which 
result  from  the  formulation  of  a  certain  problem  leading  to  equation 
(393). 

The  same  procedure  by  which  we  obtained  the  solution  of  equation 
(393)  can  be  used  to  obtain  the  solution  of  equation 


t-x 


/(*}.  .  -a<x<c, 

•  •  , 


(432) 


if  in  this  equation  \(x)  has  the  form  (394). 
Having  presented  equation  (432)  in  the  form 


$*CT“/(*)-M*)«'(*)»  -«<*<«  (433) 


and  temporarily  examining  the  right  side  of  this  equation  as  the 
known  function,  we  will  find 


*w-  —  <*<  ■ 


(434) 


in  accordance  with  formula  (396)  for  the  solution  of  equation  (397). 
Substituting  (394)  into  (434),  we  will  find 
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ft 

V*?  .  i  ^ + F W*  (435) 


where 


d  , 


{*><h  . 


(436) 


Relation  (435)  can  be  presented  in  the  form 


a’-i* 


s  ^f-+ 5 

—ft  «*• 


(437) 


where  /?( t,  *)  is  the  function  determined  by  formula  (403)  or  its 
equivalent  formula  (404).  Substituting  (404)  into  (437),  we  will 
find 


airM~FW 


_  a, +  <*,*+... +a„sn  f  (fCO*  ,  p»  +  p,r  +  . . .  + 

&•+ *»*+.•• J  5  *#+ V+*»*+^o*“  ’ 

-d 

(438) 

where 

•  * 

a  ..  f 

Pfc  )  .,•,  +  **»•*  * 

(439) 

and  AW.  AW.-..,  Pn.,{/)  are  polynomials  determined  by  formulas  (407). 

Differentiating  both  sides  of  equation  (433)  with  respect  to  x , 
we  will  find  according  to  formula  (413) 


I 


I 


i 


f-^rSr— /M-sr 


(440) 


Substituting  (440)  into  (438),  we  will  find 


>! 

j 
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'VO-**.' 


^  h+ht*+'..+bni*  j(zJ-Flx) 
+  •  “  +  «nSn  y'a,~s* 


S(a>  .  g(~a) 


or,  according  to  (394), 

*  1ST” 


«+s  4 

“  a«+eta  +  . ..+«#**  •  * 


where 


S(s)> 


N. 


a, +  «**  +  ...+ a**’* 


(44l) 

(i*42) 


Thus,  the  solution  of  equation  (432)  is  reduced  by  us  to  the 
integration  of  the  differential  equation  (44l).  Assuming 


M 


(443) 


we  will  have 


7  fc  {*)e‘  (j)  ^  7f“4r"i  77 ' 

T‘«T 

Thus,  multiplying  both  sides  of  equation  (441)  by  “»*•(*)»  we  will 
obtain  equation 


or 


where 


g+«-s>-  <*>[>  w+«  <*>+££+  Vr;’]  +m 

#  . 

•  *  •  . 

(444) 

w  [r  (*)+i  w+;«  +  ] +,  w. 

(445) 

As  we  already  showed  above,  the  differential  equation  (417)  has 
the  solution  (427).  Consequently,  the  solution  of  the  differential 
equation  (444)  will  have  the  form 


^  c,eojv4-c,.siovt 


(446) 
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where  variables  t  and  u*  according  to  (443)  are  connected  by  the 
relation 


(117) 

Passing  in  (446)  from  variable  v*  to  variable  t,  we  will  find  in 
accordance  with  relations  (443)  and  (447) 


o' 


it 


v  W1  X(7)  +  c* c  03  v  (*)  +e.»  *»<* v  W* 


Substituting  (463)  into  (466),  we  will  obtain  finally 


(448) 


['•j®+/;M+*tO+^+-5£f  ] xl; 

•  *  0  •  '  •  ‘  * 

.  X  sin  [  v  [x)  —  v  (/)]  dl  *f  cos  v  (1)  -f  e,  sin  v  (<), 


(449) 


where  functions  P(x),  S{x)  and  v(x)  are  determined  by  formulas  (446), 
(442)  and  (443). 


Assuming  in  (449)  x  -  a  and  x  =  -a  we  will  obtain  two  equations 


for  the  determination  of  constants  a ^  and  a ^ 


c,  cos  v  (a)  +  c,  sin  v  (0)  =» 

K$+'' (O+sW+Trr+^Tr]  * 

u 

X  *in  [v  (0)  ~  v  (/)]  dt, 

e,  cos  v  ( —  a)  -f  e,  *  in  v  (  —  0) » 

®  I 

X  *  in  l  v  ( — a )  —  v  (t)}  dt. 


(450) 


Equations  (439)  by  means  of  partial  integration  can  be  given  the  form 


+VB 


^b, *“0,  l>  •••»  n**1' 
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Substituting  (^9)  into  (450),  we  will  obtain  n  equations  for  the 
determination  of  constants  which  appear  in  the 

expression  for  the  rational  function  $(x) . 

Boundary  values  of  the  unknown  function  g (a)  and  g(~a),  which 
appear  in  formula  (449),  are  determined  by  supplemenatry  conditions 
resulting  from  the  statement  of  a  certain  problem,  which  leads  to 
equation  ( 4  32 ) . 


CHAPTER  II 

TWO-DIMENSIONAL  CONTACT  PROBLEM 

§  1 .  Derivation  of  Fundamental  Equation  of  the 
Two-Dimensional  Contact  Problem 


Let  us  assume  that  two  touching  elastic  bodies  (I  and  II  on 
Pig.  5)  before  compression  are  bounded  in  the  section  on  plane  xOy 
by  curves 

y  -  h  (*)  and  y «  (2).  ( 1 ) 

Prior  to  the  compression  between  the  elastic  bodies  there  will  be 
the  clearance  /t  (2} +./» (2).  Contact  of  the  bodies  will  take  place  for 
those  points  of  the  axis  Oxt  where 

AM +/•(*)•  0. 

The  set  of  points  of  the  axis  Ox  for  tvhich  contact  of  the  bodies 
takes  place  before  compression  will  be  designated  by  S q.  With 
compression  by  forces  parallel  to  the  axis  Oy  ,  between  these  elastic 
bodies  generally  contact  even  along  certain  additional  sections  of 
the  axis  0> ?  will  appear.  The  set  of  points  of  axis  Ox  for  which 
there  is  contact  between  the  compressed  bodies  will  be  designated 
by  5.  In  the  process  of  compression  the  elastic  bodies  will  obtain 
forward  displacement  in  the  direction  of  axis  Oy  >  which  will  be 
designated  by  -a^  and  .  ^hus,  between  the  compressible  bodies  an 
approach  a  equal  to  +  <*2  will  occur.  Let  us  assume  that  two 
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Fig.  5. 


\ 


points  of  elastic  bodies,  which  occupied  before  compression  position 
and  yJ2,  touched  as  a  result  of  compression  at  point  A  (see  Fig.  6 
where  the  dashed  line  shows  the  outlines  of  compressible  bodies  prior 
to  compression  and  solid  line,  after  compression).  Displacements  of 
these  points  and  A^A  will  consist  of  forward  displacements  A^A 
and  A£A  equal  respectively  to  -ct^  and  »2  and  elastic  displacements 
and  A^A^.  Let  us  designate  by  «1,  and  -u^%  elastic 
displacements  of  points  >1^  and  A 2  in  the  direction  of  axes  Ox  and  Oy. 
If  point  A  has  the  abscissa  ar,  then  abscissas  of  points  and  A^ 
will  be  respectively  equal  to  i  -  and  x  +  t<2,  and  ordinates  equal 
to  f. ^(x  -  «1)  and  -^(sc  +  u 2)  according  to  (1).  By  examining  the 
displacement  A^A  of  point  A^>  we  will  find  for  the  ordinate  of  point 
A  the  expression 


/»(*-«»)+»! -8,; 

by  examining  the  displacement  A^A  of  point  .40,  we  will  obtain  for 
the  ordinate  of  point  A  the  value 


Thus,  the  equality 


/i  (*  -  «i)  *r  o4  —  a,  **  —  /,  [z  +  b.) — v,  +  s,, 


or 


4. » x -/, (x - ut) —/,(*+ a,),  *  12) 

should  take  place  where  a  B  +  a2  is  the  approach  cf  elastic  bodies 
with  compression.  By  examining  only  small  elastic  displacements,  we 


10  3 


g-  > 


Pig.  6. 


V  • 


can  replace  in  (2)  /^(x  -  u^)  and  /2(x  +  «2>  by  /^(x)  and  /2(x). 

Let  us  obtain  then  for  points  of  contact  the  condition 

».  +  i'»»*-A{*)-/,(4on  5.  (3) 

We  will  further  assume  that  the  friction  between  the  compressible 
bodies  is  absent.  Then  at  the  points  of  contact  each  of  the  compressed 
bodies  will  undergo  on  the  side  of  the  other  body  only  normal 
pressure,  which  we  will  designate  by  p(x).  Assuming  that  the  whole 
region  of  contact  is  small  in  comparison  with  dimensions  of  the 
compressible  bodies,  we  will  consider  that  elastic  displacements 
and  u2  at  the  point  with  the  abscissa  x  will  be  the  same  as  those  at 
boundary  points  of  two  elastic  half-planes  (upper  and  lower),  which 
are  under  the  Impact  of  the  same  normal  pressure  p(x )  as  that  of  the 
examined  compressible  bodies. 

Let  us  examine  the  lower  elastic  half-plane  to  boundary  of 
which  is  applied  normal  pressure  p(x)  on  sections  of  the  axis  Ox, 
which  correspond  to  sections  of  contact  of  the  compressible  bodies 
(Pig.  7a).  Let  us  separate  on  any  of  these  sections  the  segment  of 
the  axis  Ox  from  point  x  =  t  (Pig.  7b)  up  to  an  infinitely  close 
point  x  =  t  +  dt.  On  this  section  force  p(t)e?t  will  act.  Since 
section  dt,  on  which  this  force  acts,  is  infinitesimal,  the  action 
of  this  force  on  the  elastic  half-plane  will  be  the  same  as  if  to 
the  elastic  half-plane  an  infinitesimal  concentrated  force  p(t)dt 
were  applied  at  point  x  =  t.  The  problem  about  the  action  of 
a  normal  concentrated  force  on  the  boundary  of  the  elastic  half-plane 
is  well-known  in  the  theory  of  elasticity1.  If  at  point  x  -  t  to 


^ee  Timoshenko,  S.  P.  Theory  of  elasticity,  ONTI  1937,  p.  101. 
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the  boundary  of  the  elastic  half-plane  a  normal  concentrated  force  P 
is  applied,  then  the  end  point  of  the  elastic  medium  with  abscissa  x 
obtains  displacement  y  in  the  direction  of  axis  Oy  equal  to 

»•>  — OPJa  -p-f  coaei.,  (^) 


where 


r«Jf— *|  (5) 

is  the  distance  between  points  of  the  axis  Ox  with  abscissas  i  and  x; 

(6)  • 

where  E  is  the  elastic  modulus,  p  -  Poisson's  ratio. 

Thus,  force  p(t)dt,  applied  to  the  boundary  of  the  elastic 
half-plane  at  point  t  -  x,  will  cause  at  the  point  of  the  boundary 
with  abscissa  a:  displacement  in  the  direction  of  the  Oy  axis: 

du  m  —  0/7  (/}  In  — 1—  dt  +  con»t., 

and  the  action  of  the  whole  load  p,  applied  (Fig.  7a)  to  the  boundary 
of  the  elastic  half-plane,  will  create  at  the  point  with  the  abscissa 
x  the  displacement 
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(7) 


»«=  —6  ^  P(t)ln  yj—jif+cooBt.1 
3 

If  the  same  normal  pressure  p  will  act  on  the  boundary  of  the  upper 
elastic  half-plane,  then  the  end  point  with  the  abscissa  x  will 
obtain  displacement  y  in  the  direction  of  the  Ox  axis  equal  to 

ossfl  ^p(^) la const,  (8) 

•  8 

Thus  under  the  made  assumptions  displacements  y^  and  y2  in  Fig.  6 
will  respectively  equal 


s?,=»0,  ^  p(t)  In  -j-j—y  A -f  const.  (9) 

6 

according  to  the  formula  (8)  for  the  upper  half-plane  and 

— r,«=*  —  0,  ^  p(t)  In  y—jj- fff-f-conai.  (10) 

s 

according  to  the  formula  (7)  for  the  lower  half-plane.  In  formulas 
(9)  and  (10) 


(ID 

where  and  -  elastic  constants  of  the  first  body,  and  and  u2  ~ 
elastic  constants  of  the  second  body. 

Substituting  y^  and  y2  from  (9)  and  (10)  into  (3),  we  will 
obtain  for  pressure  p(x)  the  integral  equation 

($i-M.)  )  P (0&  on  5,  (12) 


lThe  problem  of  the  action  of  the  concentrated  force  on  the 
elastic  medium  should  be  examined  as  an  abstraction  not  reflecting 
practically  possible  conditions  of  the  problem  of  the  theory  of 
of  elasticity.  However,  in  using  this  formal  solution  of  equations  of 
the  theory  of  elastJcity,  it  is  easy  to  turn  to  the  solution  of  the 
real  problem  about  the  action  of  the  continuously  distributed  load 
on  the  elastic  medium. 
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or 


^  ho  107*-^  **/(*> on  s>  (13) 

where 


a  is  a  certain  constant.  Equation  (13)  is  the  basic  integral  equation 
of  a  two-dimensional  contact  problem  of  the  theory  of  elasticity  and 
it  is  examined  in  detail  in  Chapter  I. 

§  2 .  The  Case  of  One  Section  of  Compression  of 
Elastic  Bodies 

Let  us  examine  first  the  case  when  the  initial  contact  of 
compressible  bodies  in  plane  xOy  occurs  at  one  point.  Let  us  take 
this  point  as  the  origin  of  the  coordinates  (Fig.  8).  We  will  first 
assume  that  functions  f^ix)  and  f2(x),  which  determine  the  configura¬ 
tion  of  the  compressible  bodies,  have  continuous  first  and  second 
derivatives  in  the  neighborhood  of  point  x  -  0.  Directing  axis  Ox 
along  a  common  tangent  to  the  curves  limiting  elastic  bodies  in 
plane  xOy ,  we  will  nave 


/I«W.(QH  0.  (15) 

The  sura  of  the  second  derivatives 

tm+m 

will  at  first  be  assumed  to  be  different  from  zero.  In  view  of 
smallness  of  the  elastic  displacements,  the  region  of  contact  S 
if'.cr  compression  of  the  elastic  bodies  will  be  small,  and  in  this 
s, 2  n  the  sum  of  functions  /,(*>+/,{*)  will  be  approximately  possible 
>r  r*'  > ?nt  in  the  form 


/i  (*)  +  /*(*)-  y  If  (0)  +  f  (0)]  *\  (16) 
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With  respect  to  forces  compressing  body,  we  will  consider  that  their 
resultants,  perpendicular  Ox  axis ^  are  directed  to  the  point  of 
initial  contact  of  compressible  bodies,  i.e.,  to  the  origin  of  the 
coordinates.  Since  we  assume  the  initial  opening  between  compressible 
bodies  /^(a:)  +  according  to  (16)  to  be  symmetric  with  respect 

to  the  Oy  axis,  pressure  p  on  surfaces  of  compressed  bodies  will  also 
be  symmetric  with  respect  to  the  Oy  axis.  The  region  of  contact 
between  compressed  bodies  S  will  constitute  a  certain  segment  of  the 
Ox  —a<z<o  axis.  The  integral  equation  (13)  will  have  the  form 

^  when  —  a<z<a,  (17) 


where 


.  /^0)±£<0> 
Ufi+W  * 


and  a  —  certain  constant. 


(18) 


(19) 


The  Integral  equation  (17)  coincides  with  equation  (1),  examined 
by  us  in  detail  in  §§  1,  2  and  3  of  Chapter  I.  For  the  case  when  the- 
right  side  of  this  equation  fix)  has  the  form  (18),  the  solution 
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(20) 


P(* ) 


P-irAe'-tAx* 


was  found  by  us  (formula  (77)  of  Chapter  I),  where 

P«*  ^  p  (*)<(%> 


(21) 


Relation  (21)  shows  that  constant  P,  which  enters  into  formula  (20), 
determines  the  resultant  of  the  compressing  forces  applied  to  each 
of  the  compressed  bodies  and  balanced  by  the  pressure  acting  on 
surface  of  pressure.  We  will  consider  force  P  assigned.  It  remains 
to  determine  half-width  of  the  section  of  contact  a,  which  enters 
into  formula  (20).  It  is  determined  by  the  condition  that  pressure 
p(x)  should  be  limited  everywhere,  including  the  edge  of  the  section 
of  contact.  This  is  possible  only  when 

P**Aa\  (22) 


and  formula  (20)  takes  the  form 

‘  (23) 

Substituting  (19)  into  (22),  we  will  find 


Formulas  (23)  and  (21))  completely  solve  the  problem  by  determining 
according  to  the  compressing  force  P  the  half-width  of  the  section 
of  contact  a  and  pressure  In  the  region  of  contact  p(x). 

Let  us  examine  now  that  special  case  when  the  sum  of  the  second 
derivatives  is  determined  by  the  relation 

nm+m-o.  (25) 

For  generality  we  will  assume  that  not  only  the  second  derivative 
of  the  sum  f-^(x)  +  )  but  also  all  subsequent  derivatives  up  to 
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the  (2 n  -  l)-th,  inclusively,  turn  into  zero  when  x  a  0,  and 
derivative 


/(»*>(*)+/£->(*) 

is  different  from  zero  when  x  =  0,  being  continuous  in  this  point. 
In  this  case,  considering  the  smallness  of  the  section  of  contact, 
when  —  e<x<o  we  can  approximately  substitute 

/» (*)+/.  (*)  - <4  upHoy +  ^"><0)1**.  ( 26 ) 

Substituting  (26)  into  (1*0,  we  will  find  that  in  this  case 


where 


4  _ 


(27) 


(28) 


i 

i 


» 


4 

I 

i 

t 

i 

» 

k 

i 

i 

f 

t 


and.  a  -  certain  constant. 


In  order  to  solve  the  integral  equation  (17)  for  the  case  when 
the  right  side  of  this  equation  has  the  form  of  (27),  let  us  use 
the  general  formula  for  the  solution  of  equation  (17): 


(29) 


(see  formula  (115)  of  Chapter  I). 


In  order  that  function  p(x),  determined  by  formula  (29),  remains 
limited  when  x  «  a,  condition 

(30) 

should  be  fulfilled.  Substituting  (30)  into  (29)  and  using  identity 

t  .  t  a*  —  a*  .  «  — s 


no 


we  will  obtain 


P(*)- 


j/e‘— s* 


4  “*) 


1  ,A~g  c  r (*)& 

V  a+a  jy«*  —  t** 

••A 


(31) 


So  that  function  p(x),  determined  by  formula  (31),  remains  limited 
when  x  »  - a ,  condition 

\  -Cftl&MO.  (32) 

— «  r 


should  be  fulfilled.  If  condition  (32)  is  fulfilled,  then,  using 
Identity 


Va»-t*  '  a-ft 

•-*  “ ysnr* 91 


formula  (30)  can  be  given  the  form 


f  /*«)«*» 

4 


and  formula  (31)  will  in  this  case  have  the  form 

a 


p(*)“ 


f  f«>« 

4  -«»<*-#>* 


(33) 


(34) 


For  the  case  when  function  /(x)  has  the  form  (27),  condition  (32) 
is  fulfilled,  since  in  this  case  in  the  definite  integral  (32)  the 
integrand  will  be  odd.  Substituting  (27)  into  (34),  we  will  find 


,  ,  2n  .  r - ;  {*  t 

p  (X)  *=»  — .  >4r  |  «* —  X*  \  -7=== - 

w  **  ’  J  ya1  — »*(t  — a 


(35) 


Using  identity 


|**-J  j!*-l 


t—X  »— * 


•f  t -f  *:o‘‘  X  +  ...  +  tz'*-*  -f  * 


formula  (35)  can  be  given  the  form 


(36) 


where 


*(*)-$ -k x  . 

m»0  -« 

y  _  i  C  «*<*< 
a’n  3  TroT* 


1  3  /o'-t*  * 

•'Cl  • 

Integrating  by  parts,  we  will  find 


-g  #  -a 

a  a 

m-i  r  t*~xdt  m-lf  tmdt 

J  om  J  /a^T*  9 

-a  ~ar 


(37) 


whence,  using  designation  (37),  we  will  find 


m  —  1 
m 


When  m  is  even,  from  formula  (38)  it  follows  that 


(38) 


J m 


m-  1  f  (w  —  i)(m  —  3)  * 
m  •'*-*’*  **-*•* 


“*  m(m- 2)..A-2  *' 


1-3. . .(m—3)(/n  —  1)  ? _ dt _  i-3...(m-3)(m-l) 

**  2'4...(#A— 3)m  j  jj  83  2-4...(m  —  2)m  1 

-a  * 


(39) 


When  m  is  odd,  <7  =0,  since  in  this  case  the  integrand  in  (37)  is 

’  m 

odd. 


In  Chapter  I  we  showed  that  equation 


(40) 


where  a  -  constant,  has  the  solution 


(41) 


1 

i 

S' 


(see  formula  (74)  of  Chapter  I).  Substituting  (41)  into 
will  find 

^  -7~=^la  j~2yrfis»<»a«l.  when  «*s<o<s. 

Hence,  differentiating  with  respect  to  we  will  find 

Ck 

\  -?—=¥.■ - -^0  when  ~a<#<< 

jy **-»*(« -*>  . 


e. 


Substituting  (39)  and  (43)  into  (36),  we  will  obtain 

* 

Substituting  (27)  into  (33)»  we  will  find 


or,  using  designation  (37)* 


Hence,  according  to  (39) 


1«3...(2a.~  3)(2*  — t)  *  _»  . » 
4>  fX»— 


Substituting  from  (45)  in  (44),  we  will  find 


Substituting  (28)  into  (45),  we  will  find 


v  ur^(o)+ /f *>(«i * 


(40),  we 

(42) 

(43) 

(44) 


(45) 

(46) 


or 


a-2.4...| (47) 

Formulas  (46)  and  (47)  determine  the  half-width  of  the  section  of 
contact  a  and  pressure  in  the  region  of  contact  p(a).  When  n  «  1 
formulas  (46)  and  (47)  turn  into  formulas  (23)  and  (24).  Figure 
9  shows1  graphs  of  function  p(a)  for  different  n,  which  correspond 
to  the  identical  half-width  of  the  section  of  conti^t  a  and  identical 
compressing  force  P3 . 


Thus  far  we  assumed  that  the  second  derivative  of  the  sum  of 
functions  A(2)+/#(x)  is  continuous  in  the  neighborhood  .  f  point  x  »  0. 
Let  us  consider  now  the  special  case  when  point  x  ■  0  is  the  point 
of  discontinuity  for  the  second  derivative  of  the  sum  of  functions 
A  (*)+/.(*)•  In  this  case  the  indicated  second  derivative  can,  either 
by  remaining  limited,  have  a  Jump  at  point  x  «  0,  or  turn  into 
infinity  at  this  point. 


*See  also  my  article  in  Reports  of  the  Academy  of  Sciences  of 
the  USSR,  Vol .  25,  No.  5,  1936. 

6  2 

*In  calculations  E  *  2*10°  kg/c ra  and  a  «  0.3  are  accepted. 


Let  ua  start  from  the  first  of  these  two  cases.  Thus,  let  us 
assume  that 


m+m-u.  *hen  t  (48) 

/J(0) 4-^(0)  e*24.  vhen  x« -0.  J 

Then,  considering  the  smallness  of  the  section  of  contact, 
it  is  possible  approximately  to  substitute 

Ms) 4* /«(*}«■  ■/!♦**  when  s>0,  | 

/»(£)  +  /»(*)“-'i-**  when  *<0.  j 

We  will  first  consider,  in  accordance  with  initial  assumptions  of 
§  1  of  this  chapter,  that  compressible  bodies  can  have  only  forward 
displacements  parallel  to  the  Oy  axis.  In  this  case  we  can  use  for 
the  determination  of  pressure  p(x)  equation  (13) >  the  right  side 
of  which  f(x)  is  determined  by  relation  (14).  The  region  of  contact 
of  compressed  bodies  S  will  not  now  be  symmetric  relative  to  the 
origin  of  the  coordinates.  Let  us  designate  the  abscissas  of  the 
beginning  and  end  of  the  section  of  contact  by  -a  +  6  and  a  +  5. 

Then  equation  (13)  will  have  the  form 

«+*  . 

J  (50) 

Assuming  in  (50) 


(51) 


we  will  obtain  equation 


« 

^  <*'■=»/(* +  3) I  — 


(52) 


which  according  to  the  formula  (3*0  will  have  the  solution 


p(? + s) » -  i  ^ 


(53) 
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where  conditions  (32)  and  (33)  should  be  fulfilled,  which  in  this 
case  will  have  the  form 


j  1  yv-v1  , 

— «  -ft 

Substituting  (49)  into  (14),  we  will  find 

when  *>0>  ' 

m- when  *<0*. 


Substituting  (55)  into  (53) *  we  will  obtain 


Assuming 


2au  .  lav 

*“rrai» 


Sen 


{taw, 

»+«!* 


l+M*’  *  1+5*' 

(|B|<i  and  |e|<i  when  |tj<«  and  JSJ<o), 


we  will  find 


-I 

5 


dx 


1  +  p*  f  du 

a  )  (u  — P)(t  — an) 


1-fP* 

“•(t-P1) 


When  £  <  -5,  v  <  -uQ,  by  calculating  the  principal  value 
definite  Integral,  we  will  find 


- ! 


•£ln(u—o) 


•f 


(54) 

(55) 


(56) 

(57) 


(58) 

of  the 


(59) 


117 


Assuming  and  taking  into  account  (65),  we  will  find 


"f* 


p* 

Jo 


(68) 


Substituting  (65),  (66),  (67)  and  (68)  into  (56),  we  will  find 
P "  |sic  ? 9,)  ]  £  " 


+  (cos  f  ~  cos  <?e)  (A,  -  ii.)  In 

*  4  *  ‘ 

0<9<«. 

According  to  (51)  and  (65) 

1  «■  a  (co»  *p  ■—  C03  9,). 


tiu 


?  +  ?• 


sis 


f  “  s 


(69) 


(70) 


Formulas  (69)  and  ( 70 )  determine  function  p(x )  in  the  interval 
~o-J*5<a<a-f-3. 

Substituting  (55)  into  (5*0,  we  will  obtain  the  equation 


*•  9  * 

A  C  (~  Jr  j)  *  d~  ,  A  {  +  i»n/«  „  «  , 

A-  'y]rrfr  -  ?  p  (°« + &*)• 


(71) 


Assuming  in  (71)  t«*cicoso,  o—  —  acosy,,  we  will  find 


A.  ^  (COS  <f  —  CO*  <p,)  </?  +  A,  ^  (COS  ?  —  COS  ft)  dfe*0, 
tg  g 

#  r  ?  *« 

*  }  (cosy  — cos  ft) cos 9  .£,4^  (cos  y—eosft^osytfipj  *• 

-t  m-w 
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or,  fulfilling  integration 


(ti  a  ?, — ?*  cos  %)  «>  A.  (sia  % — f e  eoi  %  sas  ?*)  ®  0,  '  j 

•**&(&+ . 

• 

The  first  of  equations  (72)  .gives 

* 

* 

■* -«•» 


(72) 


(73) 


Multiplying  the  first  of  equations  (72)  by  ~£—  and  adding  it  to 
the  second,  we  will  find 

♦«  '  -» 

«W%  If  % 


whence 


aa"fSfT 


(74) 


Having  determined  <j>Q  from  equation  (73)*  from  formula  (74)  we  will 
find  the  half-width  of  the  section  of  contact  a,  by  the  second  of 
formulas  {65)  —  the  displacement  of  the  section  of  contact  with 
respect  to  the  origin  of  coordinates  5',  and  further,  by  formulas  (69) 
and  (70),  we  will  be  able  to  determine  pressure  p(x)  in  the  region 
of  contact  -a  +  6<m<a-$-S. 


Figure  10  shows  the  graph  of  pressure  p(x)  for  the  case  9,«»120\ 
Let  us  note  that  pressure  p(x)  in  the  Examined  qase  is  reduced  not 
only  to  force  P,  applied  at  the  origin  of  the  coordinates,  but  also 
to  a  certain  moment  U  with  respect  to  the  point  *  »  0.  Let  us 
calculate  this  moment  M.  We  find 


•*# 

y  m 

«*K*f  ^ 


(75) 
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since 


Differentiating  (52)  with  respect  to  C»  multiplying  by  f/e*^F  and 
integrating  then  with  respect  to  £  from  -a  to  a,  we  will  find 


Let  us  find  further 


{  ti23L&  «(«»-**) 


:+« 


4  *<(,-$) *  jl 

/«  ■ 


C-JL 


-f  ^psSfjr**  (77) 


if  one  were  to  consider  (43).  Substituting  (77)  into  (76),  we  will 
obtain  s’ 


C78) 


Substituting  (78)  into  (75)  and  changing  the  designation  of  the 
argument  according  to  which  integration  is  conducted,  we  will  find 

C 

(79) 


120 


Substituting  (55)  into  (79),  we  will  obtain 


or,  if  one  were  to  substitute  t 


$2  es|iw  ^  da'£(e©9f— cc§%)<$!^ 

»  .  *  ' 

4*  A  |»Q8f(46S  S6S  { ^fr 1 S^V- 

♦ 

/  . 

~*£|§“P'|g'  f  “ •&* ?a “•  |-{»3 ?£  » *“  A.|Cf a — % ej if 

.  »  *. 


(80) 


on  the  basis  of  (73).  Substituting  into  (80)  s8^*^*  from  (7*0,  we 
will  find 


ar« 


«ea» 


(81) 


since  <jeo8%®— 8. 

•Rius,  in  order  that  the  compressed  bodies  are  in  equilibrium, 
it  is  necessary  that  the  resultants  of  compressing  fordes  be 
displaced  with  respect  to  the  point  of  initial  contact  of  the  bodies 

A 

and  cross  the  Ox  axis  at  point  xm^i.  if  according  to  conditions  set 
by  ua  above,  resultants  of  compressing  forces  are  directed  to  the 
origin  of  the  coordinates,  but  at  the  same  time  compressible  bodies 
can  accomplish  only  forward  displacements,  then  the  connection 
preventing  the  turn  of  the  bodies  with  compression  will  take  the 
moment  if  determined  by  relation  (81). 


Let  us  assume  now  that  resultants  of  the  compressing  forces, 
just  as  earlier,  are  directed  to  the  origin  of  the  coordinates,  but 
the  connection  hindering  turns  of  the  compressible  bodies  is  absent. 
Let  us  solve  the  c<  ntact  problem  under  these  conditions . 

The  relation  (3),  which  connects  elastic  displacements  of  end 
points  of  compressible  bodies  and  v2>  is  derived  by  us  in  the 
assumption  that  with  compression  the  elastic  bodies  accomplish  only 
forward  displacements  and  cs2  in  direction  of  the  Oy  axis,  and 
between  them  besides  the  approach  a  ®  occurs.  Let  us  assume 

now  that  with  compression  the  elastic  body,  located  in  the  upper 
half-plane,  besides  accomplishing  forward  displacement  accomplishes 
still  a  turn  relative  to  the  origin  of  the  coordinates  by  angle  -0^, 
and  the  elastic  body  turns  relative  to  the  origin  of  coordinates 
at  angle  @2  (we  will  consider  the  turns  counterclockwise).  Then 
between  end  points  of  compressible  bodies  having  the  abscissa  x  an 
additional  approach  equal  to  Qx  will  occur,  where  8  »  fl1  +  6g,  In 
order  to  obtain  in  this  case  the  connection  between  elastic  displace- 
eratns  v ^  and  t>2,  it  is  necessary  to  replace  the  constant  approach  a 
in  formula  (3)  by  a  variable  approach  a  +  0a? .  Let  us  obtain  the 
relation 


ot*j» 6*— /,(*)—/,(*)  on  S,  (82) 

Substituting  into  (3)  and  from  (9)  and  (10),  we  will  arrive, 
moreover,  at  equation  (13),  but  for  function  f(x)  instead  of  (14)  we 
will  obtain  expression 


Substituting  (83)  into  (53),  we  will  find 


(83) 


1  £§3. 


(84) 
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But  the  first  integral  in  formula  (84)  is  ©qugl  to  aero.  Thus,  the 
expression  for  pressure  p  will  remain  the  3s&&&&'$hat  in  the 
absence  of  the  relative  turn  of  cois^ressilJleihtstSleE  ^,  and!  as  before 
for  pressure  p  we  will  have  formula  i& 9).  Substituting  (83)  into 
(54),  we  will  obtain  equations  -  .  ■•;  .b-r  . 


Substituting  (49)  into  <8§)»,  assuming  8s® and  fulfilling 

Integration,  we  will  ofetai&this  fcliaa,  instead  of  equation  CT2), 
equation 


•*«s» 


(86) 


Substituting  (83)  Into  (79),  we  will  find 


Substituting  (49)  into  (87)  and  producing  the  same  computations  as 
In  the  derivation  of  formula  (80),  we  will  obtain 

(88) 

But  since  compressible  bodies  can  freely  revolve  about  the  origin  of 
the  coordinates,  moment  $,  which  will  form  pressure  p(x)  with  respect 
to  point. x  =  0,  should  be  equal  to  zero.  According  to  (88)  we 
obtain  the  equation 
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wy  adding  the  first  of  equat  pith  equation-  tfce  will 

find 

* 

4  ( '  * *****  i  iA  f - }  /  •  h  f 

(90) 

<ri  f'-‘~  •  -•-  "•«*-:  l  ■  "■  .> 

Dividing  (90)  by  cos  #Q  and  subtracting  from  the  second  of  equations 
(86),  we  will  obtain  equation 


C911 


C92) 


Multiplying  the  second  of  equations  (863  by  cos  $0  and  adding  it  to 
the  first  of  these  equations tx we  will  find 


(.ta<.~’A4s^a?o  (933 

Excluding  -  A~  froa  equations  (SO)  and  (93),  we  will  find 

*-  ffiyiflcesfs.  (9^3 

Equation  (91)  determines  the  angle  after  which  formulas  (92), 

(9*0  and  relation  deterMne  the  half-width  of  the  section 

of  contact  a,  the  displacement  of  this  section  relative  to  the  origin 
of  coordinates  6  and  the  relative  turn  of  compressible  bodies  $ 
and  formulas  (69)  and  (70)  determine  the  pressure  p(x)  in  the  region 
of  contact  — 


12*1 


f 


Thus ,  for  the  case  when  the  second  derivative  of  the  zm  of 
functions  /» (sJ+Afc)  has  a  Jump  at  point  a  *  0*  the  contact  problem  is 
coE^letely  solved  by  us  both  when  the  condition  of  only  one  forward 
displacement  of  the  bodies  ana  according  to  the  condition  of  forward 
displacement  and  their  relative  turn. 


Let  us  turn  now  to  the  case  when  the  second  derivative  of  the 
sura  of  functions  /»(*)+&(«)  turns  into  infinity  at  point  *  a  0.  We 
will  assume  that  in  the  region  of  contact  the  indicated  sum  of  func¬ 
tions  can  be  represented  in  the  form 


Substituting  (95)  into  (i^),  we  will  have 


ST  * 


fMm  when  s> P, 

$’{£)•*  when  s<0.  j 


(95) 


(96) 


Substituting  (96)  into  formula  (3*0  for  pressure  p(x)t  we  will  find 


Replacing  t  by  -£,  we  will  obtain 

|  1 1  {*•*<!» 


I  p 


it 


(97) 


C98) 


Substituting  (98)  into  (97),  we  will  find 

, ,  *  tin 

Hs)T'^XKTQ 


(99) 


Condition  (32)  in  this  case  is  fulfilled,  since  function  /’(a), 
determined  by  relationship  (96),  is  odd.  Substituting  C96)  into 
(33),  we  will  find 
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02* 


/ 

(100) 

,  we  will  find 

i. 

a*  f  %B  4* 

(101) 

~  *  .  • 

(102) 

Substituting  A  from  (102)  into  (101),  we  will  obtain  formula 

V 


dl 


?{£>• 


«3 


ZEEEI). 


Sn 


(103) 


Prom  (102)  we  will  find 


a«» 


i  i 

«P(8f  +  0*)  •'*’ 


Tv 


\*dx 


(104) 


Formula  (104)  determines  the  half-width  of  the  section  of  contact  a, 
and  formula  (303)  -  pressure  p(a).  Definite  integrals  entering  into 
formulas  (103)  and  (104),  when  1  <  k  <  2,  are  not  expressed  in 
terms  of  elementary  functions.  When  k  «*  3/2  these  definite  integrals 
(oiliptic),  after  reduction  to  canonical  form,  can  be  calculated  from 
tables1  available  for  elliptic  integrals.  Figure  11  shows  the  graph 


JSee  Appendix  1,  p.  6  . 
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1. 


Fig.  12. 


of  pressure  p1 calculated  Iron  form. la  *  103)  for  the  case  k  =  \/> , 
Pressure  p(~)  is  limited  in  tre  wheue  re^ica  of  contact  —«<»<.«» 
however,  derivative  p*{zj  undergoes  di3contj.ni.ii-y  at  point  x  -  0. 
and  the  curve  depicting  function  pis)  has  v/nen  x  ~  0  a  corner  point. 

In  conclusion  of  thjr  paragraph,  let  us  note  the  maximum  ca3e  of 
the  examined  problem  wnen  k  ~  1,  according  to  the  formula  (96) 


m 


e-A‘x\ 

S4  -f  5, 


(105) 


In  Chapter  I  we  showed  that  for  the  case  when  the  right  3lde 
of  integral  equation  (1?)  fis)  "has  the  form 

(106) 

this  equation  has  the  solution 

(107) 

which  becomes  zero  when  if 

CIO  8) 

44  IB 

(formulas  (203)  and  (204)  of  Chapter  I). 

Replacing  in  (107)  and  (10 8)  A  by  we  will  obtain  the 

solution  to  the  problem  for  the  case  when  function  /(cc)  has  the  foroic 
(105).  We  find 
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JU'-* 


when 

.  *■  i*  "*■ 

r  ; 

■  -  l  i 

Substituting  .-I  from  (MO)  Into  (109),  vs  will  obtain  forcible 


y» 


(110) 


M'u 


(110)  vo  f-  nd 


f(4 


■SfF 


*»fi« 


i«i 


(.123) 


•  £*» 

’  *  »* 

•  J  . 

4><  ✓ 


(112) 


sortySifa  (112)  deterssires  the  halfvwidfch  of  the  season  of  contact  a: 

.  « ;--v  - 

artd;.:%^Siula  (131)  —  pressure  p  C«  i  <>  Figure  12a  shows  the  graph  of 
f&fdtipp,  pCx)  determined  by  formula  (111).  At  point  x  -  Q  the 
pressed  p(«c)  he  corns  s  infinity.  As  can  be  seen  from  (95),  for  the 
esasilned  Case  (k  «  1)  the  or^ri-y  between  compressible  bodies  prior 
to  compression  is  determined  by  formula 


<  S'*  » 


t*.  (*)  t  /*  {*)  w  ^  |  a  {, 


(113) 


and  the  configuration  of  compressible  bodies  in  the  neighborhood  of 
the  point  of  their  initial  contact  has  the  forty  shown  in  Fig.  12b. 
Thus,  ;the  examined  maximum  case  k  =  1  corr  sponds  to  the  compression 
of  tip.  hedges  or  the  pressure  of  a  wedge,  on  the  rectilinear  boundary 
of  the  elastic  medium.  In  this  maximum  case  at  point  x  ~  0  it  is 
not  the  second  derivative  of  the  sum  of  functions  /,{*}  +  /,(*),  that 
undergoes  discontinuity  but  the  first  derivative: 


when  scw—Q,  i 

£(*)+£(*)-«4  when  s«+G.  J 


<11*0 
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5 

i 

i 

\ 

i 

! 


P& 


Elastic  Half-Plane  ' 

. . . . . .  i 


l 

( 

In  the  preceding  section  we  examined  in  detail  the  case  of  the  j 

I 

contact  problem  in  which  the  initial  contact  of  compressible  bodies  j 

in  plane  xOy  is  carried  out  at  one  point.  Let  us  now  consider  the  \ 

case  when  the  initial  contact  of  compressible  bodies  in  plane  xOy  is 

carried  out  not  at  the  point  but  along  a  certain  segment  of  the  Ox 

axis.  If  the  length  of  this  segment  is  designated  by  2 a  and  the 

origin  of  the  coordinates  is  located  in  the  middle  of  this  segment,  j 

then  the  set  of  points  SQ,  in  which  the  initial  contact  between  the 

compressible  bodies  is  carried  out,  will  constitute  the  segment  of 

the  Ox  axis  —a<s<a. 


Let  us  examine  first  the  case  when  one  of  the  compressible 
bodies  has  the  form  of  a  stamp  with  right  angles  In  the  section  by 
plane  xOy .  Usually  In  this  problem  this  body  can  be  considered  as  j 

rigid,  and  the  problem  is  formulated  as  a  problem  about  pressure  j 

of  the  rigid  stamp  on  an  elastic  half-plane.  In  this  case  and  after  j 

compression  the  contact  between  the  compressible  bodies  will  be  i 

j 

carried  out  along  the  segment  of  the  Ox  axis  -a  <  x  <  a,  and  j 

according  to  general  formulas  (13)  and  (14)  the  pressure  p(a?)  under 
the  stamp  will  be  determined  by  the  integral  equation 

* 

\  irin  ***■»  -s<s<«,  (115)  1 
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where  o  —  certain  constant,  since  when  -a  <  x  <  a  the  initial  opening 
between  the  compressible  bodies  /,  (*)  -f  /,(&)«  0,  In  Chapter  I  we  showed 
that  equation  (115)  has  the  solution 


where  P*» ^  p  (s)  the  compressing  force  (3ee  formula  (7*0  of 

Chapter  I).  Figure  13  shows  a  graph  of  pressure  p(x)  under  a  stamp 

plotted  in  accordance  with  formula  (116).  Pressure  p(x)  increases 
without  limit  with  the  approach  to  boundaries  of  the  section  of 

contact  x  -  ~a  and  x  a  +a.  At  the  end  of  the  preceding  chapter  we 

already  encountered  the  case  of  conversion  into  infinity  of  pressure 
p(x)  when  we  examined  the  pressure  of  the  wedge  on  an  elastic  half¬ 
plane.  In  reality  the  real  profile  of  the  elastic  body  will  never 
have  corner  points,  so  that  the  wedge  or  stamp,  which  have  right  angles 
in  the  section,  are  abstractions,  which  lead  with  solution  of  the 
contact  problem  to  an  unreal  distribution  of  pressure  in  the  region 
of  contact.  Below  we  examine  the  problem  about  the  pressure  of  a 
stamp  on  an  elastic  half-plane,  considering  that  the  profile  of  the 
stamp  has  a  continuously  revolving  tangent.  Thus,  if 

is  the  equation  of  the  curve  limiting  the  stamp  (Fig.  1*0  in  the 
section  by  plane  xOy ,  we  will,  as  earlier,  consider  that 

/((i)»Owhen-a<*<fli  (117) 


and  in  the  neighborhood  of  points  x  =  -a  and  x  =  a  when  |»|>o  we 
will  approximately  represent  function  f^(x)  by  the  first  term  of 
its  expansion  in  Taylor  series: 


/.(*>“ 7 /T(«  +  0)  (*-«)*  when  s>e, 
/.(*)»  7 /I  («+*)*  when 


(118) 


130 


m 


Pig.  13. 


pig.  m. 


considering  that  with  the  approach  to  point  x  =  a  on  the  right  and  to 
point  x  =  -a  on  the  left  the  second  derivative  /"(x)  approaches 
finite  values  different  from  zero.  These  values  will  be  considered 
equal,  assuming  the  stamp  to  be  symmetric,  and  we  will  designate  by  A 

£(a+0)-£(-«-0)-.A.  (119) 

For  simplicity  considering  that  the  elastic  body  on  which  the  stamp 
presses  has  a  rectilinear  limit,  coinciding  with  the  Ox  axis,  let  us 
take 


/,(*)-  0.  (.120) 

Substituting  (117),  (118)  and  (120)  into  (14)  and  taking  into  account 
notation  (119),  we  will  find 

+  when  *<-«'  ] 

/(a)  *cobk.  **  .  when  ~a<s<a,  >  (121) 

/(*)“— (*-*)*+ con«V  when  x>a,  ) 
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whence 


/>)  *  f  *)  «hen  s<  ' 

/"  (*)  •» ©  .  when  «-«<f  > 

/'  (*)  •  —  |^g4  (« ~f)  when  J 


(122) 


Designating  by  22>  the  width  of  the  region  of  contact  after  compression 
(b  >  a) ,  we  will  find  the -pressure  p(x)  according  to  the  general 
formula  (3*0,  replacing  in  it  the  half-width  of  the  section  of 
contact  cl  by  b : 


f{*)« 


ij/rr-r,  f  rw* 
**• 


(123) 


Substituting  (122)  into  (123),  we  will  find 


/»(*) 


AVbt-z* 


(o  +  t)<st  9 


(*-*)«?«  t"' 


or 


'  [<*+*>  $47jdf5^>+ S,i?fe+ 

'  +  Iv^fer + <*—>  S  * 


Let  us  find 


\  * 


where 


Assuming 


« 

*»  cream  y . 


t«»S 


, 

1  +  -.*  ' 


«  ' 
£+?• 


(124) 


(.125) 


(126) 


(127) 
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we  will  find 


9 


where  ^  and  £2  are  connected  with  s1  and  a?2  by  relation 

!+&•  (129) 


**"*i$jp  *>• 


Let  us  find  further: 


when 


when  g>|8 


when 


Ib&J 
U  «&-** 


«*  ***  *i  t4*  ■  * 

-mo  ]r 


8^5  i-$i 


(130) 


Cl  31) 


(132) 


Formulas  (130).  (131)  and  (132)  can  be  united  into  one: 


Analogously, 


HSil-  (133) 

*m-  (w 
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Substituting  (133)  and  (134)  into  (128),  we  will  find 

Taking  into  account  (126),  we  will  find  from  (129): 


(135) 


when  gjss-a,  fA«-l,  _x 

.  •  3  |  C136) 

when  x,a»e,  «,«*§,  li*tg ^r.  Is®*!* 


Assuming  further 


(137) 


and  substituting  (136)  and  (137)  into  (135),  we  will  find 


-• 


dt 


)./**- <•{«-*)  Scosf 


In 


s 

ewLz!* 

r 

1 

2 

•  • 

»|b  LZ.?.*. 

• 

(138) 


From  (127)  and  (137)  it  follows  that 

z«c&sin  9. 


(139) 


Substituting  into  (124),  (125),  (138)  and  (139),  and  assuming 
according  to  (126), 


6<ae&ti0fM 


(140) 


we  will  find 


P  '  cos  p  W 


C03^~- 

3 


*  •  • 


'  eo»  f 
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8)4 


V~V. 


V 


or 


*m  608 1 * * th * 

(141) 

Substituting  (122)  into  condition  (33)1  we  will  obtain  equation 


ffe+2Hi4  , 

y^6 *~l»  ~  y  T^FSj*  ' 


a^2) 


Assuming  in  (142}  i  ■  b  sin  $  and  a  ■  5  sin  «f>Q,  according  to  (140), 
we  will  find 


T 

ft 

«HM 

s 


(sii*?,  •$>&!>  ¥)>)&?<??  +  ^  (*iB<?~ain?6)  ilcfcE^ 


* 


or,  fulfilling  integration 


«  ali  2?,  *P  (8|  -f-Sj) 

— r;”  "jiV""* 

(143) 

Substituting  i  from  (140)  into  (139)»  (l4l)  and  (143), 

we  will  find 

(144) 

(145) 

J,“?i«r?fe!s».(('~2?,)CM?+“0*to  IeP$I+ 

4«n9()lnjtg!iSllgl^2l|]  . 

(146) 

Substituting  A  from  (144)  into  (146),  we  will  find 


*In  accordance  with  designation  J,  accepted  in  the  examined 
problem  for  the  half-width  of  the  section  of  contact,  it  is  necessary 
here  in  (33)  to  replace  a  by  b. 


155 


2P  eia  ?g  £  (*  -  S&)  ce»  ?  -f  «$•■»  f  la 

~  '  wiCa-S^-s'iuiJj 
eio*?#lo|tgtfc^tgt: 

.*^*  **  (* 

Formula  (144)  determines  the  angle  $0,  after  which  formulas  (145) 
and  (14?)  determine  the  pressure  p(s )  in  the  region  which 

“WS>-  ^me  15 
shows  graphs  of  pressure  p(s)  corresponding  to  different  values  of 
angle  4>q>  i.e.,  different  ratios  &*» ~ .  Graphs  of  pressure 
p(a)  shown  in  Fig.  15  correspond  to  the  identical  half-width  of 
the  base  of  the  stamp  a  (see  Pig.  14) ,  identical  compressing  force 
P  and  identical  elastic  constants,  but  different  values  t>f  At  i.e.» 
different  curvature  of  edges  of  the  stamp,  owing  to  which  angle  4>q 
(see  formula  (144))  and  half-width  of  the  section  of  contact 
changes . 


corresponds  to.  the  region  of  contact  —  (b 


♦ 
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Thus,  considering  the  curvature  of  edges  of  the  stamp  to  be 
limited  and  assuming  thus  the  reel  conditions  as  a  basis  of  the 
problem  about  the  pressure  of  the  stamp,  we  arrive  at  the  real 
picture  of  distribution  of  pressure  under  the  stamp.  As  can  be  seen 
from  Fig.  15*  an  increase  in  curvature  of  edges  of  the  stamp,  other 
things  being  equal,  involves  an  increase  in, maximum  pressure  under 
the  stamp;  however,  this  pressure  remains  limited,  and  as  yet 
the  curvature  of  the  stamp  is  limited. 

Formulas  (144),  (145)  and  (147)  given  by  us  make  it  possible 
to  set  the  maximum  pressure  under  the  stamp,  if  the  configuration 
of  the  stamp  (width  of  its  base  2 a  and  curvature  of  its  edges,  i.e., 
A),  elastic  constants  and  compressing  force  P  are  assigned.  The 
graph  shown  in  Fig.  16  makes  it  possible  immediately  to  detect  from 
these  data  the  width  of  the  area  element  of  contact  b ,  not  solving 
equations  (144),  after  which  by  formulas  (145)  and  (147)  it  is 
possible  to  calculate  the  pressure  p(x)  at  any  point  of  contact. 


IS  •• 


Thus  far  we  assumed  that  after  compression  the  contact  of  the 
compressed  elastic  bodies  is  carried  out  along  one  segment  of  the  Ox 
axis,  i.e.,  the  set  of  points  S  in  which  there  occurs  contact  of 
compressed  bodies  constitutes  one  continuous  line.  Let  us  consider 
now  the  case  when  the  contact  of  the  compressed  elastic  bodies  is 
carried  out  along  several  segments  of  the  Ox  axis:  (a-^. 
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(«2‘  *>?)  >  **•*  ^an*  b n ^  ease  ^he  basic  integral 

equation  of  the  contact  problem  (13)  will  have  the  form 

*  6m 

S  S^TE^T*-/^  (148) 

C59 


where  as  before 


iW-izJiggm.  (149) 

The  integral  equation  (148)  completely  coincides  with  equation  (209) 
of  Chapter  I.  As  we  showed  in  Chapter  I,  the  solution  of  this 
equation  has  the  form 


.  (.150) 


where  /^(z)—  polynomial  of  the  power  n  -  1: 


P*-i  (*)  -  e9  -f  ekx  -f  e,z* + ; . .  c*,**8-8 — fz®"',  ( 1 5 1 ) 

P  -  compressing  force,  i.e., 

*“S  \P(*W  (152) 

m»l  Out 


(see  formulas  (244),  (245)  and  (246)  of  Chapter  I). 


138 


Coefficients  o^,  °n„2  0 f  P°lynomi&l  are 

determined  from  the-  system  of  linear  equations: 


2 e$  i  77^ 


**  (fs 


5»S  Sat 


f][  {*-««><»—&*>  j 
»  #  •  ♦  * 


m«>£ 


<«•! 


!**“*& 


**  |/|n^^>! 


««*s 


M- 

b»  1 


r  j  j  i 

»-s  1 

[2(-i)-‘fj/|n  e-«j0-o|q2fK 

•*  *8,^  I  1  J  • 


®  w  t  2,  •*  1 9 


(153) 


(see  formula  (252)  of  Chapter  I). 


Boundaries  of  sections  of  contact,  I'.e.,  abscissas  a^,  ,  a2, 

bp,  . . . ,  an3  bn,  will  be  determined  in  general  from  the  condition 
that  the  pressure  p(x)  should  remain  limited  in  the  whole  region  of 
contact,  including  the  boundaries  of  sections  of  contact  x  »  a-, 
x  *  2?^,  . . . ,  x  =«  an,  x  =  bn .  As  can  be  seen  from  formula  (150), 
this  is  possible  only  when  the  numerator  in  this  formula  becomes 
zero  when  x  ®  a^s  x  a  b^  ( l  »  1,  2,  n) .  Hence  we  get  2 n 

equations 


42  (~<r-  W |fi  d-0(r-w|x 

®*»S  *b  »■*! 


.  +•**.-.  w-o. 


42  (-if-  iV|U 

Re*  5  em  n-S 


l  28  i|  2,  Mlf 


(154) 


which  determine  abscissas  a„  &„  «?„  6^  d„ 
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The  formulas  obtained  by  us  completely  solve  the  examined 
problem  by  determining  the  region  of  contact  of  compressed  elastic 
bodies  and  pressure  p(x)  in  the  region  of  contact.  In  the  special 
case  when  some  of  the  boundaries  of  the  sections  of  contact  are 
predetermined  beforehand  by  the  configuration  of  the  compressible 
bodies,  as  in  the  case  of  the  pressure  of  the  stamp  with  right  angles 
on  the  elastic  half-plane,  examined  in  the  preceding  paragraph,  the 
appropriate  equations  of  (15*0  must  be  dropped. 

Let  us  examine  the  simplest  example  in  which  the  stamp,  having 
the  configuration  shown  in  Pig.  18,  presses  on  the  elastic  half-plane. 
We  will  assume  clearance  6  to  be  so  small  that  with  compression  the 
contact  of  the  stamp  with  the  elastic  half-plane  is  carried  out  along 
two  sections  of  the  Ox  axis:  — 5< s<—a  and  e<s<b.  In  this  case 

Ti  «p  2,  ora  ~~b,  fcjOS  —  fi,  0,  eo  —  a, 

/»(<*) »0  when— at  /,(«)®8  when  a<s<b, 

/»(*)“ • 

and  according  to  (149) 

/(*)“*  when  —  f»<s<—  .f(z)a*k+a  when  a<*<6.  (157) 

where 

•“-sppj;  (158) 

(if  one  were  to  consider  the  stamp  to  be  absolutely  rigid,  then  0»«=0), 
a  -  certain  indefinite  constant. 


(155) 

(156) 


Solution  of  the  integral  equation  ( 148 )  according  to  conditions 
(155)  and  (157)  was  obtained  by  us  in  Chapter  I  and  according  to  the 
formulas  (256)  and  (261)  of  Chapter  I  has  the  form 


,  t  .  e*-Psf 

a<\s\<b, 


(159) 


tfhere  the  plus  sign  prevails  when  a  <  0  and  minus  sign  when  x  >  0, 


e,®8  — 


bt  . 

mu' 


‘be 


or,  according  to  (158), 

where  *(&)  -  complete  elliptic  integral  of  the  first  kind: 


(160) 


■ 


the  modulus  of  which  k  is  equal  to 


ku,L 


(161) 


Figure  19  shows  the  graph  of  pressure  p(s)  for  the  case 
&»aya0,4,  5»*  0,656  (§4-f-0,),P, 


Fig.  19 
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On  boundaries  of  sections  of  contact  the  pressure  p(a)  turns 
into  infinity,  which  is  the  corollary  of  the  condition  accepted  by 
us  about  the  presence  of  right  angles  on  the  profile  of  the  stamp. 
General  formulas  given  in  this  chapter  make  it  possible  to  solve  the 
contact  problem  in  the  case  when  we  consider  the  curvature  of  the 
edges  of  the  stamp  limited. 

In  this  case  we  will  obtain  the  real  picture  of  the  distribution 
of  pressure  under  the  stamp,  at  which  the  pressure  will  be  limited 
everywhere  in  the  region  of  contact.  In  view  of  cumbersomeness  of 
computations  we  will  not  discuss  this  in  detail. 


Let  us  now  examine  the  case  of. the  contact  problem  when  the 
elastic  body,  located  in  the  lower  half-plane,  is  pressed  by  several 
separate  bodies  lying  in  the  upper  half-plane,  and  forces  P^,  P2,  ...» 

P  ,  pressing  thase  bodies  are  assigned. 

If  in  this  case  by  function  we  understand  the  function 

determining  in  various  intervals  of  the  argument  x  the  configuration 
of  each  of  the  bodies  lying  in  the  upper  half-plane,  then  the  contact 
problem  will  be  solved  by  the  same  integral  equation  (148),  the  only 
difference  being  that  constant  c,  which  enters  into  formula  (149), 
can  have  different  values  on  each  of  the  sections  of  contact,  since 
each  of  the  compressible  bodies  can  accomplish  according  to  compression 
its  own  forward  displacement. 


As  we  showed  in  Chapter  I,  pressure  p(x),  which  is  the  solution 
to  equation  (148),  will  in  this  case  be  determined  by  the  same 
formula  (150)  with  the  only  difference  being  that  coefficients  of 
the  polynomial  —  clt  ...,  will  this  time  be  determined 

no  longer  by  equations  (153)  but  by  equations  (255)  of  Chapter  I: 


VtI  ®bc 


«m  «®l 


.(~i  r*"*p»+p\ 


jr"*'  da 


e*y\ |  n  <*-««> 

si —8 
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I 


.  *» 
t  f* 


% i 

.  e*9 


r  i  yzSSSSHESS 

K|n<- 

mat 


=as*5< 


•tot  *m  ‘mat  ‘  *  • 


(162) 


where 


P**Pl4‘Pt+  <>•1  +/»a 


(163) 


Let  us  examine  the  simplest  example  In  which  the  elastic  half¬ 
plane  is  pressed  by  two  3 tamps  pressed  by  forces  P^  and  P?  (Pig.  20) 
In  this  case  n  ®  2,  <z^  «  a  -a*.  a2  s  <z*  = 


/(s)  «■  0  when  —  6<*<— * 
and  a<ft< 6. 


(164) 


|W 

L 


i  it 


Pig.  20 


As  we  showed  in  Chapter  I,  the  integral  equation  (148)  according  to 
conditions  (164)  has  the  solution 


***  *  « 

*•  j/T-pr ,  e<|*i<i 


(165) 


(see  formula  (267)  of  Chapter  I),  where  the  plus  sign  prevails 
when  x  <  0,  and  minus  sign  when  x  >  0,  and  Kik)  is  the  complete 
elliptic  integral  of  the  first  kind  with  modulus  A, 
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i  -a  6 

\  P(x)dz  and  \  p(z)ds—  compressing  forces. 

!  •* 

! 

i 

Formulas  (159)  and  (165)  differ  only  by  the  constant  component  in 
the  numerator  of  the  fraction  determining  the  pressure  p(z) ,  When 
Pl  >  distribution  of  pressure  under  the  stamps  will  have  the 

same  character  as  that  on  Fig.  15. 

1 

I 

§  5*  Periodic  Contact  Problem 

Let  us  examine  now  the  case  of  the  contact  problem  when 
functions  /^(a?)  and  /2(a:),  which  determine  the  configuration  of 
compressible  bodies,  are  periodic  with  period  l  (Fig.  21a)  so  that 
the  number  of  sections  of  the  contact  is  infinitely  great.  Let  us 
denote  by  (au  bt%  (a„  b,),a..,(a„,  ba), 

I 

••  'C ^  ( 1 6 6 ) 

I 

sections  of  contact  of  compressed  bodies  In  the  interval  0 <£<?> 
i.e.,  within  limits  of  one  period  (we  will  consider  that  the  origin 
.  of  the  coordinates  lies  at  the  point  where  the  contact  between  the 
compressed  bodies  is  absent'-  Pressure  p(x)  in  the  region  of 
contact  will  be  a  periodic  function  with  period-  l .  Let  us  consider 
the  action  of  the  periodic  normal  pressure  p(z)  on  the  lower  elastic 
half-plane  (Fig.  21b). 


Fig.  21. 
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Let  us  assume  that  #  '«  t  la  some  point  of  the  interval  @<s<?, 
in  which  on  the  boundary  of  the  elastic  medium  pressure  pit) 
acts.  Then  acting  on  the  interval  (f, will  be  the  elementary 
force  pit)dt »  which  in  the  end  point  of  the  elastic  medium  with 
abscissa  *  will  cause  displacement  dv  in  the  direction  of  the  Oy 
axis  equal  to 

V*  4 

dcm  —  Op(!)tn  cwst., 

according  to  the  formula  (4). 

Since  function  pix )  is  periodic,  at  points  x  a  t  +  nl  in  =  ...  - 
-1,  1,  2,  ...)  pressure  pit)  will  also  act  on  the  boundary  of  the 
elastic  medium.  Acting  on  interval  ft  nt+dt)  will  be  the 

elementary  force  p(i)dt,  which  in  the  end  point  of  the  elastic  medium 
with  abscissa  x  will  cause  the  elementary  displacement: 

function  ( t) 

Having  summed  up  the  elementary  displacements,  which  appear  due  to 
the  pressure  acting  on  intervals 

2l+dt),  (/-/,*-<?+&),. 

(t *f  /»  <  + 

we  will  obtain  the  elementary  displacement: 

<fo«0p(f)  i~“|  +  la|i— ^j  +  laU—x|<f 

-Ho  j  | “typ^lnKi— x) 

function  it)  (167) 

As  is  known,  function  sin  u  can  be  represented  by  the  infinite 
product 


siaa-e  (  i-5)  (  1-&)  0“  6)  — 


(168) 


\  ‘  - —  nV-flTi ^ ^ ft# ~ /a (g)t 

'««4  I  3jSk -^— «i| .. . 

'  «*a 

•  •  •$  ®K '  '• 


where  a  Is  a  certain  constant,  or 


an) 


2.r°ta; asaa*: 


(174) 


and  aw<»<§w(«*si#2,...,n),  where 


(175) 


Assuming  in  (174) 


(176) 


we  will  obtain  equation 


.|jK^)hTp:«r!j<,»“ir/(^). 


(17?) 


and  *m<0<p*(«=*i,2,...,n),  where 


am“<*T"e w*  2,  ...  ,  n). 


(178) 


In  Chapter  I  we  showed  that  equation  (268)  has  the  solution 
(318),  where  constants  are  determined  by  equations  (319),  (322)  and 
(327)  and 


"  wm 

S  [  p®d ?• 


«»t  •» 


Thus,  equation  (177)  will  have  the  solution 
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(179) 


*«<&<?,„  (s»~i,  2,...,  a), 


where  constants  7«»  T**  •  * » >  y*  are  determined  by  equations 


where 

pe- 2  ?'(&)*• 

*»«•**»» 

and  equations 


•as 

»-4. 


(180) 


(181) 


(182) 
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Assuming  in  (181)  we  will  find 


8»  <rs 

"T  2i 

a«l 


■5B  *”p>  $*$ 


,  (183) 


where 


i3-  S 

»•*«» 


(18H) 


is  compressing  force  taken  over  interval  © <s<h  i.e.,  one  period. 
Substituting  (183)  in  (180)  and  assuming  in  (179),  (180)  and  (182) 
8m  we  will  find 


*<*)' 


x 


V 


*«♦ 


f|  8l*  j  <«-«■)  oln 
Iw-a  •  0  •  I 

^  **13  311  ♦  •  •  9  ft)#  3 


where  T»r •••,!•  are  determined  by  equations 


~T*+7j~7»  +  T«-***,"T8io  2 

OI»i 


0*SW?/ 

,  o«t 


/ 

*>  ajn~(l—  a0) 

re  * 

r 

»  ** 

2  ■Sfo«+W+ 

+ ■|r(6®0  2 2  ^ 


«•! 


*» 


*  *lo  -r  (I  -»«*»> 

n  T 


(185) 


(186) 


1^9 


wwt^bb? 


and 


%S 


2  v  y 

«.*  •»  y  j 


w  & 


4T/|n*,oT<*-‘“> 


JJ  *ia  |  t 

a-i 

-t:~t/(«..^/<W+  •' 

Cit^ 


~  “  «»/ 


*  a*»  *t  <*-««> 

n  T 


X 


X/'(<)«*8t<*-x)  *)<**!»  *“*»*.  .*•*»-!.  (187) 


So  that  pressure  p(a :),  determined  by  formula  (I85),  is  limited 
everywhere  in  the  region  of  contact.  Including  points  x  a  am  and 
smbK(m**i.2t ,  n),  conditions 


2Tw«io-»^i.cc^^t-aO, 

n 

focia*”®  -^-ccs®  -^-co 

»»S 

-(-ir'-^ln^Tfe-wlS  \ 

WM»I  »•<  Ofl 

X/'(OctgY(l—a*)^,  Aoii,  2, ... ,  n.  (.188) 

must  be  fulfilled.  Formulas  Q85),  Cl86),  (187)  and  (.188)  completely 
solve  the  contact  problem  examined  in  this  chapter  by  determining 
the  region  of  contact  and  pressure  p Cm).  Equations  (.186),  (.187)  and 
(188)  determine  the  abscissas  of  beginning  and  ends  of  sections  of 
contact  a,.  at, ... ,  an,  6„  ...,  bn  and  constants  T.»  T»*  •••  *  7»»  after  which 

formula  ( 1 85 )  determines  pressure  p(x)  in  the  region  of  contact. 

If  pressing  on  the  lower  elastic  half-plane  in  interval 
i.e.,  within  one  period,  are  n  separate  bodies,  and  compressing 
forces  Pt,  Pit ... ,  Pm.  which  act  on  each  of  these  bodies  are  assigned, 
then  instead  of  equations  (187)  we  will  have  equations 


"  9iO-j-  (t-Cg,) 
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(189) 


which  express,  according  to  (185) »  conditions 

§p(x)dx**Pt  (*-l,  2,  .,.  , 

•a 

and  in  equations  (186)  P  must  be  in  this  case  understood  as  the  sum 

+  ••»+£»•  (190) 

Let  us  also  note  that  if  some  of  the  boundaries  of  sections  of 
contact  are  predetermined  beforehand  by  the  configuration  of  the 
compressible  bodies,  as  in  the  case  of  the  pressure  of  the  stamp  with 
right  angles  on  the  elastic  half-plane,  then  the  appropriate 
equations  of  (188)  must  be  dropped. 

In  conclusion  of  this  section  let  us  examine  the  simplest 
examples . 

1)  Let  us  examine  the  pressure  on  the  lower  elastic  half-plane  - 
of  the  stamp  having  outlines  shown  in  Pig.  22.  In  this  case 
n»i|  a,oa~— a,  +  a, /(*)«•  const,  when  -g-— ®  <  *<  •§■+<*#  and  equation  (177) 

takes  the  form 


T'C*> 


uo  lrl\ 


d?wt0£3i. 


(191) 
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Pig.  22, 


2«e 
a  c»  ~j- 


In  Chapter  I  we  showed  that  equation 


*+*  < 


«— e<0<«4-au 

«i«  .  *  j«ta  V- 


has  the  solution 


p(st+S) 


P#V2cc*'£ 

—H"p5!g  ■:■■  r.ar  p 
2»  J/COS  0— C05» 


—«<©<« 


(see  formula  (338)  of  Chapter  I).  Thus,  equation  (.191)  has  the 
solution 


P 


P*  ca*  -| 

3«  /cosd  — C9J«‘* 


—  0<&<8. 


(192) 


Substituting  (183)  into  (192)  and  assuming  according  to  (176)  and 
(178)  o. we  will  find 


P 


p  yT  eaj  “?■ 


cot 


2*s 

t 


f 


C193) 


Figure  23  shows  graphs’ of  pressure  p  under  the  stamp,  which 
are  plotted  in  accordance  with  formula  (193)  for  different  values  of 
ratio  j.  When  as  one  can  see  from  Fig.  22,  the  bases 

of  the  stamps  merge,  and  we  arrive  at  a  pressure  evenly  distributed 
under  the  stamp  When  i—o co^-®-— we  arrive  at  the  case  of  one 

section  of  the  contact  examined  in  §  3,  and  we  will  obtain  the  same 
graph  of  pressure  ptx)  which  13  in  Fig.  13* 
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Let  us  note  that  in  this  case  ft  (0-  A,  i.e.,  constant  A  in  formula  | 

( 19^ )  determines  the  curvature  at  the  point  of  contact.  Substituting 
(19*0  into  (175),  we  find  <, 

and  equation  (177)  will  for  this  case  have  the  form  * 

c 

(40  W|  d?~ 095)  ' 

-  a  -  .  t*»  \ 

c  —  a*  — p  9 

\ 
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if  by  a  we  designate  the  half-width  of  the  section  of  contact. 
In  Chapter  I  we  showed  that  equation 

V  i  & 

3  P  (?)  -!i  “T — c’?  ^  ~  "2  'f  C03**.. 

*-«  2j81n~-£~J 

has  the  solution 


CM CM  8 —00*  8, 


(see  formulas  (35*0  and  (355)  of  Chapter  I). 

Thus,  equation  (195)  will  have  the  solution 


*  (7*1!)”  ag^JCOj4  -a<S<a, 

a  r  ,«4i 


(196) 

(197) 


Substituting  (183)  into  (197)  and  assuming  in  (196)  and  (197) 
a»~fl  according  to  (176)  and  (178),  we  will  find 


■«+*) 


r 


2*4 


v4f|f2  .  2** 

0,2  -sKustto  cos  7Kcm^ — cos  ~r 
—«<*<«, 
i»  .j.  j/35£+S 


ere  sia 


(198) 

(199) 


Formula  (199)  determines  the  half-width  of  the  section  of  contact 
a,  and  formula  (198)  -  the  pressure  p  in  the  region  of  contact. 


As  can  be  seen  from  formula  (199) a  when 


(200) 
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i.e.,  complete  contact  of  compressible  bodies  occurs  along  the 
entire  Ox  axis.  Using  designation  (200) 


it  is  possible  to  give  formulas  (198)  and  (199)  the  form 

,  £co*-^  (201) 

.  — a<s<«,  y * »re Bus .  •  /  -  • 

Setting  different  values  of  the  ratio  a/l  and  calculating  further 
by  formulas  (201)  at  first  £Q/Z,  and  then  p,  we  obtain  graphs  of 
pressure  p  in  the  region  of  contact  depicted  in  Pig.  25.  These 
graphs  show  the  dependence  of  pressure  p  in  the  region  of  contact 
on  the  period  l  at  fixed  ZQ,  i.e.,  according  to  (200)  at  fixed 
elastic  constants,  compressing  force  P  and  at  fixed  constant  A ,  i.e., 
at  fixed  curvature  at  the  point  of  initial  contact.  In  the  maximum 
case  when  l  =  ZQJ  a/l  =0.5  (complete  contact  of  elastic  bodies  along 
the  entire  Ox  axis),  the  pressure  p  changes  according  to  sinusoid. 

In  the  other  maximum  case  when  we  arrive  at  the  initial 

contact  of  the  compressible  bodies  at  one  point  and  obtain  the 
distribution  of  pressure  in  the  region  of  contact  along  the  ellipse, 
already  obtained  earlier  by  us  in  §  2.  Curves  In  Fig.  25  also  give 
a  clear  representation  about  the  mutual  effect  of  pressure  on  the 
neighboring  sections. 


Fig.  25. 


s  6 »  Contact  Problem  In  the  Presence  of 
Frictional  Forces 


Thus  far  we  assumed  that  friction  between  compressible  bodies 
is  absent,  and  that  in  the  region  of  contact  only  normal  pressure 
p(x )  acts  on  the  compressed  bodies.  Let  us  consider  now  the  case 
when  between  the  compressible  bodies  friction1  takes  place.  Let  us 
assume  that  compressible  bodies  are  found  on  the  threshold  of 
equilibrium  and  in  the  region  of  contact  between  normal  and  tangential 
stresses  there  is  the  relation 


ks9f 


(202) 


where  k  —  coefficient  of  friction.  Thus,  at  the  point  of  contact 
with  the  abscissa  x  in  the  presence  of  normal  pressure  p(x)  the 
tangential  stress  t(x )  »  kp(x)  will  also  act.  Due  to  the  presence 
of  these  tangential  stresses,  end  points  of  compressible  bodies  with 
the  abscissa  x  will  accomplish  additional  elastic  displacements  in 
the  direction  of  the  Oy  axis,  which  we  will  designate  by  and 
As  is  known  from  the  theory  of  elasticity,  these  displacements  will 
be  connected  with  the  tangential  stress  t(x )  «  kp(x )  by  relation 


or 


del 

in 


do 

It 


(203) 


(204) 


where  G-^  and  are  shear  moduli  of  compressible  materials. 
Integrating  (204)  with  respect  to  i,  we  will  find 


‘This  problem  was  solved  by  N.  I.  Muskhelishvili ,  L.  A.  Galin 
and  in  part  by  N.  I.  Glagolev.  See  Academician  N.  I.  Muskhelishvili , 
Singular  integral  equations;  L.  A.  Galin,  Mixed  problems  of  the 
theory  of  elasticity  with  frictional  forces  for  a  half-plane,  Reports 
of  the  Academy  of  Sciences  of  the  USSR,  Vol.  XXIX,  No.  3,  1943; 

N.  I.  Glagolev,  Elastic  stresses  along  bases  of  a  dam,  Reports  of  the 
Academy  of  Sciences  of  the  USSR,  Vol.  XXXIV,  No.  7,  1942. 
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(205) 


a  -e 

\  p(jt}dt  +  toMU,  |j  P(t)dt+  const. 

&  fc 

In  order  to  obtain  the  integral  equation  of  the  problem,  into 
condition  (3)  instead  of  displacements  v ^  and  t>2»  determined  by 
formulas  (9)  and  (10),  it  is  necessary  to  substitute  displacements 
Uj  +  y|  and  x>2  +  y|.  Instead  of  the  integral  equation  (12)  let  us 
obtain  equation 

on  S,  (206) 


or 


j*(0*+*  S ,  (207) 


where 


(208) 

(209) 


For  simplicity  we  will  subsequently  assume  that  the  region  of 
contact  S  is  composed  of  one  section.  If  by  2a  we  designate  the 
length  of  this  section  and  dispose  the  origin  of  the  coordinates 
In  the  center  of  the  section  of  contact,  then  equation  (206)  will 
have  the  form 


*  * 

(<)  di +  v \p  (<)  In  eK®v/(s),  “«<*<«•  (210) 

Using  formulas  (391)  and  (392)  of  Chapter  I  for  the  solution  of  the 
integral  equation  (356)  of  Chapter  I,  we  uxll  obtain  the  following 
solution  to  equation  (210): 
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*  »  I 

"  4+t  /  4-  t 

a  («-{-s)s  {d—ajr 
— c<«<e, 


where 


i.e.,  constitutes  the  compressing  force,  and 

t  i 

Y«a—  arete  — . 

Substituting  (208)  into  (213),  we  will  find 


7  ■»-  arctg 


So  that  the  pressure  p(s),  determined  by  formula  (211),  was 
everywhere  in  the  region  of  contact,  including  points  x  a  - 
x  ®  a,  there  must  be  fulfilled  these  conditions 

co,r7  5  g^o^v  w*  -  -*p 

-4 

and 


ks)*" 


rm 


Condition  (216)  can  be  given  the  form 


SGSQ’^+tStD™* 


2o 


Ke  +  *y  JllfHL 

-• 


0, 


or 


(211) 


(212) 


(213) 


(214) 

limited 
a  and 


(215) 


(216) 
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Using  relations  (217)  and  (218),  we  will  find 


C  («4-05>y{«-<)*~T _  C  n&it 


)  —  m  )  \t-t)  Vra* <•-■*" 

•4  •  -«  r 

c  />+..«y  3  r <o«  _  r  fztsy J30AL _ 

„c  (i+fy 

.  J  v*-*/  y£stfi  V  '  J  \«“*/  (!-c)  Ctwat 

■»®  «*• 

Substituting  (219)  into  (211),  we  will' find 


Pto-‘£!XS a /’(*)-S^(,.+,f  V*)*"  x 

r  w.y  m«_ 

J  \«-*y 


(219) 


(220) 


Condition  (217)  predetermines  the  selection  of  the  origin  of  the 
coordinates,  i.e.,  determines  the  position  of  the  section  of  contact 
equation  (218)  determines  the  half-width  of  the  section  of  contact  a 
and  formula  (220)  determines  pressure  p(x )  in  the  region  of  contact. 
Thus,  formulas  (21*1),  (217),  (218)  and  (220)  completely  solve  the 
px*oblem  by  determining  the  region  of  contact  and  pressure  p(x). 

When  k  a  0,  i.e.,  with  the  absence  of  friction  y  =  0  according  to 


(214).  Assuming  y  “  0  in  (217),  (218)  and  (220),  we  will  obtain 
formulas  (32),  (33)  and  (34),  derived  by  us  earlier  on  the  assumption 
of  the  absence  of  friction. 

If  the  region  of  contact  is  predetermined  beforehand  by  the 
configuration  of  the  compressible  bodies,  conditions  (215)  and  (216) 
are  dropped,  and  pressure  p(x)  is  determined  directly  by  formula 
(211).  Thus,  for  example,  if  a  stamp  with  right  angles,  which  is  ; 

under  the  action  of  the  normal  force  P  and  tangent  force  T,  presses 
on  the  elastic  half-plane  (Fig.  26a),  then  f(x)  *  const  when 
-a  <  x  <  a,  and  formula  (211)  gives 

pfr)eu - .  -8<*<0.  (221) 

I 

I 

Figure  26b  shows  the  distribution  of  pressure  p(x)  under  the  stamp  ! 

for  y  *  0.05.  In  the  absence  of  friction,  i.e.,  when  y  53  0,  formula 
(221)  passes  into  formula  (116)  derived  by  us  earlier  for  this  case. 
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Fig.  26a. 


§  7.  Compression  of  Elastic  Bodies  Limited  by 
Cylindrical  Surfaces  the  Radii  of 
Which  Are  Almost  Equal 

Let  us  now  examine  the  problem  about  the  compression  of  two 
elastic  bodies,  one  of  which  has  the  form  of  a  circular  cylinder, 
and  the  other  has  a  circular  cylindrical  cut  (Pig.  27).  Let  us 
designate  by  and  r2  radii  of  cylindrical  surfaces  limiting  the 
compressible  bodies.  If  these  radii  are  minutely  different  from  one 
another,  then  with  the  compression  of  elastic  bodies  the  contact 
between  their  surfaces  can  spread  over  a  considerable  part  of  these 
surfaces,  and  thus,  the  theory  of  compression,  discussed  by  us  in 
S  1  of  this  chapter,  will  already  be  inapplicable.  Below  we  derive 
the  equation  determining  in  this  case  the  distribution  of  pressure 
over  the  surface  of  compression. 


Pig.  27. 


Let  us  assume  that  and  ^  are  two  Points  of  elastic  bodies, 
touching  with  compression  (Fig.  27  and  Fig.  28),  y4  is  the  point  of 
initial  contact  of  the  compressible  bodies,  and  <p  is  the  angle  of 
/10-j^.  Let  us  assume  that  further  and  ^2A2  are  e*astic  displace¬ 

ments  of  points  /?2  and  y}2*  Then  the  segment  A{A 2  will  constitute 
the  approach  of  the  elastic  bodies  with  compression,  due  to  which 
contact  between  points  yi^  and  y}~  is  carried  out.  We  assume  here 
that  resultants  of  compressing  forces  pass  through  the  point  of 
initial  contact  of  compressible  bodies  A  and  centers  0 ^  and  0^  so 
that  a  relative  turn  of  the  compressible  bodies  does  not  occur,  and 
only  relative  forward  displacement  of  the  bodies  with  compression 
appears.  Let  us  designate  further  by  u ^  and  k2j<  the  normal  elastic 
displacements  of  points  A-^  and  yl2  (segments  y}.^'  and  yJ2>42  In  Fig.  28) 
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Pig.  28. 


and  by  o  -  the  approach  of  the  bodies  with  compression  In  view  of 
the  smallness  of  the  elastic  displacements,  it  is  possible  to  take 
segment  BC  in  Pig.  28  equal  to  segment  T2A*.  Then  from  Pig.  28  we 
will  find 


U!i’I=,a  C039— 

.  -AJ}.  (222) 

Let  us  calculate  now  segment  A^B.  Since  point  A^  lies  on  the 
internal  and  point  B  on  the  external  cylindrical  surface,  =  r^, 

°2B  s  r2  29)°  As  can  be  seen  from  Pig.  29,  it  is  possible 

to  assume  approximately 


0,0-oTs^ 

«<?i59co*9,  (223) 

since  the  difference  in  radii  r2  ~  rl  =  on  assumption  is  minute. 
The  relation  (223)  can  be  given  the  form 

'*  —  (r,  +  A^B)  **  (r, — r,)  coa  ?, 


whence 


AiQ (i— co#9).  ( 22 h ) 

Substituting  {22k)  into  (222),  we  will  obtain  the  relation 

u^  +  «»«acos?-.(rl-rl)(l_co8  7),  ( 225) 


162 


Pig.  29. 


which  should  take  plaee  in  the  region  of  contact.  We  will  subsequentlj 
assume  that  surfaces  of  compressible  bodies  are  perfectly  smooth. 

Then  acting  on  the  surface  of  contact  will  be  only  normal  pressure, 
which  we  designate  by  p($).  Let  us  express  now  displacements 
and  «2r,  which  enter  into  the  relation  (225),  in  terms  of  the  unknown 
pressure  p(4>).  Let  us  consider  for  this  purpose  the  action  of  the 
concentrated  pressure  on  the  elastic  body  limited  by  circular 
cylindrical  surface  (Pig.  30).  As  is  known,  in  this  case  of  forces 
P,  shown  in  Fig.  30,  cause  in  the  elastic  body  simple  radial  dis¬ 
tributions  of  stresses  and  uniform  expansion1  £..  Under  the  impact  of 

Of 

these  forces,  point  A  accomplishes  radial  elastic  displacement  in  the 
direction  of  center  0: 

,  (226) 


where 


* 


X  +2* 

wTOF' 

t 

W+d  ’ 


X  and  y  -  elastic  constants  of  the  compressible  body.  Analogously, 
point  a  of  the  infinite  elastic  body  with  a  circular  cylindrical 
cut  under  the  impact  of  forces  P  shown  in  Pig.  31,  accomplishes  a 
radial  elastic  displacement  in  a  direction  from  the  center  0 : 


« — 20  cot  f  la  tg  -f- *  sio  | ?  . 


(227) 


‘See  Timoshenko  S.  P.,  Theory  of  elasticity,  1937,  p.  118. 


163 


f 


Pig.  30.  Pig.  31. 


Let  us  now  calculate  the  displacement  which  enters  into  the 

relation  (225).  If  p($)  is  the  normal  pressure  on  the  surface  of 
contact,  then  on  the  element  KL  of  the  internal  cylinder  (Pig.  32) 
force  p(z')rxd?'  will  act.  Jointly  with  the  same  force  applied  to  the 
diametrically  opposite  point  of  the  cylinder,  this  force  will  cause 
at  point  A '  a  radial  displacement  du^y  which  according  to  (226)  will 
equal 


{ -20,  [i  + 

+cos(?~  *')  la  tg  ]  4- 

+  *,8in|y  —  9'lj  iff.  (228) 

Let  us  asstime  that  further,  as  is  shown  in  Pig.  32,  that  region  of 
contact  corresponds  to  a  change  in  angle  <j>  within  limits  of  ~<pQ  to 
$0.  Then  we  will  find  the  complete  radial  displacement  of  point  A ' 
by  integrating  the  expression  for  the  elementary  displacement  du ^ 
with  respect  to  <j> '  within  limits  of  -<|>0  to  4>gt 

«lf-  \  P(?‘)r>  {  -20,[l+eo»<?-?')lntgliT&]  + 

+x,ain|?  — y'lj  d<?\  (229) 


With  derivation  of  formula  (229)  we  assumed  that  the  external  compres¬ 
sing  forces,  which  act  on  the  internal  cylinder,  are  distributed 
along  its  surface  symmetrical  to  the  pressure  which  they  cause  in  the 
region  of  contact.  This  assumption  is  permissible  due  to  the  fact 
that  the  pressure  in  the  region  of  contact  depends  little  on  how 
external  compressing  forces  are  applied,  and  with  solution  of  the 
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Pig.  32. 


contact  problem  it  is  possible  to  be  distracted  from  the  distribution 
of  external  compressing  forces  similar  to  the  way  we  did  this  in 
§  1  of  this  chapter  with  the  derivation  of  the  fundamental  equation  of 
the  contact  problem. 


Literally  repeating  the  reasonings  conducted  by  us  in  the 
derivation  of  formula  (229)>  we  will  find  in  conformity  with  (227) 
the  following  expression  for  the  displacement  w2p: 


j  d<?e. 


(230) 


Substituting  (22 9)  and  (230)  into  (225),  we  will  obtain  the  equation1 


~2(0,rl  +  0,rt)  ^  />  (?*)cw  (*-*')  in 

-»» 

**  «* 

+  {V»  +  W)  ^  ;>  (?‘)  sin  |  2  J  />  (*')<*?*< 

-*•  ->•  y 

“  *  co»  ?  —  (rt  -  r,)  (1  —  cos  ?), 


(231) 


where 


^or  the  numerical  solution  of  equation  (231)  the  method  of 
finite  differences  is  very  convenient  (see  Appendix  2). 


1&5 


*-^3. 

*ira,4(v?7r)'  * 


X-^,  p^  and  X?>  p2  -  elastic  constants  of  the  compressible  bodies. 
Let  us  now  consider  the  function  of  angle  <£: 


»• 


J(?)-2(01r,+01r.)  ^  P  {?')  «&{?-*')  1“  *S  *?' + 


* 

+  (v»  +  V»)  [  5  P  (?')  Ms  (?  ■ “  ?')  * 9 '  ~ 

-?» 

CO*  (9- ?')«??']  < 


(232) 


Let  us  calculate  the  derivative  J'  (<{>).  Since  when  <J>  >  <p ' 


?-?'  1 

I - L.  g,  _ - 


2 


and  when  <j>  <  ;j> ’ 


'hwitja-4 1.**? 


we  will  have 


r, lo  l*  “a”  "lUmn* 

Taking  into  account  formula  (230),  from  (232)  we  will  find 

*•  #  1 

r  (<?)  -  2  (V,  +  0 ,rt)  [  J  P  (f)  cos  {<?  -  '/)  In  tg  -^7*  <f ?'  + 

0*  * 

+  ^  />(?')<*?']  “-(Vi  +  V.)  [  ^  P(?')*to  (?-?')  <*?'+* 

•  **« 

+  ^  P  (?') »«  (9'  -  ?)  *?'  -  2p  (?)  ] ,’ 


(233) 


-H 
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whence 


^  P(?,)cta(9~~¥)  in  tg  fo*4-  '  • 

*  .  *•*&  .  .  » 

V  •  '  V  *  •  -..' 

4-{Vs4*Vi)^p(?')s‘»!?~?'M?',“ 

•  -** 

V  '  •  . 

“3(9^, +  8^,)  ^  P(?V?'4*2(v*4*V9)P(?W'(?)- 

-I# 

Substituting  {234 )  into  (231),  we  will  find 

?*  •  .  ’ 

2V»  \  P  (?')  <*?'  4-  2  (Vi  -f  Vi)  P  (?)  (?)  *»  •  ‘ 

-«i 

an  sees?—  (fl“-l*i)(l»- cca  $), 

whence 


(234) 


/'  (9>-  2  (b,t,  4*  Vi)  />*{?)  4-^1  ~  *V 4* 


4-2V.  ^  p{?')  <V — ('i— *i 4- «)  co*  f.  (235) 


Integrating  both  sides  of  equality  (235)  with  respect  to  <p ,  we  will 
find 

*  * 

s (?)*=» 2 (v« 4- Vi)  J  p(?*) d ?' 4-  *  ^ 

*»— r,4*20,ri^  p(<f’ 

-  -*»♦ 

where  0  —  arbitrary  constant. 

Differentiating  both  sides  of  relation  {231)  with  respect  to  $ 
and  taking  into  account  {233),  we  will  obtain 


)*f?  j  9  “  (ri  ~“rt +*)**n  ?4*  2?,  (236) 
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whence 


9 


p  (9*)  «m  (9'  -  9)  <*9  ]  »  “  (a+r, f , 


2  {©*r*  +  V»)  (9')  sis  (9  -  9')  la  tg  <??'  4-  .  .  *, 

“*  • 

+  (*A  +  V.}[  5  *<?')  coa  (?  “V)  (?0  C0»  (?  -  9'}  «??']” 

-*»  * 

n  V 

“2 (V*  +  V»)  ^  ^{?')ctg(9-9,)d?'-{R+r,~r1)«iaf. 


(237) 


Substituting  (237)  into  (232),  we  will  find 

u 

y(f)»2{0,rI+0,rg)  ^  p(9')ctg{9~9'Jrf9'-{a-f r.-rjaia?.*  (.238) 
-»# 


Substituting  (238)  into  (236),  we  will  obtain  the  equation 

V 

(V»+V«)  j  ^{?')c,j(?— ?'><**  —  (V»+V*lX 
,  -*» 

.  X  5  p(9')<*?'-P  +  r.?.  —9* < 9 < 9«  (239) 

A  * 


where 

T.-v/jJ  Pto')d<t'+~(r%~rj.  (2H0) 

Let  us  produce  in  equation  (239)  the  change  in  variables,  having  set 


tg¥-»,  tg  ?'«/. 


(2l»l) 


Let  us  find 


,  ,  n  t-Ms  star?'  44 -tn  it 

G‘ 2 (?-'<?')=* IJ^TsT  “ m '  d<  "iW 


and,  thus,  equation  (239)  will  take  the  form 


(S,r, + M  J  p  (aretg  l)  #  - 

a  • 

-  (*,rt  +  v»)  5  ~  riffle  M“P+r»ar6tg*>  -  e  <  »  <  a, 

6 


where 


a  **  tg  ?«> 


Using  the  identity 


1+1*  _  1  ,  1* 

<*-  o<s +»*f *  -  *  ”**  i+fi* 


it  is  possible  to  give  to  equation  242  (form) 


-P-P/i+VJ  \  dt^i'Urclgx,  ~0<s<«. 


Assuming  further 


i 

we  will  find 


p  (arctg  *) « (i  +  *»)  g‘t  (*J. 


Substituting  (246)  into  (244),  we  will  have 


(242) 


(243) 


(244) 


(245) 


(246) 
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c  •  .  ‘  • 

*"0 


-a<s<e. 


(247) 


Using  identity 


*+**+*...*  a 

7rr*7=T  *  *» 


let  us  give  to  equation  (247)  the  form 


O 

(Vj + <w  (i  4-  **}  jj  - (*»r,  +  vd  fft(s)  »  • 

a 

-  P  + (®»r» + V»> x ^  g; (/) dt + Y. wotg x,  ~a<*<«.  (248) 


Assuming  further  in  equation  (248) 


(249) 


we  will  have 


(Vi+Ve)(i  +  **)  ^~~--{*iri+*trt)g(z)~ 

— • 

-  (V»  +  V.)  *  [g  (e)  -  g  (  -  o)]  +  f#  arctg 


C  £!&*L ^ '•&£& _ g (z) . 


S+*»  1  1+**.  * 


—  ?<*<«, 


(250) 


where 


Tl - T. 

1  8/i  +  Vt' 


(251) 
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Substituting  (2*1  9j  into  (246),  we  will  find 


(l  ***)*'(«)? 


Hence 


**i  •« 


or,  assuming  Swtgf', 


■*  (  £(?W- 


Substituting  (240)  into  (251),  we  will  find 


Introducing  designation 


J  £(?')<¥ 

-?» 


we  will  be  able  to  give  formula  (254)  the  form 


7" 


+  *75  ' 


Substituting  (252)  in  (250)  and  using  designation  (256), 
have 


-*<*«• 


Assuming  in  (252)  we  will  find 

/>(?)«  800*  9g'(tg  9). 


(252) 

(253) 

(254) 

(255) 

(256) 

we  will 

(257) 

(258) 
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Thus,  detecting  from  equation  (257)  function  g(x),  by  the  formula 
(258)  we  will  find  the  unknown  pressure  p($).  Equation  (257) 
contains  two  unknown  constants  q  and  a  «  tg  .  Thus,  the  expression 
for  pressure  p(4>)  found  by  formula  (258)  will  contain  unknown 
constants  q  and  Designating  the  resultant  of  the  external 

compressing  forces  by  P  we  will,  as  one  can  see  from  Fig.  28,  have 

fa 

r»  §  P&) (259) 

"*S  '  V 

Substituting  the  expression  found  for  p($)  into  (256)  and  (259), 
we  will  obtain  two  equations  from  which  we  will  find  the  unknown 
constants  q  and  <S>Q. 

Thus,  the  contact  problem  examined  in  this  section  is  reduced 
by  us  to  the  solution  of  equation  (257)*  By  introducing  designations 


we  will  be  able  to  write  equation  (257)  in  the  form 


(260) 

(261) 


>•(*}«(*)  4-  ^  —•<*<«. 

•41* 


(.262) 


Equation  (262)  coincides  with  equation  (411)  in  §  7  of  Chapter  I. 
As  we  showed  in  Chapter  I,  by  replacing  *Cx)  by  the  approximate 
expression  of  the  form 


*  (*)•* 


«,4-a,s+.. 


(263) 


we  will  obtain  the  equation  for  which  it  is  possible  to  indicate  the 
exact  solution 
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|  (/}-$*/. (t)B(t)\co» (p{*}~ |& (/)]&  +  ‘ 

•  * 


•f cc*{x(s)-f  ct  *ia  (t  (s). 

(264) 

ysjfa. 

(265) 

n/.\ _ **  +  *i*  •  •  ■  +  •««**"* 

W  «,+«,*+...+*,*•  » 

(266) 

s 

(267) 

The  method  of  determination  of  constants  e„  c„  «,,  «, . which  enter 

into  the  indicated  solution,  was  also  shown  in  Chapter  I. 

Let  us  note  that  in  our  case 


*(-«)-  ~g(a).  (268) 

Indeed,  in  virtue  of  the  symmetry  function  p(<J>)  should  be  even, 
and,  consequently,  function  g’(®),  according  to  (252),  should  also 
be  even.  Consequently, 

(269) 

-a 

Further,  as  one  can  see  from  (.261), 

/(0)«0.  (. 270 ) 

Assuming  in  (262)  x  =  0  and  taking  into  account  (269)  and  (270),  we 
will  find 

$(0)«0.  (271) 
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Thus 


g(  —  6)s*  ^ g‘(x)dx j»  —  ^ g' (z)ds*a  —g(a), 


which  was  required  to  prove, 


Prom  relation  (253),  (255)  and  (268)  it  follows  that 


£(«)*»• f*  S(~o)  ■»  . 


(272) 


Substituting  (272)  into  (264),  we  will  find 


*  * 

~  sin  b  (*)  -  J»  (OJ#  4*  C,  C0»  K  (*)  4-  c»  sin  j»  (a). 


C273) 


Further  from  formula  (267)  it  follows  that 


Ji  (0)  tm  0. 


(274) 


Assuming  in  (273)  x  »  0  and  taking  into  account  (271)  and  (274),  we 
will  find 


<,«0.  (275) 

Assuming  in  (273)  x  -  a  and  taking  into  account  (275)  and  (272),  we 
will  find 


(, CO* I > (a) -  -J-  +  T*  \ 1*'^ W+*(l)*W)c«»I|i  W — I* !<)) 


-M  hw-j??]  »»Ha)-|>(l)]*c 
0 


(276) 


Substituting  (273)  into  equation  (427)  of  §  7  of  Chapter  I  and 
taking  into  account  (275),  we  will  obtain  n  equations 
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■  a  a  * 

l  {  \  \*'F  (t)  + X  <*}  1*  <<)}  cos  («)  -  p  («)]  ck~ 
x4+V+»^^rf*'-  iea^  4* •.••**“*•  (^77) 

where 

+  «*,**  +  ••• 

•••  +■<**£*)  (^»»#  +  S»os*  "$■  •••  +^r******)» 

A«0,  i,...,  *-i  (278) 

according  to  the  formulas  (425)  of  §  7  of  Chapter  I. 

Thus,  we  obtained  the  system  of  »  +  1st  equation  (276)  and  (277) 
for  the  determination  of  constants  e#,  ....  *,_4,  which  enter  into 

expression  (266)  of  function  /?(a),  and  constant 

Differentiating  (273)  with  respect  to  x  and  taking  into  account 
(267)  and  (275),  we  will  find 


*'(*}-  -*«-**?■*  (*)+**£  I 

V  * 
a 

+^i{*)t4|»(s).  (279) 


By  introducing  designation 


*  t/i+S/s 


we  will  find  according  to  (260)  and  (267) 


XW“1T?'  | 

n(z)=»|;arctgs.  j 


(280) 


(281) 
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1 

2 

i 

S 


Substituting  (279)  into  (258)  and  taking  into  account  (28l),  we  will 
obtain  the  following  expression  for  the  unknown  function  p($): 

p (?) »  -tsc'fF (tg  9)  ~  ~ R(t$  9) 4* 

t  sv  t  * 

+V  (  [ !0  +  ]"io  *{?-«« 

+*T[/»-a]  CGik($~~art;l$lldl  +  ttk&Q*kf.  (282) 

.  *» 

Substituting  (282)  into  (255)  and  (259) >  we  will  find  constants  q  and 
a  »  tg  $0,  which  enter  into  the  expression  obtained  for  p{$),  and 
we  complete  the  solution  of  the  contact  problem  examined  in  this 
section. 

In  conclusion  of  this  section  we  will  give  graphs  of  the 
pressure1  p(< j>)  for  three  values  of  angle  namely,  for  <f>0  »  30°, 

<J>0  “  50°  and  <J>Q  *  60°  (Fig.  33)*  calculated  by  author  for  the  case 
when  the  elastic  constants  of  both  compressible  bodies  are  identical 
and  Poisspn's  ratio  is  equal  to  0.3*  The  dashed  line  on  these 
graphs  shows  the  distribution  of  pressure  found  with  respect  to 
known  approximate  formula2 

^  “  '»(»»»?•«*?•+?•)  c°* 

which  provides  contact  of  the  compressible  bodies  along  the 
cylindrical  surface  of  radius  in  the  region  of  values  of  angle 

-?•<?<?*. 

Figure  3^  shows  the  dependence  between  angle  4>q  and  applied  force  P 
(In  Fig.  33  and  Fig.  3^  E  -  elastic  modulus  e  83  rg  -  r^).  The  dashed 

'For  the  calculation  of  them  see  Appendix  2. 

2Pathon,  Ye.  0.  and  Gorbunov,  B.  N.  Steel  bridges,  Vol.  II, 
Edition  3,  Kiev,  1931,  p.  23- 
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line  shows  the  dependence  between  these  values,  which  is  calculated 
in  accordance  with  the  theory  of  Hertz  discussed  by  us  in  §  1  of 
this  chapter.  This  comparison  clearly  demonstrates  unacceptability 
of  the  theory  of  Hertz  in  the  contact  problem  examined  by  us  in  this 
section. 


§  8.  Solution  to  the  Problem  about  the  Pressure  of  a 
Rigid  Stamp  on  an  Elastic  Half-Plane  on  the 
Basis  of  a  New  Hypothesis 

The  problem  about  the  compression  of  two  elastic  bodies  was 
first  solved  on  the  assumption  that  both  bodies  have  an  ideally 
smooth  surface.  In  a  number  of  contemporary  investigations  the 
compression  of  elastic  bodies  in  the  presence  of  friction  between 
them  is  examined.  It  would  be  more  correct,  meanwhile.  In  the  solution 
of  the  contact  problem  to  consider  the  microstructure  of  the  surface 
of  the  compressible  bodies.  Contemporary  physics  does  not  give  any 
completed  theory  of  the  surface  structure  of  a  solid.  In  view  of 
this  in  this  section  we  proceed  in  the  solution  of  the  contact 
problem  from  the  following  assumptions.  If  acting  on  the  surface 
of  an  elastic  body  is  a  certain  normal  pressure,  then  this  pressure 
causes  elastic  displacements  in  the  body,  which  appear  due  to  the 
deformation  of  the  whole  elastic  body  on  the  whole  and  which  are 
determined  by  differential  equations  of  the  theory  of  elasticity. 

Thus,  for  example,  If  acting  on  the  boundary  of  the  elastic  half-plane 
i~  the  normal  pressure  p(x)  in  region  — a<x<a,  then  the  point 
lying  on  the  boundary  of  the  elastic  half-plane  having  the  abscissa 
x  accomplishes  a  normal  elastic  displacement  equal  to  (see  formula 
-jf‘  Chapter  IT) 


6  ^  P  jT—j^  +  consh,  (.283) 


",  ••  i  i«*s  the  indicated  displacements,  the  normal  oressure 
,  i  given  point  of  the  surface  of  the  elastic  body  should  cause 
*<♦  r, till  a  certain  additional  normal  displacement, 

I,-  to  tne  purely  local  surface  strains  predetermined 
-'-urture  cf  the  given  elastic  body.  In  this  section 
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we  will  assume  that  this  displacement  is  proportional  to  the  normal 
pr  -sure  acting  at  a  given  point  of  the  surface  of  the  elastic  body. 
Thus,  if  acting  on  the  boundary  of  the  elastic  half-plane  is  the 
normal  pressure  p(x)  in  region  -a  <  *  <  a,  then  this  additional 
displacement  will  be  equal  to  zero  when  i*|>a  and  will  equal 

kp{*\  (284) 

when  }*}<*,  where  &  is  a  certain  coefficient  dependent  on  the 
surface  structure  of  the  elastic  body.  The  complete  normal  displace¬ 
ment  of  the  end  point  of  the  elastic  half-space  caused  by  the  normal 
pressure  p(x)  will  be  equal  to  the  sum  of  displacements  determined 
by  formulas  (283)  and  (284),  i.e.,  will  equal 

* 

*P( •*)+&  ^  P(01tt-j7r7j- *  +  »—«<*<«.  (285) 


Let  U3  now  return  to  the  problem  about  the  pressure  of  a  rigid 
stamp  on  the  elastic  half-plane  examined  by  us  in  B  3  of  this 
chapter.  If  the  stamp  has  a  flat  base  with  width  2a,  then  when 
-a  <  x  <  a  the  normal  displacement  of  end  points  of  the  elastic 
half-plane  should  remain  constant.  Thus,  according  to  expression 
(285),  for  this  normal  displacement  to  determine  the  pressure  p(x) 
under  the  stamp  we  will  have  equation2 

« 

Ap(x)+9  ^  p (l) lo  dt a ceiut.,  —a < s < a  (286) 


Instead  of  equation  (115). 


Differentiating  with  respect  to  x  both  sides  of  equation  (286), 
we  will  obtain  equation 


*Let  us  note  that  the  hypothesis  advanced  ty  us  in  this  section 
represents  a  unique  combination  of  Hertz’s  theory  with  Winkler’s 
hypothesis.  When  k  -  0  we  arrive  at  Hertz’s  theory,  and  when 
we  arrive  at  Winkler’s  theory. 

2See  Appendix  2,  Section  4,  for  a  numerical  solution  of  equation 

(286). 
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hp'(s)+  ^  ~a<*<e, 


C287) 


where 

This  equation  for  function  p Gc)  coincjdes  with  equation  (450) 
in  §  7  of  Chapter  I  for  function  g(a)  when 

/(*)» 0, 

According  to  formula  (467)  in  §  7  of  Chapter  I,  we  will  find  in  this 
case 


f  f  J^x  <*-«*+ 

t> * 

+  cot  -j-e*  eta  • 


(.288) 


where 


5  (z)  -  ^-1  &?  ±.- f  ^ 


(289) 


Having  constructed  for  X  the  approximate  expression  of  the  form 


X  -  K  a*-*1* 


(290) 


we  will  find  constants  {}4I  which  enter  into  expressions  for 

S(x),  from  equations 


(  e(a  i  f  Ml  I  i,u  yWftM 

p(  — — fl)  a  t  *  |  ^  i 

?A»  £*0,  1,  1, 


(291) 


wnere 


/**  (0  •»  (6, + bj  + . . .  -f-  V4)  (o«.i+ e*«*/  *f . . .  +  a,***-*”1) — 
‘  -  (a,  +  «,<+...  +  a*/*)  (&*.-,  +  W +.' •  *  +  M®*®"*), 
A=»0,  n  — 1, 


(292) 


180 


(see  formulas  (^69)  and  (*i25)  In  §  7  of  Chapter  I). 


With  the  proper  selection  of  coefficients  k,  k^,  and  k 2> 
function 

(293) 

in  the  interval  ~a<*<a  is  close  to  unity.  Thus,  for  example,  if, 
following  N.  I.  Muskhelishvilli1  we  set 

A«l,  A, t=  0,9,  A.-O,  (29*0 

we  will  have  the  following  values  of  function  iptx): 


* 

0,1  a 

0,1  a 

0,3a 

0,U 

0,5a 

0,6e 

0,7a 

0,8a 

0.9  a 

*(*) 

1,00 

1,02 

1,03 

1,03 

1,06 

1,06 

1.03 

0,93 

0,75 

Thus,  it  is  possible  approximately  to  assume  that 


X «« ).<f  (z) 


Ik  o*_+S ji* .  r 
a  al  +  ktx*  ’ 


By  comparing  (295)  with  (290),  we  will  find 


(295) 


b} »  o bi  <a0|  =3  aA,. 


(296) 


Substituting  (296)  into  (292),  we  will  obtain 

Pt  (?)  e»  a3). /.'A,?  —  /.Aa'aA,?  =*  AAa*  (A,  —  A,)  ?,  | 
(?)  a  a3/.  A  A,  — i.ka'ak ,  ™  XAa’  (A,  ~  A,).  j 


(297) 


Substituting  (296)  and  (297)  into  (291),  we  will  obtain  equations 


l3ee  N.  I.  Muskhelishvili ,  Singular  integral  equations,  p.  386. 
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J 


f  f  «  ]  dtsa  p(“)  .  _ ?• _ _ 

i  pv*di  “  •(!+*,) +« (»+*,>  ^{k7=T7r 

-3 


/>(«}  />(“«)  ?j 

dt  “w+jq  a*(i+*;)  &«*<*; ^*3* 


(298) 


But  since  in  virtue  of  symmetry,  function  p(x )  should  be  even,  then 


! 

( 


2k}tp  (t) 


ck«0, 


/>(  —  <:)=*// (a). 


(299) 

(300) 


Substituting  (299)  and  (300)  into  the  second  of  equations  (298), 
we  will  find 


p4«=»0. 


(301) 


and  the  first  of  equations  (298)  can  be  represented  in  the  form 


#*~*;<*  2  p(a)  P« 

(a* +*.«*)*  al  “a  (1+*,)  —**«»(*! ~*|)* 


(302) 


Substituting  (296)  and  (301)  into  (289',  we  will  find 


$<*>« 


(  303) 


Substituting  (303)  and  (300)  into  (288),  we  will  obtain 


\ 


..  9. 

fM-jnl  -;•+»;“*  +  ~r-}  *+ 

e  b 

1  «* 

+  Ct  COS  -j  C,  HQ  j-  . 


( 301* ) 


t 

l  Assuming  in  (30*0 


z  =»  aE,  t  &  a t. 


(305) 


we  will  find 


i  *$1  r°*  {?-*)*  «  sin^a;C-t)(Jt 

j . W-+^(a) 


.  *a£  i  *  :  *a* 

*J*  C,  COS  —j—  "f*  C8  £1B  “j~ 


Let  us  introduce  further  the  designations 


«  _  a  »»  _  * 

2Tte”P'  T  c' 

*  i 

/»««»«>— 7T  J  “T+  v» . '  /•(«*«>- 7  J — rr?~~« 


Then  formula  (306)  can  be  given  the  form 


p{a\)t^^fv  (l,c)  -i- p(a)  ft  («» tf)  4*ci cos c;-f  c, sine;. 
Since  function  p(x )  should  be  even,  we  should  have 

c,  *«0. 


Assuming  in  (309)  S  -  1  and  taking  into  account  (310),  we 

P  (o)  -  ?/» (1 ,  c)  +  P  («)  /» (1/  *)  +  cos  c. 

Substituting  into  (302)  expressions  for  t  and  gQ  from  (30 
we  will  obtain 


\  \  p{<”) 


l  — 

(1  +*.;*> 


s* 


P(a)  3 

“  r+F 


If  further  we  designate  compressing  force  tv  P,  w»-  will 


(306) 

(307) 

(308) 

(309) 

(310) 
will  find 

(311) 

)  and  (307), 

(312) 


or,  if  one  were  to  assume  t  a  ax: 


(313) 

Substituting  ( 310)  into  (30$),  we  will  find 

P  (a  50  “  P/«  (•»  c)  +  p  (a)  A  («» «)  4-  cos  fj.  (314) 

Substituting  (314)  into  (312)  and  (313)  and  joining  relation  (311) 
to  the  obtained  equations,  we  will  obtain  a  system  of  three  linear 
equations : 


P  [  a  \fi  c)  dx  +  J  + 

+ P  («)  [  -j  \h  (t,  c)  ^  *  t)t  di  -  ]  + 

+'i  icotex(TTT^tdxa0> 

*  t 

P  J  M*.  0  * + P  W  5  /-.  <t,  c)  dx + 2Ci  lilc «  , 

?/«(*»  0  +  P(«){/.(l,  c)—i)-f  c, ccsc=»0, 


(315) 


for  the  determination  of  three  unknown  constants  6,  p(a )  and  <j  . 
having  detected  S,  p{a)  and  c-^  from  equations  (315)  and  substituting 
their  values  into  (114),  we  will  find  the  unknown  pressure  under  the 
stamp  p(x) . 


Figure  35  shows  graphs  of  pressure  p(x)  under  the  stamp  for  the 
following  values  of  parameter 

C  *=■  0,  C  <=  0,1,  C  »  1, 
c*=<10  an  1  c  =»  oo, 

r'i'  ’  =  00  '"rresponds  to  the  con lonal  theory  of  tne  -tamp,  in 

’'ianoe  w'*\  w-  i  ■  w  •  t.  x:=<a  ’  ■  proscu^'-  p(x,'  ’  arr.  intf 


Pig.  35. 


At  finite  values  of  the  parameter  a  pressure  p(x)  remains  limited, 
and  in  the  limiting  case  o  =  0  we  will  obtain  the  evenly  distributed 
pressure  under  the  stamp. 
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III 


AXISYMMETRICAL  CONTACT  PROBLEM 


§  1 •  Mathematical  Introduction  to  the  Axl symmetrical 
Contact  Problem  of  the  Theory  of  Elasticity 


In  this  section  we  show  the  general  solution  of  the  fundamental 
equation  of  the  axisymmetrical  contact  problem  of  the  theory  of 
elasticity 


\\P~ 0<r<a,  (1) 

X 

where  region  of  integration  I  is  a  circle  of  radius  a  (Fig.  36),  do  - 
element  of  the  area  of  this  circle,  E  -  distance  between  point  A, 
which  remains  motionless  in  the  process  of  integration,  and  point  A  ' 
included  inside  element  do,  p(r)  -  unknown  function  of  distance  r' 
from  point  A  '  to  the  center  of  circle  0  subject  to  determination 
from  equation  (1),  and,  finally,  fir)  -  assigned  function  of  distance 
r  from  point  A  to  the  center  of  circle  0.  With  respect  to  the 
assigned  function  fir),  below  we  will  assume  that  it  is  continuous 
together  with  its  first  derivative  when  0  <r<a. 

Let  us  present  integral  extended  on  the  area  of  circle  I,  which 
stands  in  the  left  side  of  equation  (1)  in  the  form  of  a  multiple 
integral,  selecting  polar  coordinates  R  and  ip  as  variables  of 
integration  with  the  center  at  point  A.  Integration  with  respect  to 
the  variable  R  must  be  produced  within  0  to  /?Q ,  where  R Q  -  distance 


1 


between  points  A  and  B  in  Pig.  36,  and  subsequent  integration 
with  respect  to  \p  -  within  0  to  2tt.  The  area  of  element  do  is  equal 
to  RdRdip  and,  thus,  equation  (1)  will  take  the  form 

in 

\d<t^p{r')dn~f{r),  0  <r<a.  (2) 

a  o 

Distances  r '  and  /?Q  entering  into  equation  (2)  are  expressed  in 
terms  of  variables  R  and  ip  by  relations  (see  Pig.  36) 

r' «  \/  R,™-2Rrcos<(  +  r‘, 

Rt  ™  r  cos  ^  -f j/  a*  ~  r1  sin* 

Let  us  introduce  into  the  consideration  angle  0,  determined  by 
relation 


(3) 

(4) 


cosO 


R  —  r  cos  i}* 


0<0<K 


(5) 


(as  can  be  seen  from  Fig.  36,  the  rati  standing  in  the  right  side 
of  equality  (5),  in  absolute  value  does  not  exceed  unity).  Let  us 
designate  further  by  0(^)  that  value  vhieh  *  axt  •  angle  0  when  F.  =  0: 


co»0  (0) 


T  COS 

i*o*  ' 


and  let  us  turn  in  equat  ion  (2)  from  Me*  va^at  le  of  integration  H 
to  the  variable  0.  From  (!  '  we  flni 


:.;e 


m 


E-..J 


.f 


:  'I 


itt? 


3 


whence 


i?=»rcos$-f  cosO  y a'~  r’sia’ty, 
dRxz  —  sinO  — 


.  ? 


^p(r')dR t=>  ^  />(0  Y a> — r'sia*V  sin 0 cf&( 


since  according  to  relations  (*0,  (5)  and  (6)  angle  0  is  changed 
from  0  to  6(\p)  when  R  is  changed  from  Rq  to  0.  Substituting  (7) 
into  (2),  we  obtain  equation 

J«  «<»>  •  _ _ 

\d'j  ^  0 <r<a.  (8) 


Prom  relations  (3)  and  (5)  we  find 


r‘  m  1/ (7i  -  r  cos  y)‘  +  rJ sin*  9  =»  j/coa'U  (a*— r‘ sin* 

«=  j/(o‘  — r'iin'y)  ,1  —  jin’O)  -f-  r'aia'<{»-« 
o  j/d*  —  (a*  — r*  sin*  9)  sin"  0. 

Equation  (8)  can  be  presented  in  the  form 


«  «(r)  _ 

\  <fy  \  />  (/•')  j/V  ~  r*  sin*  9  sin  0  dO  + 


Sn  •({.> 


^  p(r>)  /**• 


•  r'sia'y  siaOdO»>/(r}l  0 <r<a.  (10) 


Replacing  0  by  r—0,  we  find 


V'  c 

\  />  (r')  sia  0  iiO «—  \  p(r')sia8d\>f 

£  *  *-«<o 


sin<’<*  according  to  (0)  with  this  replacement  r'  retains  Its  value 
Using  tne  relation  (11)  and  replacing  >p  by  tt  +  \p,  v;e  obtain 


?  _ _ 

*  * 

?»  B  • 

*m{d$  ^  pi/)  V^i*“-r*Bas ^  siaO  M « 

’  i  *-3®  '  ... 

H  1* 

^  pi/)  j/«*— r*«in®fr  *5iaS<?&.  (12) 

*  *-9(*H> 

But  from  relation  (6)  it  follows  that 

co«  a  (a-f-fr)*-  -7  -I?? ====•  -  —eo*a(fr), 

y  -  r**U*f 

whence 


a{»*fcfr)«=-«(t),  (13) 

since  according  to  condition  0<S(fr)<i:.  Substituting  (13)  into  (12), 
we  find 

txx 

mu' 

^  ^  (O  Y ?—r‘  •in*  fr  (in  8  d&.  (1^) 

o  4> 


Substituting  (14)  into  (10),  we  obtain  equation 

* 

^  dfr  ^ /^r'jj/o'  —  r*  sin’ fr  sin  0  <?!)=*/ (r),  0  <r<«.  05) 

o  • 


Substituting  (9)  into  (15),  we  will  have 


^  ifr  — (a’— r'sin'OJiin’Uj^a*— r’»ia*fr  siafl rfS »/(rJ,  06) 

6  b 

0  <r <fl. 


_ V 

\  /» (K)  }/"«*-- r*  »in' fr  sin  6  <f8 «« 


Let  us  introduce  further  designation 


(17) 


F(r)aa2  \  f{/a5~(a‘~rV«Q50#aVi^iin0^i>,p<?<a. 

f  •  ■  •  >  >-<  ';  •; 

Using  this  designation,  we  ean  give  to  equation  (16)  the  form 

ft 

4$F{rtin*)tf*«/(r),  0<r<;«.  ,  (18) 

a 

'  Setting  in  (17)  r-/a^7;  we  obtain 
« 

J  M/r-etorvt ..ioo <» -§•*</?=?),  0<f<a.  (19) 

Introducing  designations 


(20) 

P(/F~7M<?(,),  (21) 


we  will  be  able  to  give  to  equation  (19)  the  form 

fS  * 

•j  jjf(MiaO)«W »<?(|»)#  0<p<«. 

a 

Setting  in  (20)  we  find: 


P(') 


r(i'V-r») 


0  <  r  <  «. 


Prom  (21)  it  follows  that 

G(?)»~-P(/a^~p'  )  ,  0  <  p  <  e. 


(22) 


(23) 


(24) 


Thus,  determining  from  equation  (18)  function  Fir),  from  formula 
(24)  we  will  find  function  Gi p).  Determining  further  from  equation 
(22)  function  g(p),  by  formula  (23)  we  will  find  function  pir), 
which  represents  the  solution  of  the  initial  equation  (1).  Thus, 
we  reduced  the  solution  of  equation  (1)  to  the  sequential  solution  of 
two  Identical  equations  (18)  and  (22)  for  functions  Fir)  and  g(p). 
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Replacing  by  «—$,  we  find 


J  F{r*io  \V(rsla$)rff/ 


whence 


16  */» 

da  $)<£$«»  •  . 

+\  P(r»in<$d$m2\P(™*W* 

*/*  * 


(25) 


Substituting  (25)  into  (18) ,  let  us  give  to  equation  (18)  the  form: 


F{r&i<i)d$"°Hr),  ©<?<«» 


similarly,  equation  (22)  can  be  given  the  form 


(26) 


•${*).  ©<*<#. 


(27) 


In  order  to  obtain  the  solution  to  equations  (26)  and  (27)*  let  us 
prove  that  for  any  function  fir)  continuous  together  with  its  first 
derivative  when  ©<r<«,  there  is  the  identity 


*/* 


^ ?*fe$)r««t t/(r)-/(0)J*  0<r<a. 


Let  U3  introduce  instead  of  variable  of  integration  <//  a  new  variable 
S,  assuming 

tarsia  t* 


Let  us  find 


d;«Brecs$<?$,  d$‘ 


_ 4% 

7W^rUlJ^  * 


T 

(rain  9  «nf)reio  $<*</«•  |  /'(5*ia?)pl^ 
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Using  relation  (29)  and  changing  the  order  of  integration,  we  will 
find 


If  in  the  multiple  integral  standing  in  the  right  aide  of 
relation  (3?)  we  examine  variables  £  and  n  as  rectangular  coordinates, 
then  the  region  of  integration  will  be  the  triangle  shaded  in 
Pig.  37.  Actually,  first  at  fixed  K  integration  is  conducted  with 
respect  to  n  from  n  ®  0  to  n  ■  S,  then  integration  with  respect  to 
C  from  0  to  r  is  produced.  If  in  this  multiple  integral  we  change 
the  order  of  integration,  then  in  order  that  the  region  of  integration 
is  preserved,  we  must  initially,  with  fixed  n,  integrate  with  respect 
to  5  from  ?  ®  n  to  ?  8  r  and  then  integrate  with,  respect  to  n  from 
0  to  r  (Pig.  37).  Thus,  if  one  were  to  change  the  order  of 
integration,  relation  (32)  will  take  the  form 


*t*  *t* 


(33) 


Let  us  replace  now  the  variable  of  integration  £  by  a  new  variable 
£,  setting 


Let  us  find 


i  (34) 

I 


Substituting  (34)  Into  (33) »  we  obtain 


i  r 

/'(rsiaf  lifter timqdim ~  J  g{Ql), 


QED. 


Using  identity  (28),  It  i3  easy  to  obtain  the  solution  to 
equation  (26).  Let  us  assume  first  that  there  exists  function  P(jp) , 
which  is  continuous  together  with  its  first  derivative  when  0<r<c 
and  which  satisfies  equation  (26).  Differentiating  both  sides  of 
equation  (26)  with  respect  to  r,  we  will  obtain 

%!* 

{  sin •>/’(?),  0<r<«..  (35) 
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Replacing  in  (35)  r  by  r  sin  <$>  and  integrating  both  sides  of  the 
obtained  relation  with  respect  to  $  within  limits  from.O  to  ?r/2j  we 
will  find 

,  i 

i  -  '  „  r  v . 

,  ' " w  * 

\  ^  ^'{r*in  ?)<??.  0<7<««  (36) 

i  a  • 

Multiplying  both  sides  cf  relation  (36)  by  r  and  taking  into  account 
identity  (28) 9  we  obtain 

|F(r)-F(0)J-r  (37) 

Assuming  in  (26)  r  *  0,  we  find 


Y  F(O)™/{0&,  (38) 

Substituting  (33)  in  (37) »  we  will  come  to  the  conclusion  that 
if  equation  (26)  has  a  solution  continuous  together  with  its  first 
derivative  when  0<r<«,  then  this  solution  should  have  the  form 

*/« 

f(r)-l[/(0)+r  jj/'(rsin9)<*?],  C <*•<«.  (39) 

Let  us  prove  now  that  function  F Cr),  determined  by  formula 
(9),  Indeed  satisfies  equation  (26).  Using  identity  (.28),  let  us 
find  from  (39) 

«/* 

*/»  «/»  «/• 

-~  [/(°)  j  +  [  d)  ^  /'(r«ia9«in^)r*ia^rff ] ** 

0  8  0 

”  f{  T/ 1°)  -*"7  l/W-/(0)]}  -/M.  0  <r<«.. 


i.e.,  function  Fir),  determined  by  formula  (39),  indeed  satisfies 
equation  (26). 
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Analogously,  equation  (27)  will  have  the  solution 

ft/* 

sM»t[c(0)+^  5  (p  si  n  j  g  0  ^  ( 4 0 ) 

Substituting  (39)  and  (40)  into  (24)  and  (23),  we  will  find 

ow-n[/W+/«r=?  v/'(/?:7,“«?)i»3..  (*1) 

*  •  / 

0<f<a »  • 

’  *  # 

J ©'(/«r-rl«la?)rff ],  (*»2) 


Formulas  (4l)  and  (42)  determine  the  solution  of  the  initial  equation 
(1).  It  is  possible,  however,  to  present  the  solution  in  a  more 
convenient  form  for  calculations.  From  (24)  we  find 

e<0)-|?;s).  <?«— (H3) 

Substituting  (43)  into  (42),  we  obtain 


Va*  -  ?  sin  ?  df  1  • 


(44) 


Let  us  produce  now  in  (44)  replacement  of  the  variable  of  integration 
<f>,  assuming 


<j» — (a*  —  r*)  «ia*  ?  »  *”• 


Let  us  find 
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Substituting  (47)  into  (39)»  we  find 

/'W-v[/<0)+>’ *<r<‘-  (48) 

In  conclusion  of  this  paragraph  let  us  show  one  more  simple 
formula  for  the  solution  of  the  initial  equation  (1). 

Below  we  will  assume  that  function  F(r)  has  a  continuous  second 
derivative.  Differentiating  both  sides  of  relation  (39)  with  respect 
to  r,  we  will  find 
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.  */* 


|  ^  /B(P8ia?)rein^<ff  J , 

0<r<e. 


(49) 


Assuming  in  (49)  y  sin  $  «  cr,  we  will  have  (see  (47) 


o  <r<s. 


(50) 


Substituting  (50)  into  (46),  we  find 


<S  0 


/W~  -y )  *  |  •  °<'<*  <5i) 


where 


e~hFM  (52) 

Substituting  (48)  into  (52),  we  obtain 


.-*[/»+.  jgg]. 


(53) 


If  in  the  multiple  integral,  which  appears  in  formula  (51), 
variables  of  integration  a  and  o  are  examined  as  rectangular 
coordinates,  then  the  region  of  integration  will  be  the  trapezium 
shaded  in  Pig.  38.  Actually,  first  at  fixed  a  we  integrate  with 
respect  to  <7  within  o  ■  0  to  0  ®  a,  and  then  we  integrate  with 
respect  to  a  within  r  to  a.  If  one  were  to  change  the  order  of 
integration,  the  initial  integration  with  respect  to  a  will  have  to 
be  conducted  within  a  =  r  to  a  =  «,  if  0  <  r,  and  within  a  =  c  to 
«  “  a,  if  a  >  ?,  i.e.,  within  Sq  to  a ,  where 


when  a<r,  \ 
when  9>r.  J 


(54) 


Subsequent  integration  with  respect  to  a  should  be  produced 
within  0  to  a.  Thus,  after  a  change  of  the  order  of  integration 
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Pig.  38. 


*wr 

rs.fa 


formula  (51)  will  take  the  form 


p(r)*=*  —•  \  da  {  di -H  "t— = ,  0<r<a.  (55) 


0  t« 


When  o  <  r,  assuming 


*  ~ ,  atm  hr, 


we  find  according  to  ( 54 ) 


?  j.  _ r 


The  definite  integral 


P(2,  *)=  ^ 


rft 


is  called  the  elliptic  integral  of  the  first  kind,  p"'3  there  are 
detailed  tables  which  give  its  value  depending  upon  the  upper  limit 
x  and  parameter  k ,  called  the  modulus  elliptic  integral.  Thus, 
formula  (57)  can  be  given  the  form 


when 


a<r  ? - *L  -i-[F(l,  k)-F(x,  &)], 

3  («*-•*)  ' 


r  •  *  • 

*  s‘“T» 
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according  to  (56). 


When  a  >  r,  assuming 


***  —  ,  ?***9kt. 


(60) 


we  will  find  according  to  (5*0 


f _ *l . _ 'Ji _ 

4 7V=*P=Z  i .... / (£-*>) (^-1) 

~l  r  <ft 

*»—  \  — — = ■ - rrsrrra  » 


Using  designation  (58),  we  will  be  able  to  give  to  formula  (6l) 


the  form 


when  “>?  \  7w=m^r  ^nu 


Z  rat  —  „  k  #»  — 
a  3  • 


according  to  (60). 


Formulas  (59)  and  (62)  can  be  united  into  one: 


A 

.f  °  -  ( F  (1 ,  h)  -  F  (x,  ft)], 


where 


zra-i,  ft » “  when  o<r, 
s<=.-,  ft=a-  when  o>r. 

A  1  « 


Substituting  (63)  into  (55),  we  find 


1  C  HO +  «/'(«) 


[F(lift)-F(x,*)](f«  +  -Pf= 

K  «*  — 1 


0  <  r  <  a. 
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In  formula  (65)  x  and  k  are  functions  of  the  variable  of  integration 
cr,  which  are  determined  by  formula  (64),  and  the  constant  a  is 
determined  by  formula  (53)- 

Thus,  for  the  solution  of  equation  (1)  we  obtained  two  formulas: 
formula  (46),  where  function  F(r)  is  determined  by  relation  (48), 
or  relation  (39),  and  formula  (65).  In  those  cases  wnen  function 
F(r),  appearing  in  formula  (46),  is  determined  in  the  elementary 
functions,  it  is  advantageous  to  use  formula  (46)  as  being  simpler. 

If,  however,  the  definite  integral,  which  appears  in  formula  (48) 
for  function  F(r),  is  not  expressed  in  elementary  functions  and 
requires  methods  of  approximation  of  the  calculation,  it  is  more 
profitable  to  use  formula  (65)-  Calculation  of  the  integrand  in 
formula  (65)  is  easily  carried  out  with  the  help  of  tables  for  elliptic 
integrals;  after  the  series  of  values  0,  included  in  the  interval 
of  integration  (0,  a )  its  numerical  values  are  calculated,  it  is  pos¬ 
sible  to  calculate  the  value  of  the  definite  integral  appearing  In 
formula  (65)  according  to  any  method  of  approximation  from  the 
theory  of  mechanical  quadratures  (by  the  trapezium  formula,  by  the 
Simpson  formula,  etc.). 

§  2 .  Compression  of  Elastic  Bodies  Limited  by 
Surfaces  of  Rotation 

In  this  section  we  examine  the  axisymmetri'cal  contact  problem 
of  the  theory  of  elasticity,  i.e.,  the  problem  on  the  compression 
of  two  elastic  bodies  limited  by  surfaces  of  rotation,  where  it  is 
assumed  that  the  axes  of  symmetry  of  the  compressible  bodies  coincide 
and  resultants  of  compressing  forces  lie  on  this  general  axis  of 
symmetry.  Let  us  construct  the  system  of  cylindrical  coordinates, 
r,  <J>,  s,  directing  the  z  axis  along  the  common  axis  of  symmetry  of 
compressible  bodies  and  disposing  origin  of  the  coordinates  at  the 
point  of  contact  of  the  elastic  bodies  (Fig.  39)-  Let  us  assume  that 

and  s  =  —  s,(r)  (66) 

equations  of  surfaces  limiting  the  compressible  bodies  (we  will 
consider  as  the  first  -  that  body  inside  which  positive  semiaxis  2 
passes).  Let  us  assume  that  further  A  ^  and  A.,  are  two  points  of 


■'1 


surfaces  of  compressible  bodies  arriving  in  contact  with  compression, 
and  and  «2  are  their  elastic  displacements.  The  distance  a  bet wee: 
points  and  B-,  in  Fig.  39  constitutes  the  approach  of  elastic 
bodies  with  compression  and  will  be  constant  for  no  matter  how  many 
pairs  of  points  arriving  in  contact  with  compression  we  fulfilled 
the  construction  shown  in  Fig.  39.  If  ?  is  the  distance  from  the 
axis  of  symmetry  on  which  points  and  /2  appear  after  compression, 
then,  disregarding  smalls  of  a  higher  order,  one  can  assume  that  prior 
to  the  compression  points  Aj  and  Ag  had  coordinate  »  equal  according 
to  (66)  to  s^r)  and  -*2(r).  Ihen  from  Fig.  39  it  follows  that 

<67) 

where  and  «2a  are  projections  of  elastic  displacements  and  u 2 
on  the  a  axis.  Let  us  now  turn  to  the  calculation  of  these  elastic 
displacement . 

We  will  consider  surfaces  of  compressibel  bodies  to  be  perfectly 
smooth  and  will  designate  by  p(r)  the  normal  pressure  appearing 
in  the  region  of  contact  at  distance  r  from  the  axis  of  symmetry. 

We  will  further  approximately  consider  that  unknown  displacements 
u^t  and  u2a  will  be  the  same  as  if  the  pressure  appearing  in  the 
region  of  contact  acted  on  the  upper  and  lower  elastic  half-spaces 
with  the  same  elastic  constants  as  those  of  the  compressible  bodies. 
In  virtue  of  the  axial  symmetry,  the  region  of  contact  will  be  the 
circle  of  a  certain  radius  a  unknown  as  yet  (Fig.  40).  Let  us  assume 
that  da  is  the  element  of  area  of  this  circle  covering  point  A ' 
located  at  distance  rf  from  the  axis  of  symmetry.  Acting  on  this 
element  of  area  will  be  the  normal  force  p(r')do.  As  is  known,  the 
normal  force  P,  which  acts  on  the  elastic  half-space,  causes  at 
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tsm 


distance  R  from  the  point  of  its  application  a  normal  displacement 

on  the  surface  of  the  elastic  medium  equal1  to  where 

elastic  modulus*  and  y  -  Poisson's  ratio. 

* 


Itous,  the  pressure  acting  on  the  element  of  area  da  causes 
at  point  At  shown  in  Fig.  40*  a  normal  elastic  displacement  du* 
equal  to 


where  R  -  distance  between  points  4  and  4'.  In  order  to  obtain  the 

complete  normal  displacement  ug  at  point  4,  which  is  at  the  distance 

r  from  the  axis  of  symmetry,  it  is  necessary  to  integrate  the 

elementary  displacement  du  with  respect  to  the  whole  area  of 

s 

contact.  Let  us  find 


us«-& 


(68) 


If  by  Z  we  designate  the  circle  of  the  radius  a,  which  represents 
the  region  of  contact.  Thus,  the  unknown  displacements  «la  and  «2g 
will  equal 


where 


C  69) 


C70) 


*See  Timoshenko,  S.  P.,  Theory  of  elasticity,  1937*  p.  364. 


S-L  and  E2  -  elastic  moduli,  and  y1  and  p2  -  Poisson’s  ratio  of 
compressible  bodies. 

Substituting  (69)  into  (67),  we  will  obtain  the  equation 

<><*■<«,  (71) 

or 

0  <r<«,  (72) 

X 

where 


m 


C73) 


Equation  (72),  obtained  by  us  for  the  determination  of  pressure 
p(r)  in  the  region  of  contact,  coincides  with  equation  (1)  of  this 
chapter  studied  by  us  in  §  1.  As  we  showed  in  §  1,  the  solution  of 
this  equation  is  determined  by  formula  (46): 


(74) 


where  f(r)  is  the  function  determined  by  formula  (48)  or  formula 
(39).  Substituting  (73)  into  (48)  and  (39),  we  will  find 


P(r) 


»<«,+•*)  [a~r!i 

<1 


fi 


0  <  r  <  a. 


(75) 


or 


s 

0  <  r  <  a. 
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since  *i(0)««s,(0)w0  (see  Pig.  39).  It  is  also  possible  to  use 
formula  (65)  for  the  unknown  pressure  p(v)  in  the  region  of  contact. 


The  solution  obtained  by  us  contains  two  unknown  constants: 
radius  of  the  region  of  contact  a  and  approach  of  bodies  with 
compression  a.  Let  us  turn  to  their  determination. 

As  can  be  seen  from  formula  (7^)s  if  P(a)4:0,  then  pressure 
#(r)->co,  when  r~ >a.  Thus,  so  that  the  expression  found  by  us  for 
pressure  p(r)  remains  limited  in  the  whole  region  of  contact,  it 
is  necessary  that  there  is  equality 

F(a)tmO.  (77) 

If  condition  (77)  is  fulfilled,  formula  (7*0  takes  the  form 

p«— «<'<«• 

f  ' 

Pressure  p(r),  determined  by  formula  (78),  on  boundary  of  the  region 
of  contact,  i.e.,  when  r  *  <t,  becomes  zero. 

Substituting  (75)  and  (76)  into  (77) >  we  will  obtain  for  the 
approach  of  bodies  with  compression  a  formulas 


a 


yV-t*  ' 


(79) 


or 


r,a 

a  —  a\  [s' (a sin ?)  +  sj (a sin ?)]«??.  (.80) 


Let  us  designate  further  in  terms  of  P  the  magnitude  of  the 
resultant  of  compressing  forces.  Pressure  p(r)  appearing  in  the 
region  of  contact  should  balance  force  P,  and  consequently,  integrating 
the  pressure  p(r)  with  respect  to  the  whole  region  of  contact,  we 


should  obtain  force  P.  With  the  designations  accepted  by  us  we 
will  obtain  the  condition 


(81) 

or,  since  the  element  of  the  area  da  in  polar  coordinates  r',  <*>'  is 
equal  to  r’dT'db’,  we  have 


X&*'\p(r'V 

8  a 


i.e. , 


6 

2s  ^pir'-ydr’^P. 
a 

Substituting  (78)  into  (82),  we  will  find 


(82) 


(83) 


If  in  the  obtained  multiple  integral,  variables  of  Integration 
r'  and  s  are  examined  as  rectangular  coordinates,  the  region  of 
integration  will  be  the  triangle  shaded  in  Fig.  41.  As  can  be  seen 
from  the  same  figure,  if  one  were  to  change  the  order  of  integration, 
relation  (83)  will  take  the  form 


or,  since 


we  have 


-H»-* 


(84) 


m9. 


(85) 
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Fig,  Hi, 


Fulfilling  partial  integration  in  (85) >  we  obtain 


If 

or 

o 

^FtydsmP 

u 


(86) 


in  virtue  of  condition  (77). 

Substituting  (75)  into  (86),  we  find 


?  dc**~*P  (8,  +’©,). 

/**-«*■  *■ 


Substituting  (79)  into  (87),  we  obtain 


(87) 


da 

j/tt*— «a 


,««) +»;(*> 


*-4^(0,+©,). 


(88) 


If  in  the  multiple  integral,  which  appears  in  formula  (88),  variables 
of  integration  s  and  a  are  examined  as  rectangular  coordinates, 
then  the  region  of  integration  will  be  the  triangle  shaded  in  Fig.  H2. 
If  one  were  to  change  the  order  of  integration,  then,  as  can  be 
seen  from  Fig.  H2,  we  will  have 


H-'BsH-i 


,»((«)  4- 1{(«) 


dt. 


(89) 
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or,  since 


5 


tit 


we  obtain 


(90) 


Substituting  (90)  into  (88),  we  find 


W  9 


or  finally 


»;  (»>  4- »;(•). 

y  «•— '«* 


—  (8,  -J-  8,). 


(.91) 


Assuming  in  C91)  o  “  a  sin  <}>,  it  is  possible  to  give  to  relation  (91) 
the  form 


lin  * ) + rj  (a  sin  ))  *  in*  <?  d<j 


(92) 


Thus,  the  radius  of  the  region  of  contact  a  is  determined  by 
equation  (91)  or  equation  (92)  equivalent  to  it.  After  constant  a 
is  found,-  the  approach  of  bodies  with  compression  a  can  be  calculated 
by  formula  (79)  or  formula  (80).  The  distribution  of  pressure  p  in 
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region  of  contact  will  be  determined  by  formula  (78),  where  F(r) 
is  the  function  determined  by  formula  (75)  or  formula  (76)  equivalent 
to  it. 


The  formulas  enumerated  by  us  give  the  general  solution  of  the 
problem  about  the  compression  of  two  elastic  bodies  limited  by 
surfaces  of  rotation.  Let  us  now  turn  to  analysis  of  different 
particular  cases  of  axisymmetrical  contact  problem  of  theory  of 
elasticity. 

First  let  us  assume  that  the  initial  contact  of  compressible 
elastic  bodies  is  carried  out  at  one  point,  and  for  surfaces  of  both 
bodies  this  point  is  regular.  In  this  case  functions  z^(r)  and  z^ir), 
which  determine  the  configuration  of  the  compressible  bodies,  can  be 
expanded  in  Taylor  series  in  neighborhood  of  point  r  *  0: 


*.W-«i(0)+<(0)r+i«0)i-+iC(0y+i...  | 

n(O-s.(0)+s;(0)r  +  lS;'(0)r*  +  lC(0)r*+  ...  j 


(93) 


Since  we  disposed  the  origin  of  cylindrical  coordinates  r,  <j>,  z  at  the  j 

i 

point  of  contact  of  the  compressible  bodies  and  axis  z  is  perpendicu-  j 
lar  to  the  plane  tangent  to  both  surfaces  of  compressible  bodies  at 

! 

the  point  of  their  contact,  we  will  have  ; 


s,  (0) =» z,  (0) = o,  z;co)— 


C 94) 


Thus,  according  to  (93)  and  (91*)  for  the  sum  of  functions  ^(r)  +  z2(r) 
we  will  have  the  expansion 


*»(*■)  +  * *(•’) 


to) + *;<o) (ORim  ^ 

— n — r  +  3i 


(95) 


Let  us  first  examine  the  case  when  the  sum  of  the  second  derivatives 


s;'(0)+s;'(0)*o. 


(96) 
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In  view  of  the  smallness  of  elastic  displacements  and  hence  resulting 
smallness  of  the  region  of  contact,  it  is  possible  to  take  for  the 
sum  of  functions  ^(r)  =  s2(r)  in  the  reSion  contact  the  approximai 
expression 

0<r<af  (97) 

dropping  in  the  expansion  of  (95)  terms  of  the  highest  orders  of 
smallness.  Introducing  the  designation 

(98) 

we  will  have  in  the  examined  case 

x»(r)+*,(r)«.4r*,  0<r<c.  (99) 

Substituting  (99)  into  (92),  we  will  obtain  the  relation  for  the 

determination  of  the  radius  of  the  region  of  contact  a 

t 

2Aa*  ^  sia* (0» -£•  0,).  (100) 


Since 


*/2  « 

—  ^  (1  —  C0$'  ?)  d  (COS  <?)=*  —cos  9  +  ^COS*  9^"** 


2 

? » 


from  (100)  we  find 


Substituting  (99)  into  (80),  we  obtain 


(101) 


(102) 
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Substituting  (101)  into  (102),  we  find 


*}*  &,}V 


(103) 


Substituting  (99)  into  (76),  we  obtain 


filZ 


(104) 


Substituting  (104)  into  (78),  we  find 


,  ,  kA  r  tit  M  /  ./-S - si'"* 

f  ’)m7K*sS )  Tier"  ?a+5j>/*  pU' 


“^rTb7:t:>*>  *  0<  < 


(105) 


But  according  to  (101) 


A  3*P 

#i+0,  “  8a®  * 


(106) 


Substituting  (106)  into  (105),  we  find 


PW-4/  i-Si®  0  <  r  <  a. 


(107) 


As  we  see,  pressure  p  in  the  region  of  contact  changes  in  the 
axisymmetrical  contact  problem,  depending  upon  the  distance  to  the 
initial  point  of  contact,  according  to  the  same  law  as  that  in  the 
two-dimensional  contact  problem  of  the  theory  of  elasticity. 

Let  us  consider  now  the  special  case  of  the  contact  problem 
when  the  sum  of  the  second  derivatives  (r)  +  *a (r)  becomes  zero  when 
r  =  0: 


*4 


(0)+*T(0)-o. 


(108) 
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For*  generality  we  will  assume  that  first  term  of  expansion  (95)  not 
turning  into  zero  contains  factor  r  in  power  2 n  (coefficients 
at  all  odd  powers  of  r  in  this  expansion  must  be  equal  to  zero  due 
to  the  fact  that  functions  2„(r)  and  a0(r)  are  even,  if  one  were  to 

X  C 

examine  them  not  only  for  positive  but  also  for  negative  values  of 
the  argument  r) .  Then,  disregarding  in  expansion  (95)  terms  of  the 
highest  order  of  smallness,  in  region  of  contact  we  will  have 


iSji  ^  1 


or 


if  one  were  to  introduce  designation 

Substituting  (109)  into  (92),  we  find: 


ZhAq***'  \  6ia3',+,?d?«7fP(&»4,&*)* 


(109) 


(110) 


(111) 


Let  us  introduce  the  designation 


*/a 

cn«a  ^  8an3*+,^d<?„' 


(112) 


By  means  of  integration  by  parts  we  find 

n/a  */2 

e„  ra  i  *■  —  \  *in3n  ?d (cos  y)  ** 

*  >  ■  “ 

«/3 

2n  ^  gin2"-'?  cos*?  d?  “-sia2”?  cos  ? 


w/S 

C 


0 

n/a 


•  2 n 


^  ein2"-1 


?(S  —  tin*?)  dy< 


«/a  w/2 

•  2n  ^  sin^’yd?  ~2n  ^  8in2n+l9d?c.2nc„_,— 


2ne. 


211 


whence 


1 


1 


1 

ft 


2»  .  ■ 

C«“2£+1C*-*1 


Assuming  in  (113)  n  -  1  instead  of  n,  we  obtain 


,  2n-2  _  . 

cn~l  ■*  2>i~i  Cft~9* 


Substituting  (114)  into  (113),  we  find 


C"  (2n-t-i)(2«-4)  «”:** 


(113) 


(114) 


015) 


Expressing  in  (115)  e  „  in  terms  of  c  _  on  the  basis  of  the 

n—c  n— $ 

general  relation  (113),  we  obtain 


C"  “  (2a  + 1)  (2a  -1)  (2a— 3) '*'** 


2n  (2rt— 2)(2fl— 4) 


Continuing  the  indicated  process,  we  will  arrive  at  formula 


c  r-  2«(2*-2)<2"-4)--.4-2  . 

ft  (2n+l)(2n-l)(2n-3)...5.3  C«* 


(116) 


Assuming  in  (112)  n  =  0,  we  find 


'"S- 


sin  <?d?*s  1. 


(117) 


Substituting  (117)  into  (116),  we  obtain 


2  •  4  •  C...(2n— 2)2n 
°n=M  3-5-  7...(2n-l}(2 «  +  »)  * 


(118) 


Substituting  (118)  into  (111),  we  find 


2ftyia:*+ 1  — — 2,1 «  i  tr/>  (0. 4- 8-V 

3-&>7...(2a-l)(2nrl)  *•  2  ^  T 


whence 


**+v~r 

fi”  r  4ft 


3-5  - 

2-4  •  6...(2rt-3)2ft  w< 


Substituting  (109)  into  (80),  we  find 

«/» 

sea  “lida7*  ^  gin5n_,9  d?  «■ 
o 

in  accordance  with  designation  (112).  Substituting  (118) 
we  obtain 


3  •  5*?...(2n-3)(2«-l)  4  * 


Substituting  (109)  into  (76),  we  will  find 


n/2 


-SMfwen.,) 


Substituting  (118)  into  (122),  we  obtain 


P(r) 


;{*- 


3  •  4  •  6..  .(2ft-4)(2ft-»2)  to  ■ 
"THT-  7.7.  (2«-3/(2»-i) 


Substituting  (123)  into  (78),  we  find 


M  !•  4  •  6...(2n— 4)(2/»— 2)  2n  2nX  Cttn-*dt 
P'r*’a  3  •  5  •  7.  ..{2i«“3)(2n— 1}  «*(®j+®i)  J  V'Jwi  * 

f  r 


Assuming  in  (124)  s  =  ao,  we  obtain 


pW 


2*4*®..  .(2n— 4)  (2n—2)  2ft  2n/a*,~l  f  c^dt 
"3  •  5  •  7.. .(2n-3) »» (9,  +  !>,))  •, /  77\»  * 

"•  y 


(119) 

(120) 

into  (120), 

(121) 

(122) 

(123) 

(124) 

(125) 
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Introducing  designation 


/•  %sm 


we  will  be  able  to  give  to  formula  (125)  the  form 


P?/™  3.5.- 7...(2«-S)(2a-1) 


By  means  of  integration  by  parts  we  find 


i  t 

ein-*da 


am fl 

< 


>  r  •  r  *  .  , 

~(2ft~2)  ^  o,n-*/ a*-?*  ds+ow*» ^'STT^' 

? 

--(2— 2>5^^*+/r=?- 

r 

-H*-2)  \  }  7^r+V^=? 

~  (2  n  ~  2)  />„  (?) + (2n—  2)  ?Wi  (?)  +  *  — ?** 


whence 


A*  W  **  £l  ?Vn-l  (?)  +  . 


Assuming  in  (128)  n  -  1  instead  of  n,  we  find 


Substituting  (129)  into  (128),  we  have 


P«  (?)**/ ?’  [2,-1  +  (2n-l)^-3)  ?  ]^*  •• 


.  (2-.-SH2n-4)  .t.  .  < 

***  (in-4)  *  P*-*'"" 
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(126) 


(127) 


(128) 


(129) 


(130 ) 


Assuming  in  (128)  n  *■«  2  instead  of  n,  we  obtain 


P—  (?)  “  fjrf  P’An-*  (?) + • 


(13D 


Substituting  (131)  into  (130),  we  find 


,  (2*>-»2)(2fl-»4)  ,  (2n-2)(2A-',)(g«-6).._  ,  v 


(132) 


Continuing  the  indicated  process,  we  arrive  at  the  formula 

'p»(9)m}/iZZif  -1  .  8»-«  ,,  ,  (2n— 2)(2n— 4)  .  * 

PflU*;  K  P  [to-t  +(2rt-i)(I/i-3)  p  +(in-l)(2n-3)(a«-5)p  +  , 

.  -U..  .4.  D««-*]  ,  • 

v  T  T{2n-i)(S«~3)...7.5.3P 

'  4-  ^~5)  (^ ***)•  -  ‘6  * *  *  ^-'n  (f)\ 

“^n-1)(2n-3),..J.5 .3P  “‘W* 

Considering  in  (126)  n  =  1,  we  find 


(133) 


(134) 


Substituting  (131* )  into  (133),  we  obtain 


‘  r  (U-J)  f  T(Jn-l)(3A-3)(in~5)P. 

-I-  ,M-4,  (2«-a)(g»-4)...4.2  „„1 

T  ^(in-l)(U«-a)...7.5-3?  r(Un-l)(2«-3)...5.3.iP  J* 


r>  u\^. (jir2)  (So-*)- .  .4  ♦  2  r  ,1  ... ,  ,  3  ,  / 

™  W  (!»-!> (2JI-3). ..5-3  LP  ^’T?  *^“4?  ** - +; 

-i.?JL5,?v-(^-?)On~5)  .  ■  3.5.7,..(2n-5)(a»-3)  1,/4 - 


Substituting  (135)  into  (127),  we  find 


r  2.  4 V  JV'V"**,. 

L3.&.7...(2n-3)(2«-l)i  L\JJ  . 

2  V.  a  )  *k\£.  4  v. «  )  T  ^2.«-S...(*a-i)(a*-*) 


.  9«S.7.,.(2»»-r.)(2»-3)T.A  /»V 

rS.4.6.,.(2«-l)(2»»-2)  j  r  V 


0O<a, 


(136) 


Prom  (119)  it  follows  that 


yfd»"“»  1  3  ♦  5  •  7. .  — 1)  (2a*fl)  P 

«*(il  +  60ia4n  2*4  •6...(2A-2)2n  M*  * 


(137) 


Substituting  (137)  into  (136),  we  obtain 


_  ,  >  2-4.6...(7>i-4)(2n-2)2nrir/,»-Ntl>-»..  l/A»-«  ,  ' 

*  3  •  5  •  7...  ('2/1—3)  (2n— i)  ~2  {.  + 

+  »  (.1 '\*~  +  . . .  ,  3;_5-7...(2n-.7)(7n-5)/fy 
^2-h\cJ  T  ^2-4 .6...{2n-6)(2»-4J  V«y 

,  3  •  5  •  7. .  .(2n~5)  (2n— 3)  *|  ,  f\  77T*  P  -  _  . 

’r2-4.6...(2n-4>(2»-2)  J  K  4~C«/  «T*»  0<r<a. 


(138) 


Thus,  formula  (119)  determines  the  radius  of  the  region  of 
contact  a;  after  constant  a  is  found  formula  (121)  will  enable  us 
to  calculate  the  approach  of  bodies  with  compression  a,  and 
formula  (138)  determines  pressure  p  in  the  region  of  contact. 
Pressure  p  changes  depending  upon  the  distance  to  the  initial  point 
of  contact  according  to  the  same  law  as  that  in  the  corresponding 
two-dimensional  contact  problem  (see  formula  (46)  and  Pig.  9  of 
Chapter  II) . 

Until  now  we  assumed  that  the  point  of  the  initial  contact  of 
the  compressible  bodies  is  the  regular  point  of  surfaces  of  both 
bodies.  Let  us  now  turn  to  the  consideration  of  the  case  when  for 
the  surface  of  one  of  the  compressible  bodies  or  for  surfaces  of 
both  bodies  subjected  to  compression  the  point  of  initial  contact 
is  a  singular  point. 


Let  us  examine  first  the  case  when  the  point  of  initial  contact 
of  compressible  bodies  is  the  corner  point  of  the  axial  section  of 
the  surface  of  one  of  the  bodies  subjected  to  compression  (Fig-  43). 
If  the  tangent  to  the  generatrix  of  this  surface  in  the  corner  point 
forms  with  axis  z  angle  y,  then,  as  can  be  seen  from  Fig.  43, 
disregarding  smalls  of  higher  orders,  in  the  neighborhood  of  the 
origin  of  the  coordinates  we  will  have 

*i(r)+Z,(r)**rctg'[.  (139) 

Substituting  (139)  in  (92),  we  find 

*/a 

fl'ctg  f  ^  8in*9tf9«*  $i)» 


or,  since 


whence 


.  4  .4 

^  «ia*  ?  d?  ■»  y  ^  (1  —  cm  2?)  rf?  « ^9 — y  sin  )  o 

«  u 

”  a*  ctg  y  *=»  r.P  (0,  +  0,), 


II 

4  * 


u»j/2/>(0l  +  0,)tgy.  (140) 

Substituting  (139)  into  (80),  we  find 

'i-gi-adgY-  ( 14 1 ) 

Substituting  (139)  into  (76),  we  obtain 


217 


Substituting  (142)  into  (78),  we  find 


Prom  (140)  it  follows  that 


c*g  f  2 P 
Oj  1 0t  a* 


Substituting  (144)  into  (143),  we  find 


P(r )' 


-4i»(- 

«a*  \  r 


(143) 


(144) 


(145) 


In  the  examined  case  again  we  obtain  the  same  dependence  of 
pressure  p  on  distance  up  to  the  initial  point  of  contact,  as  that 
in  the  corresponding  two-dimensional  contact  problem  (see  formula 
(107)  and  Fig.  12a  of  Chapter  II).  Pressure  p(r)  increases  without 
limit  when  distance  r  up  to  the  initial  point  of  contact  approaches 
zero . 


In  conclusion  of  this  section  let  us  examine  the  case  when 
axial  sections  of  surfaces  of  compressible  bodies  have  at  the  point 
of  initial  contact  a  continuously  revolving  tangent,  but  the  curvature 
of  one  or  both  indicated  sections  at  this  point  is  infinitely  great. 

We  restrict  ourselves  to  an  examination  of  the  example  in  which  the 
initial  distance  between  the  points  touching  with  compression 
2.,  +  s 2  can  be  represented  in  the  neighborhood  of  the  origin  of 
coordinates  by  the  relation 


218 


*iO’)  +  *i  0  <f  <  0, 


(146) 


Substituting  (146)  into  (91) »  we  find 


crfTia  tsp 


3^  * 


Assuming  in  (147)  a  *  at,  we  obtain 


J  y  f-i5  M 


Substituting  (146)  into  (79),  we  find 


3.  i  f 

*"  J'*"  )F^’ 


or,  assuming  a  »  at. 


3  . .»/.  r  Vtdt 

amiAa  3y?=i?* 


(147) 


(148) 


(149) 


Definite  integrals  entering  into  formulas  (148)  and  (149) 
are  elliptic,  and  after  reduction  to  canonical  form  they  can  be 
calculated  with  the  help  of  tables  for  elliptic  integrals.  Their 
values  are  such1 


-1,1981,  0,7189.  (150) 

Substituting  (150)  into  (148)  and  (149),  we  will  obtain  the  final 
formulas 


*See  Appendix  1,  formulas  (1)  and  (14). 


219 


-PW* 


2  m* 


Substituting  (146)  into  (75),  we  find 

Considering  in  (153)  o  -  rfc,  we  obtain 

or,  according  to  (150), 

Substituting  (154)  into  (78),  we  find 


(151) 

(152) 


(153) 


(154) 


v,/t  f  Ytdt 

plr)es<^^Tt))  ytt’  0  <  r  <  a. 


(155) 


Assuming  in  (155)  a  =  r/t,  we  obtain 


>/-N  9J,aVT  C  dt  ^  ^ 

^W"4»»(»,+O0  Jjf  j/iTiTT*)'  °<r<a’ 


Introducing  designation 


(156) 


===.  0<f<1, 


(157) 


we  will  be  able  to  give  to  formula  (156)  the  form 


^(r)-^7TO*/(7).  0  <  !>  <  «. 


(158) 
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From  relation  (151)  it  follows  that 


A  n/> 

#i  +  £,|E*3/,a‘/«  * 


(159) 


Substituting  (159)  into  (158)  and  assuming  according  to  (150)  ^“0,6. 
we  find 


0  <  r  <  a.  (160) 


The  definite  integral,  which  enters  into  formula  (157)  and 
determines  function  /(p),  is  elliptic  and  after  reduction  to 
canonical  form  can  be  calculated  as  a  function  of  variable  limit  p 
with  the  help  of  tables  for  elliptic  integrals1.  As  calculations 
show,  dependences  of  pressure  p  on  distance  r  to  the  initial  point 
of  contact,  determined  by  formula  (160),  is  the  same  as  that  for  the 
corresponding  two-dimensional  contact  problem  examined  by  us  in 
Chapter  II  (see  Fig.  11).  Pressure  p  remains  limited  in  the  whole 
region  of  contact;  however,  derivative  dp/dv  increases  without 
limit  according  to  the  absolute  value  when  r  approaches  zero. 

§  3.  Pressure  of  a  Round  Cylindrical  Stamp  on  an 
Elastic  Half-Space 

The  problem  about  the  pressure  of  a  rigid  stamp  on  an  elastic 
half-space,  which  is  the  subject  of  this  section,  differs  from  the 
contact  problems  examined  in  the  preceding  section  by  the  fact  that 
in  this  problem  the  region  of  contact  is  predetermined  by  the  shape 
of  the  stamp.  Tf  one  were  to  designate  a  as  the  radius  of  the  base 
of  the  stamp  (Fig.  M),  the  region  of  contact  of  the  stamp  with  the 
elastic  medium  will  always  be  a  circle  of  radius  a,  independently  of 
what  force  is  pressing  the  stamp  to  the  elastic  half-space. 

The  initial  distance  between  points  of  the  compressible  bodies, 
which  touch  with  compression,  which  we  designated  in  §  2  by  a,  +  z , 

i  C. 


*Se Appendix  1,  p.  7- 


221 


■  a  ~ 


Pig.  44, 


T7Z ,  ,  */.//*/ Q./f*A/////S* 


will  in  the  examined  problem  be  equal  to  zero  in  the  whole  region  of 
contact : 


s»  00  +  h  (r)  o  0,  0  <r<a. 


(161) 


Substituting  (161)  into  (75) ,  we  obtain 


F(r)=* 


1-i 


,  0  <  r  <  fl. 


(162) 


Substituting  (162)  into  (7*0,  we  find 


P  ^  “  «*(0,  +  /e«-r*  ’  °  r  ^,a* 


(163) 


Substituting  (163)  into  condition  (82),  we  obtain 


2*  C  r'di'  rp 


or,  since 


{  -/a* -/•'*' 

<P. 


_ 2aa _  _ 

«(0t  +  0,) 


The  obtained  relation  determines  the  approximation 


,  (*>»+*>») 
'ia 


(164) 


Substituting  (164)  into  ( 1 6 3 ) ,  we  find 
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i 


/>(/*)» 0,5  -y===, 

0  <  r  <  a. 


(165) 


We  obtained  the  same  dependence  of  pressure  p  on  .distance  v  up  to 
the  axis  of  the  stamp,  which  in  the  corresponding  two-dimensional 
contact  problem  (see  formula  (116)  and  Fig*  13  of  Chapter  II).  On 
the  boundary  of  the  base  of  the  stamp  (when  r  *  a),  according  to  the 
formula  (165),  an  infinitely  large  pressure  p  appears. 


In  order  to  obtain  a  picture  of  the  distribution  of  pressure 
undw  the  stamp  close  to  the  real  one,  just  as  in  Chapter  II,  we 
will  assume  that  the  edge  of  the  stamp  has  limited  curvature  even 
though  it  is  large  (Fig.  ^5)* 


t 

| 

1 

f 

% 

V"  / 

Fig.  H5. 


If  by  b  we  designate  the  radius  of  the  circle,  in  the  region  of 
which  initial  contact  of  the  stamp  is  carried  out  with  the  elastic 
half-space,  then  with  compression  the  radius  of  the  region  of  contact 
a  will  take  a  value  somewhat  exceeding  its  initial  value  b. 

For  the  initial  distance  z ^  +  zn  between  points  touching  upon 
compression  will  have  the  expression 

*.to  +  M0-0,  0<r<6,  '  1  66) 

*>(r)  +  2,(r)~A(r-W,  b<r<a,  J 

if  smalls  of  higher  orders  are  disregarded. 


Substituting  (166)  into  (91),  we  find 


(16 


2  A 


-  «*<».+&.>• 


Assuming  a  -  a  cos  <j>,  we  have 


fi  ?• 

^  —  a'-1  ^  (acos^— 6)co«‘if 

*»  a*  £  a  ^  (1  — sin*9)  </(*i«9)— ~  ^  {l  +  eo3  2?)cf?  !  a*  * 

0  t) 

..  a*  [ a  (sin  9, ~  ~  sin*  ~ ~  (?i  -f  i  sin  29.)  ] , 


where 


According  to  ( I69 ) 


b  ' 

9, «  are  cos  —  . 


b 

Q  rat  - » . .  • 

cos*. 

Substituting  (170)  into  (168),  we  find 


f  (« -  b)  a<  d*  •  .  , 

)  /?n7*  "  ■ 

V 

'«  6‘  sec*  ?,  [  sin  9,  ~  ~  sin'?, — %  cos  9,  (9,  -f  sin  9,  cos  ?,)  J  — 
»l-  sec*  9, [sin  9,(6  — 2  gin1  9, —  3 cos’  ?,)  —  3 9,  cos 9,] *» 

-  j  tec’  9,  (3  ?in  9,  +  sin*  9,-39,  co»  9,). 


Substituting  (171)  into  (167),  we  obtain  the  equation 


.  ,  -  X  3«P(» ,  +  8,) 

sec’  9,  (3  sm  9,  +  sin*  9,  -  39,  cos  9,) » - —  , 


which  determines  angle  4>Q.  Having  found  4>0 »  we  find  by 
(170)  the  radius  of  the  region  of  contact  a. 


(168) 

(169) 

(170) 


(171) 

(172) 

fo  rrmil  a 


Substituting  (166)  into  (79),  we  find 


a 


or,  assuming  a  -  a  cos 


a»»2 Aa  ^ 


<p , 

(aooi9~6)rf9«=«2y4a(aaia?,~ 


Substituting  (170)  into  (173),  we  obtain 

a  «  2/to4  tec  9,  (tg 


(173) 


(17*0 


Having  found  angle  <J>0  from  equation  (172),  we  find  by  formula  (174), 
the  approach  a. 

Substituting  (166)  into  (75),  we  find 

F  (r)**  when  <><r<b, 

r 

FW"  «(9t+'6,')'(a~2/ir  when  b<r<a’ 

& 


or,  since 


5  "  V*~  •'+  6  arc  c°s-i)~» 

ft 

«*  j/r* — 6*  ~  6  ore  co*  — 

*  f  P 

3a 

V^V-fS^  when  0 <r<b, 

P (r)  “  *fa7+TiI7  C* V^1 r* ~ 4* -f  2/lr  b  a rc  cos  ~ ^ 

when  b<r<a.  . 


(175) 


Fulfilling  in  (175)  differentiations  with  respect  to  r,  we  find 


22  ‘ 


(176) 


f'(r) o»G  whenO</'<6,  ' 

when  6<r<a. 


Substituting  (176)  into  (78),  we  find 

?<'>“  PTST-.S  ( 

when  0  </•<£, 

* w  -  5  (2  /sTZF“ 6  arc  co4) 


Assuming  in  (177) 


when  b<r<a. 


gum 


co*p 1 


we  obtain 


when  Q<r<  6, 


n(r)  mm  ._>i5 _  f  (llElUl 

?  '^Spi'when  »<,<., 
.rocosi-K 

since  according  to  (169)  arc  cos 
Introducing  the  designation 


C  f  when  0  <  s  <  i, 

Y  '  J  /  i-ar’co*'  f 

when 

TV  '  J  /l-t'ccs*?  c05** 

l  '  *T 


(177) 


(178) 


(17  0 


we  will  be  at  1  •  to  give  to  formula  (178)  the  form 


'W-wbpfijKt)..  ?<'<*•  <1S0> 

Prom  (172)  we  find 

2Ab 

Substituting  (181)  into  (180),  we  obtain 

0<r<a.  (182) 

Formula  (182)  jointly  with  relations  (179)  determines  the 
distribution  of  pressure  in  the  region  of  contact.  Figure  46  shows 
graphs  of  pressure  p(r),  which  correspond  to  different  values  of 
ratio  k  »  a/b ,  i.e.,  different  values  of  angle  <{>0  appearing  in 
formulas  (182)  and  (179).  Calculation  of  definite  integrals  appearing 
in  formulas  (179)  was  produced  by  the  approximate  Simpson  formula. 


3co*»ft  P 

coif#  «T** 


(181) 


CHAPTER  IV 


GENERAL  CASE  OF  THE  CONTACT  PROBLEM 
§  1.  Potential  of  the  Elliptic  Disk 

As  we  already  saw  above,  the  two-dimensional  and  axisymmetrical 
contact  problems  of  the  theory  of  elasticity  lead  to  equations 
for  which  it  is  possible  to  plot  general  solutions  in  closed  form. 

In  the  absence  of  radial  symmetry  three-dimensional  contact  problem 
of  the  theory  of  elasticity  proves  to  be  incomparably  more  complicated. 
Those  solutions  of  it  which  we  discuss  in  this  book  are  based  on 
certain  properties  of  the  potential  of  the  elliptic  disk,  to  the 
examination  of  which  we  now  turn. 

Let  us  construct  a  system  of  rectangular  coordinates,  x,  y,  z , 
combining  plane  xOy  with  the  plane  of  the  elliptic  disk  (Fig.  ^7). 

Then,  according  to  determination  of  the  Newtonian  potential,  potential 
V  U,  y ,  2)  of  the  elliptic  disk  at  point  A  with  coordinates  x,  y ,  z 
will  be  equal  to 


v  (*.  y.  *) » $  $ 


p  (*' .  y>  Jx'dxi' 
R  ' 


(1) 


where  p(x',  y  ' )  -  density  at  point  A  1  with  coordinates  x',  y  1 ,  0, 
R  -  distance  between  points  A  and  A  ' ,  l  -  region  of  integration 
cons tituting  the  part  of  plane  xOy  occupied  by  the  elliptic  disk. 


! 


In  particular,  if  point  A  lies  on  the  surface  of  the  disk,  then 

s  ®  0,  R  »  i/(T-2*),  +  (F7)‘ 


and  according  to  (1) 


y(*,  y»  o)«3 


CC  />(*'. 


(2) 


If  semiaxes  of  the  ellipse,  which  limit  the  elliptic  disk,  are 
designated  by  a  and  fe,  then  with  the  appropriate  location  of  axes  x 
and  y  the  equation  of  this  ellipse  will  have  the  form 


(3) 


As  we  show  below,  if  density  p(xf,  y').  has  the  form 


(4) 


where  a q»  a^t  •••>  an  are  constant  coefficients,  then  the  potential 
of  the  elliptic  disk  on  its  surface,  determined  by  formula  (2), 
is  expressed  by  a  polynomial  in  coordinates  x  and  y  of  power  2n . 
Based  on  this  property  of  the  potential  of  the  elliptic  disk  are 
solutions  of  contact  problems  discussed  In  subsequent  sections. 

Let  us  turn  to  proof  of  the  indicated  property  of  the  potential  of 
the  elliptic  disk. 


Substituting  (4)  into  (2),  we  find 


o)- 2  ««/»(*. y),  (5) 

m«0 


where 


S/1  ds'rf/ 

"  a«  “ b*  )  /(i^«')*  +  (y-v T*  * 

m»»0, 


(6) 


Let  us  turn  in  the  multiple  integral  (6)  from  rectangular 
coordinates  x',  y’  to  polar  coordinates  R ,  <J>  with  the  origin  at 
point  A  with  coordinates  i,  y  (Pig.  48).  As  can  be  seen  from  Pig.  48, 


z'** *+i?co«9,  \ 
y'=*y  +  flsin<y,  | 


instead  of  the  area  element  dx'dy'  we  will  have  the  area  element 
da  -  RdRdfy ,  and  formula  (6)  will  take  the  form 


2*  fl«  (») 


■  n  ai s  f)* 

«• 


(y  +  It  Bin  ? 


(8) 


where  R g(<f>)  ~  distance  between  points  A  and  A"  in  Fig.  48.  Since 
point  A"  lies  on  the  ellipse  with  semiaxes  a  and  b ,  its  coordinates 
x",  y"  must  satisfy  the  relation 


(9) 


At  the  same  time,  as  one  can  see  from  Fig.  48, 


z*  =*  x + /?,  cos  9,  l 

y*~y+fl.8io?.  I 


( in) 


Substituting  (10)  into  (9),  we  obtain  the  equation 


r  (*  +  X,  cos  ?)’  +  jr  (y  +  R,  eio  ?)*  -  i , 


or 


where 


Let  us  note  that 


*•(?) 

iV<?) 


cci'f  .  sin*? 
-jr--*— sir* 


(ii) 


(12) 


AT>0,  (13) 

since  the  point  with  coordinates  x,  y  lies  inside  the  ellipse. 
Solving  equation  (11),  we  obtain 

r,  (?)  -  .  an) 

As  can  be  seen  from  (12), 

£(?)>0  when  (15) 

In  virtue  of  inequalities  (13)  and  (15)  we  will  have 


(16) 


Thus,  from  the  two  solutions  of  the  quadratic  equation  (11), 
determined  by  formula  (1*0 ,  one  is  always  positive  and  the  other 
negative.  In  order  to  obtain  a  positive  solution  of  equation  (11), 
which  is  of  interest  to  us,  one  should  take  a  plus  sign  before  the 
radical  in  formula  (1*1).  Thus,  finally  we  find 


a,  (?)  ~ 

4(f) 


07) 


Formula  (8)  can  be  given  the  form 


ir.  Bf(v) 


/.<*.»>-  y-r  \  [  1  -*'(^+ 


I*  V 


.  •?  WiCt) 

•  1  —  ^  I* 


b  If 


according  to  designations  Cl2),  or 


/m(2.  y)«  . 

-  \d9  *  ( ?) I  ArZ. (?)  —  2RL (?) /V(?)  -/?*£* (?))m~rdR-.  . 

.  b  U  .  . 

(?)l*V‘(?)  +  AO(?)-[.l/  (?)* JW.(?)J*}  \<f*« 

b  0 


(18) 


(According  to  inequalities  (13)  and  (15)  the  subradical  expression 
in  formula  (18)  is  essentially  positive.) 

Since  0 </l<i?,(?),  and  function  £($)  according  to  (15)  is  positive, 
we  have 


■H(t)  ^  U  (T)-fl/.(p  ^  .V  (?)  -  A,  (f )  L (f ) 

/jP(?)  +  Ai<?)  /,'/’(?)  +  . Vi (?)  ^  /jU'(7)  +  .Vl(»)  * 


But  acc<.  rii  *.g  to  (In' 


(20) 


■V(7) 


>-*, 


and  according  to  (17) 


.\ih)±R.(i)H  t)_4 
/.«*(?)  + AX  (?) 


Prom  relations  (19)»  (20)  and  (21)  we  get 


,  ^  *tM  +  RUf)  ^  t 
1</.w*(f)+A/.(r)  <  • 


(22) 


and,  consequently,  instead  of  the  variable  of  integration  J?  it  is 
possible  to  take  a  new  variable  ft,  assuming 


Prom  (23)  we  find 


-  /?A  (f)  _  •  x 

'cos  n  “•  <  0 


(23) 


—  tin  0 1/0  =  pr  v,  (-y +  y£  (T) 


K  L6).+  NVL{f)' 


(24) 


From  relations  (23)  and  (21)  it  follows  that 


ft*=0  when  R**R,  (?). 


(25) 


Producing  in  (18)  replacement  of  the  variable  of  integration  R  by  0, 
according  to  (23),  (24)  and  (25)  we  will  have 

2*  «<*) 

5  7f<g[frar+AT,;“",,“-  f2fc: 

0  v 

where  0($)  is  the  value  which,  takes  the  variable  cf  integration  0, 
when  R  -  0.  Prom  (23)  we  find 


COS  0  (?) 


(27) 


M  (?) 


/Af"r(?)L+Afc<f) 


Assuming 


v/e  find 


Vzw [ ‘ .  .. 

«0  > 

-  K  frmt  [t&$ +"]’**• u>- 


Substituting  (28)  into  (12),  we  obtain 


Z.  (~ -H)  ™  £  (o),  3/ («  +  $)»»— 3/ (o). 

Substituting  (28)  into  (27)  and  taking  into  account  (30; 


cos  0  (*  ■£  «.  —  co#  S  ty), 


whence 


0  («  Hr  9)  *=» *  — ■  9  ($). 


Substituting  (30)  and  (31)  into  (29),  we  find 


» ( :) 


»  o 


-V'*  7hr)['r^+N]' 


Assuming  ir.  )  o=.«  — o',  ,•/<  .'.m-j:-. 


(28) 

(29) 

(30) 

,  we  have 

(3D 


•in’"*  Odd. 


<V) 


<*? 


mm  C, 


i*  cot*,? 

* 

,  -i  f  f  j  t'o^ein*  i  +  yta,6*cot*  ?~^ya>i*tln  y  cos  ?  1CT 

M  J  l  a,&*(8,tln*y  4-t*cot*?)  j  * 

®  / 

I 

X 


a*  *ius  ?  -f6*  cos*  f 


or  finally 


lm  ( x i  y)  “  Cmab 


(z  sin  f  -  y  eo*  f  V  81 _ if _ 

a’sin'j+i’coi*?,  J  yr#*tin*¥+fc*cos,f  ‘ 


(36) 


Substituting  (36)  into  (5)>  we  find 


v  (*»  y>  0)  =* 


n  n 


(xrin  f  -  y  cot  fj*  *j" _ rf? 

«iViii*?+i*'ccii‘V  J  y  iTtln*  * 


(3?) 


Let  us  now  turn  to  the  calculation  of  coefficients  a  in  formula 

n 

(37).  Fulfilling  in  formula  (35)  partial  integration,  we  find 


whence 


*  T 

era=  — ^  *ia'-m-*0d(co«0)-  —  8mtn‘~‘ »co*$  !  * 

H  ^ 

-f  (2m — 0  cos,0^0»(2nt — — 

1 %  * 

-  ft  rf8)-(2ffj  - 1 )  ~ (2/n  -  i) c. 


1m  —  l 

c-"  “  ~TT  *«-•* 


(38) 


-  2,  ptc.,  instead  of  m,  we  obtain  the 


:»i  -  1 

Jm  . 


‘2  m  —  :» 

C  a  "S*.  -  C 

*•'  im 


(5>) 

( .1 ; 


Assuming  in  (38)  m  -  1,  m 
relations 


etc.  Substituting  (39)  into  (38),  we  find 


(2m-  l)(2m  -  3)  ^ 
2m  (2m  -  i) 


(HI) 


Substituting  (40)  into  (41),  we  obtain 


„  (2m  —  t)  (2m-  I)  (2m  -5) 

C"  “  2m  (2m  -  2)  (2m  -  4) 


Continuing  this  process,  we  arrive  at  the  formula 


(2m-t)(2m-3)...3-l^ 
C">“  2m  (2  m -2  C»* 


Setting  m  =  0  in  (35)  we  find 


rc  *=*  \  dO  c* 


(42) 


(43) 


(44) 


Substituting  (44)  into  (43),  we  obtain 


J.3-S...(2m-:i)  (2m- 1>_ 
C"  K5'  2.4-6... (2m -2)  2m  *' 


JJ1  53  1,2,  .  .  . 


Substituting  (44)  and  (45)  into  (37),  we  find 


(45) 


V  (*.  y,  0)  «•  *  at  ^  |  a,  + 


s 


*  I 

3-5... (2m -3) (2m -  t)  ’ 

2-4-6. ..(2m-  2)  2m  m  . 


r  <  («»iii?-yci»yV  ~)ml  v,  df 

X|  J  <**  5i»*  cos'  ?  J  J  •/ o‘  si:,*  f  +  i*co**f 


(46) 


Thus,  the  potential  of  the  elliptic  disk  is  expressed  on  the 
surface  of  this  disk  by  formula  (46),  if  density  p  is  expressed  by 
formula  (4).  Expression  (46)  obtained  by  us  for  the  unknown 
potential  indeed  represents  with  respect  to  variables  x  and  y  the 
polynomial  of  the  2n  power,  which  was  required  to  be  shown. 
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§  2 .  Pressure  of  the  Elliptic  Stamp  on  the 
Elastic  Half-Space 


In  Chapter  III  we  examined  the  problem  on  the  pressure  of  the 
circular  cylindrical  stamp  on  the  elastic  half-space.  In  this 
chapter  we  examine  the  problem  on  the  pressure  on  the  elastic 
half-space  of  a  rigid  cylindrical  stamp  with  elliptic  cross  section. 

Let  us  designate  by  a  and  b  (let  us  agree  that  a  <.  b)  the 
semiaxes  of  the  ellipse  limiting  the  base  of  the  stamp,  and  let  us 
plot  the  system  of  rectangular  coordinates  x,  y,  o  in  such  a  way 
that  the  equation  of  the  curve  limiting  the  region  of  contact 
of  the  stamp  with  the  half-space  has  the  form 


and  that  the  elastic  half-space  covers  the  negative  semiaxis  s 

(Pig.  49).  Let  us  designate  further  by  p(x,  y )  the  normal  pressure 

appearing  under  the  stamp  at  the  point  with  coordinates  x,  y  (the 

base  of  the  stamp  will  be  considered  ideally  smooth).  Under  the 

action  of  tae  mentioned  pressure  the  point  of  the  surface  of  the 

elastic  half-space  with  coordinates  x,  y  should  accomplish  an  elastic 

displacement  with  projection  u  on  axis  z  equal  to  (see  formula  (69) 

z 

in  Chapter  III) 


a, »  —  it 


;i  (z\  </)  dz'  dy' 

V  fx-i'>'+(y  —  v')'  ’ 


(47) 


where  o ™  ,  E—  elastic  modulus,  y  -  Poisson's  ratio  of  the  elastic 

medium,  l  -  region  in  which  pressure  p(x,  y)  acts,  in  our  case  the 
region  limited  by  the  ellipse 


Let  us  designate  further  by  a  the  forward  displacement  which 
the  stamp  accomplishes  in  the  direction  of  the  negative  semiaxis  a 


■iH 


Fig.  49. 


with  compression.  Each  point  of  the  elastic  half-space  found  in 
contact  with  the  stamp  should  with  compression  undergo  elastic 
displacement  in  the  direction  of  the  negative  semiaxis  z  equal  to 
a,  i.e.,  in  the  whole  region  of  contact  the  condition 


a.  (.48) 

should  be  fulfilled.  By  comparing  relations  (47)  and  (48),  we  find 
that  in  the  region  of  contact  the  condition 


_ p(z'ty‘)ds'  d/  1 


(49) 


should  be  fulfilled.  The  expression  standing  in  the  left  side  of 
relation  (49)  at  the  point  with  coordinates  x,  y,  0  determines 
the  potential  V(xt  y,  0)  of  the  elliptic  disk  with  density  p  (see 
formula  (2)),  and  in  the  right  side  of  equality  (49)  there  is  the 
constant  ratio  j. 


Thus,  the  problem  of  detecting  pressure  p  under  the  stamp  is 
equivalent  to  the  detecting  of  that  density  p  at  which  the  potential 
of  elliptic  disk  maintains  a  constant  value  on  its  surface.  In  the 
preceding  section  we  showed  that  if  density  p  is  determined  by 
formula  (4),  the  potential  of  the  disk  7(x,  y,  0)  is  determined  by 
formula  (46),  constitutes  a  polynomial  of  the  2 n  power  with  respect 
to  variables  x  and  y  and,  in  particular,  with  n  =  0  maintains  the 
constant  value.  Assuming  in  (4)  and  (46)  n  =  0  we  find 


?(*'.  /)• 


(50) 
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n 

V  (x,  y,  0)  *»  r.a  be.  ^  -p==~ 
*  '  J  yV*iu*?+ 


iiu'y-f^eoi*  f 


(51) 


Thus,  if  for  pressure  p(x',  y ')  we  take  the  expression  (50),  then 
the  multiple  integral  standing  in  the  left  side  of  relation  (49), 
will  maintain  the  constant  value  determined  by  formula  ( 51 ) •  Thus, 
in  order  that  in  the  region  of  contact  condition  (49)  be  fulfilled, 
it  is  sufficient  that  this  constant  value  be  equal  to  y.  Hence 
we  obtain  the  relation 


na 


df 


)  j/a'iic*  tio‘f 


3 

T  * 


(52) 


which  connects  coefficient  aQ,  appearing  in  expression  (50)  obtained 
for  pressure  p,  and  the  approach  of  the  stamp  with  the  elastic 
medium  a. 

Let  us  designate  by  P  the  force  pressing  the  stamp  to  the 
elastic  half-space.  This  force  should  be  balanced  by  the  reaction 
of  the  elastic  naif-space.  Consequently,  Integrating  pressure  p 
with  respect  to  the  whole  region  of  contact,  we  should  obtain  force  P: 


(j  ^  p  (x\  y’)  dx‘  dy*  »•  P. 


(53) 


Substituting  (50)  into  (53),  we  obtain  the  relation 


dx'dy’ 


-p. 


(54) 


Formulas  (54)  and  (52)  determine  the  constant  and  approach  a. 

In  order  to  calculate  the  multiple  integral  entering  into  formula 
(54),  let  us  cross  over  to  it  from  the  rectangular  coordinates  x1, 
y*  to  polar  coordinates  r,  4>>  assuming 


x  =»rcos<?,  y  jd  ?. 
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I 


1 


Let  us  find 


2*  r»  (t) 


f  f  f  r _ tit 

V  ?  *  /.-(2p+^t) 


The  limit  of  integration  rQ(<j>)  is  determined  by  the  condition  that 
the  point  with  rectangular  coordinates 


*'  «=  rt  cot  9,  y'  ■»  rt  tin  9, 


should  lie  on  the  ellipse 


*'*  .  y'*  4  / 


Hence 


'•(?)  (56) 

Fulfilling  in  (55)  integration  with  respect  to  r  and  taking 
into  consideration  relation  (56),  we  find 

v  1/1  *'*  7* " 

*  V  1”7r“T*' 

i/i„/,s2!Lr+«ErT7.  '**  _ 

J  K  \  ^  t*  /  "  Jr—  0  cos’  y  .  <in*  y 

■  «»  + 

/  » 

l«  n 

^  •,ilii*f  +  6*eo»'f  ^  ^  +**ca»*f  *  (57) 

since  in  the  last  definite  integral  the  integrand  has  the  period  tt. 
Assuming  further  9«*i:--$,  we  find 


{  <** . .  f  d$ 

J  -«■  "  J  a’sin'^j- 


whence 


C  m  {  il  .  C  _ _ It 

J  «'sin*f +6*coi,f  j  a‘?iu*?  +  i*co»*f  ”**  3 

»  0  a 


?  +  CO**f 


C _ il _ 

j  s’  sio1 9  +  li*  coi*  f  •  • 


(58) 


Let  us  introduce  in  the  last  definite  integral  instead  of  the 
variable  of  integration  4>  the  new  .variable  of  integration  t ,  setting 

l8?** 


Let  us  find 


* 

Y 


* 

* 


C  *1  f  *******  f  _ 

3  «’ jin*  f  +  Woj'f  3*’  *?*?+*’  3«*tg*f+** 

u  II  1 

"  ^  nr*  “  i arc  lg  ^  |r  "  si  • 


(59) 


Substituting  (59)  into  (58),  we  obtain 


«*  sin*  9  +  6*co»’  f  i> 


(60) 


Substituting  (60)  into  (57)  >  we  find 


(61) 


Using  formula  (61),  we  obtain  from  relation  (5*0  the  value  of  the 
constant  aQ: 


p 

a, ** — z  • 
*  Jnab 


(62) 


?U2 


Substituting  (62)  into  (50),  we  find  the  final  expression  for 
pressure  p(x,  y)  in  the  region  of  contact 


**  Jf* 

U~bT  ' 


(63) 


Substituting  (62)  into  (52),  let  us  determine  the  displacement 
of  the  stamp  with  compression  a: 


**  -- 


Formula  (64)  can  be  given  the  form 


.  />>  f  Jf _ P9  C  *1 

“  2  3  /»•+(«»-*•)  sin*  j  2*  3  " 


(64) 


(65) 


where 


(66) 


is  the  eccentricity  of  the  ellipse  (we  agreed  that  a  <_  b) .  Since 
the  integrand  in  (65)  remains  constant  with  replacement  of  <}>  by 
it  -  ♦, 


K 

{ _ *1 _ 

J  l  —  «*  lin*  f 


*  •  * 

[  . 

J  VI-*' 


lin'f  ’ 


and  formula  (65)  can  be  given  the  form 


e 


* 


Pi  f  dr 


(67) 


As  we  already  repeatedly  noted,  the  definite  integral 
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dx 


(68) 


is  called  the  elliptical  integral  of  the  first  kind  with  modulus  k. 
In  the  case  when  the  upper  limit  x  is  equal  to  unity,  the  elliptic 
integral  is  called  complete,  and  we  denote 


F(i,  k)saK(k). 


(68*) 


Setting  lin?**!, 


,  dx  dz 

% 

3  i 

C  d* _ i*  . dx  _ 

jy*- 3 


K(e). 


(69) 


Formula  (67)  can  be  thus  given  the  form 


a 


(70) 


Displacement  of  the  stamp  with  compression  a  is  expressed  in  terms 
of  the  complete  elliptic  integral  of  the  first  kind  with  the  modulus 
equal  to  the  eccentricity  of  the  ellipse  limiting  the  base  of  the 
stamp. 


Formulas  (63)  and  (70)  completely  solve  the  contact  problem 
examined  in  this  chapter  by  determining  the  pressure  under  the  stamp 
p(x,  y )  and  approach  of  the  stamp  with  the  elastic  medium  a.  As  can 
be  seen  from  formula  (63),  when  the  point  with  coordinates  x,  y 
approaches  toward  the  ellipse,  which  limibs  the  base  of  stamp,  the 
denominator  in  the  expression  determining  pressure  p(x,  y)  approaches 
zero,  and  pressure  p(x,  y)  increases  without  limit.  In  the  contact 
problem  examined  by  us  the  section  of  the  stamp  by  a  plane  passing 
through  the  2  axis  has  at  the  base  of  the  stamp  right  angles  (see 
Fig.  1*9).  In  reality  for  any  real  stamp  such  a  section  will  have  at 
the  base  of  the  stamp  a  large  but  limited  curvature.  In  this  case 
althougn  pressure  p(x,  y)  can  reach  at  edges  of  the  base  of  the  stamp 


great  values,  nevertheless  it  remains  limited  in  the  whole  region  of 
contact.  By  examining  the  two-dimensional  and  axisymmetrlcal  contact 
problems,  we  examined  this  question  in  detail.  In  the  absence  of 
radial  symmetry  this  question  in  the  three-dimensional  contact 
problem  leads,  unfortunately,  to  great  mathematical  difficulties, 
and  we  do  not  discuss  it  in  greater  detail. 


§  3*  Compression  of  Two  Elastic  Bodies  Initially 
Touching  at  a  Point 

In  Chapter  III  we  examined  the  problem  on  the  compression  of 
two  elastic  bodies  initially  touching  at  a  point  for  that  case  when 
both  compressible  bodies  have  a  common  axis  of  radial  symmetry.  In 
this  chapter  we  examine  the  general  case  of  this  problem,  assuming 
that  the  compressible  bodies  have  an  arbitrary  configuration. 


Let  us  construct  a  system  of  rectangular  coordinates  x,  y ,  2, 
disposing  the  origin  of  the  coordinates  at  the  point  of  initial 
contact  of  compressible  bodies  and  combining  the  plane  xOy  with  the 
common  tangent  plane  to  surfaces  of  compressible  bodies  at  the  point 
of  their  contact  (Fig.  50).  Let  us  assume  that 


*=/»(*,  y).  1 

2=~/,(r,  y)  j 


(71) 


are  equations  of  surfaces  limiting  the  compressible  bodies.  Let  us 
assume  that,  further,  and  /Ig  are  two  points  of  these  surfaces 
touching  with  compression;  A-^B^  and  a^2  ~  elastic  displacements  of 
these  points  (see  Fig.  50).  Points  and  B ^  are  combined  with 
compression  due  to  forward  displacements  of  the  compressible  bodies 
causing  the  approach  of  them,  which  we  will  designate  by  a.  We 
will  subsequently  assume  that  resultants  of  compressing  forces  lie 
on  the  z  axis,  and  the  indicated  approach  of  the  compressible  bodies 
with  compression  is  carried  out  along  the  z  axis .  Under  these 
assumptions  segment  8^2  on  Fig.  50  should  be  parallel  to  the  z  axis. 
Let  us  designate  by  3^  and  32  coordinates  z  of  points  A ^  and 
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Then  the  z  coordinates  of  points  B^  and  B 2  will  be  equal  to  z ^  +  u^z 
and  2,+«i„where  and  u^z  are  projections  of  elastic  displacements 

of  points  and  A0  on  the  z  axis.  The  distance  between  points 
and  B0  thus  equal  to  z ^  z  ~  ( z 2  +  u^z) .  On  the  other  hand,  this 
same  distance  is  equal  to  the  approach  of  the  compressible  bodies  a. 
Consequently,  for  every  pair  of  points  touching  with  compression, 
we  should  observe  the  condition 

+  +  »«)=**♦  (72) 

Let  us  designate,  further,  by  x,  y  the  corresponding  coordinates  of 
points  B^  and  B^.  In  view  of  the  smallness  of  elastic  displacements 
it  is  possible  approximately  to  assume  that 

*»=*A(*.  y)>  *»=—/•(*» y)>  (73) 

in  accordance  with  equations  of  surfaces  of  compressible  bodies  (71). 
Substituting  (73)  into  (72),  we  obtain 


==a“/>  (*>  y)~~  /»(*’  y)* 


(7*0 


Let  us  designate,  further,  by  E  the  projection  of  the  region  of 
contact  on  plane  xOy  and  by  p(x,  y)  the  normal  pressure  at  the  point 
of  contact  with  coordinates  x,  y.  We  will  consider  subsequently 
surfaces  of  compressible  bodies  to  be  perfectly  smooth  and  assume 


the  displacement  u22 


approximately  equal  to  that  displacement  which 


is  accomplished  in  the  direction  of  the  z  axis  the  point  of  elastic 


2k  6 


j  half-space  z  <  0  with  coordinates  x,  y,  0  under  the  effect  of  normal 

I  pressure  p(x ,  y)  effective  in  region  E.  Then 


(see  formula  (*17)),  where  —  elastic  modulus,  u2 

coefficient  for  the  second  of  the  compressible  bodies. 

Under  similar  assumptions  we  will  have 


(75) 


Poisson 


(76) 


where  0,"  7jr  ,  elastic  modulus,  and  -  Poisson  coefficient  for 
the  first  of  the  compressible  bodies. 

Substituting  (75)  and  (76)  into  (7^)»  let  us  find  that  in  region 
£  there  should  be  fulfilled  the  condition 


pi. f*.  y')di'd<i'  a  -  /i  (x.  y)  —  lt  (*.  v) 


/(*-x7  +  (y-y')’ 


Bj+6, 


(77) 


Since  according  to  condition  the  origin  of  the  coordinates  is  the 
regular  point  for  surfaces  of  compressible  bodies,  functions  y) 

and  /2(x ,  y)  in  equations  of  these  surfaces  (71)  can  be  expanded 
in  power  series  in  neighborhood  of  the  origin  of  coordinates 


/«(*.  y)  =  a«  +  ati  +  <7,!/  +  «uS,  +  aI,^+aJ!y,4- ....  \ 
+  +bly  +  bllx'  +  bltxy  +  b„yt  +  ...  j 


(78) 


Since  surfaces  of  compressible  bodies  pass  through  the  origin  of 
the  coordinates  and  planes  xOy  touch,  we  will  have 


a%  =s  ax  =»  a,  —  bt  =  =  bt  =  0. 

Taking  into  account  (79),  we  find  from  (78) 


*17 


(79) 


I 


(80) 


/» (*,  y) + 1*  (z,  v )  ~  («»» + ftn)  ** + 

+  (0*1  +  ft.,)  xy + (ff»*  +  ft,,)  y' -f . . . 

The  direction  of  coordinate  axes  x  and  y  have  thus  far  been  left 
arbitrary.  Let  lis  now  orient  these  coordinate  axes  in  such  a  way 
so  that  in  the  expansion  of  (80)  the  coefficient  at  xy  turns  into 
zero  and  inequality  +  takes  place,  i.e.,  so  that  conditions 

a.»  4‘^a  —  0»  an  ft,,  ^  a„  +  ft,**  ( 81) 

were  fulfilled.  We  will  assume  that  here  not  one  of  coefficients 

all  +  ^11  and  a22  +  ^ 22  turns  int0  ^ero .  Then,  if  we  disregard  in 
the  expansion  of  (80)  smalls  of  higher  orders  (proceeding  from  the 
smallness  of  the  region  of  contact)  in  region  E  we  will  have 

/,  (*,  y) + ft  (*,  y)  -  (a, 1 4*  ft,,)  ** + (a,, + ft,,)  y‘..  ( 82 ) 

Substituting  (82)  into  (77),  let  us  find  that  in  region  E  condition 


C  C  p  y‘)dt'd'S  • . « -  Ax*  -» Ey* , 
J  J  /(*  -  *')*+ (y  - yT"*  +  1 


should  be  fulfilled  where 

/l**a„  +  ft„,  5=»a„  +  ftu  (*4>5).  (8*0 

Integrating  the  pressure  p(x'y')  with  respect  to  region  E,  we  should 
obtain  the  resultant  of  external  compressing  forces  acting  on  each 
of  the  compressible  bodies.  Designating  this  resultant  by  P,  we 


will  obtain  the  condition 


$$.*(*',  y')d£'dyl~P. 


r  to  solve  the  examined  contact  problem,  it  is  necessary 
\-x.  E,  pressure  p(x,  y)  and  approach  a  by  proceeding 
■  tt  )  and  l  05 )  • 


The  expression  standing  in  the  left  side  of  relation  (83) 
determines  at  the  point  with  coordinates  x,  y,  0  the  potential 
of  the  disk  with  density  p,  which  cover  in  plane  xOy  the  region  Z. 

In  the  right  side  of  relation  (84)  there  is  a  polynomial  of  the 
second  power  in  a:  and  y.  As  we  showed  in  §  1,  if  the  disk  is  limited 
by  the  ellipse 


(86) 


and  density  p  is  determined  by  formula  (4),  the  potential  of  disk 
V(xt  y,  0)  is  a  polynomial  of  the  2 n  power  with  respect  to  variables 
x  and  y  determined  by  formula  (46).  Assuming  in  formulas  (4)  and 
(46)  n  -  1,  we  find  that  the  integral  standing  in  the  left  side  of 
relation  (84)  will  be  in  region  Z  equal  to 


y')  dz'd/ 

ii.  ■  r  ■  i  ■■  i  "  —  UW  . 


(je  gin  t-.vcos?)1  1 _ £♦ _ _ 

«*  sin*  f  + coi’  f  J  y  «» *in’  f -r6‘ COi*f 


(87) 


if  as  region  Z  we  take  the  part  of  plane  xOy  limited  by  ellipse 
(86),  and  for  pressure  p(a?',  y')  we  take  expression 

P(1-, SO—./  (88) 


Coefficient  aQ  in  formulas  (4)  and  (46)  were  taken  equal  to  zero  in 
order  for  pressure  p(x',  y')  to  obtain  the  expression  limited  in 
the  whole  region  Z. 

Relation  (87)  can  be  given  the  form 


yOjfjg/  / 
/(t-it+Cy-y?  ' 


(89) 


where 


* 


(90) 

J  Y  («**£»*?■{-*' €04*  f)**' 

« 

(91) 

/,  » r.abak  C  '  sift*C0!9<f?  , 

3  (a*  nin’y  +  ^cos*  »)***’  ' 

(92) 

J^'abaA - 

2  1  3  (tf*sio*  f-fi’co**  f)*2« 

(93) 

As  we  already  showed  in  the  preceding  chapter. 


5  ^*0 


(compare  formulas  (6*0  and  (70)),  where 


tm 


(95) 


is  the  eccentricity  of  the  ellipse  limiting  the  region  L  (on  the 
assumption  that  a  <  b, 


if 

Y  l  — r’lln'f 


C96) 


is  the  total  elliptic  integral  of  the  first  kind  with  modulus  e. 
Substituting  (9*0  into  (90),  we  find 


/,  =  nao,  K(e). 


Formula  (91)  can  be  given  the  form 


X  II 

J  =  —  aba  ^  fin*  ?  d? _ ^  «*$,  f  tin’yrfy  ? 

1  [  J  /l-Vw?]  " 

*/2  *n  ^ 

[  (i  — e*  tin1?)***  i  — J  ' 


■waa, 
‘  2 b!t* 

MS, 


(97) 


(93) 


since  in  these  definite  integrals  the  integrand  remains  constant  with 
replacement  of  $  by  ir  -  <j>.  In  order  to  convert  formula  (98),  let  us 
use  the  identity 


If  /  I-i’iin*?  (1— 

i  — — 1 4-(l—«8»int?)1Tir 


(99) 


Integrating  both  sides  of  identity  (99)  with  respect  to  <f>  within 
limits  of  0  to  ir/2,  we  find 


whence 


•  %n  '  *n 


•*/»  */» 

^ - £! — ~  t  /i  -«• 


C100) 


The  definite  integral  appearing  in  the  right  side  of  formula  (100) 
is  called  the  total  elliptic  integral  of  the  second  kind  with  modulus 
e  and  is  designated  by  E(e): 


+tt 


E(,)m]yr=  «*  lin’pcty. 


(101) 


Thus,  formula  (100)  can  be  given  the  form 


rtt 


df  m  E(e) 
(1  —  e'flu*  f)*^’  **  1  —  «*  * 


(102) 


According  to  (96)  and  (102)  formula  (98)  can  be  presented  in 
the  form 
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or  according  to  (95) 


j 


at 


(103) 


Let  us  turn  to  the  calculation  of  the  definite  integral  ^  (see 
formula  (92)).  Let  us  find 


K 

f  tin  yco»t<fy _ m _  *  I*?" 

J  (4*  *In'j  +  >*  co**f )*/f  <>*  -4*)  /  «'  <in*;  +  *•  eo»*f  j»«»  f 


whence  '  j 

/,«0.  C104)  | 

1 

From  formulas  (91)  and  (93)  we  find  j 


/.  +  /, 


*  aba.  ( _ i* _ ( _ *1 _ 

*  J  +i,co»*f),/l1  2b*  J(t-4»»ln»f)*/» 

*  *  *  * 


according  to  (102),  or 

+  (105) 

in  accordance  with  (95).  Substituting  value  J ^  from  (103)  into  (105) 
we  find 

i 

i  | 

or  finally:  I 

t  a-  co  -  e  <01-  tlo6) 

Substituting  (97),  (103),  (104)  and  (106)  into  (89),  we  find 


(107) 


Sj  -  “'{«*« -.4.- 1£  M  -  ('  -<•)  *MK 


\-e * 
«* 


Thus,  if  for  pressure  p(x',  y ')  we  take  expression  (sic)  the 
multiple  integral  standing  in  the  left  side  of  relation  (sic)  will 
be  determined  by  formula  (107).  So  that  here  condition  (83)  is 
fulfilled,  it  is  sufficient  that  the  polynomials  standing  in  right 
sides  of  relations  (83)  and  (107)  would  be  identically  equal  to 
each  other.  Comparing  the  coefficients  of  these  polynomials  with 
each  other,  we  will  obtain  the  conditions 


it 

CIO  8 ) 

3 1£  («)-'(!  -«’)  x  (.))  -  j—j; , 

(109) 

(110) 

Substituting  (88)  into  (85),  we  obtain  the  additional  condition 


«,  (Ill) 

In  order  to  calculate  the  multiple  integral  entering  into  formula 
(111)  let  us  turn  in  it  from  the  rectangular  coordinates  x" ,  y'  to 
polar  coordinates  r,  <f>,  assuming 

x'*»rcos?,  y'~r« sn?. 


Let  us  find 


f|{«)  M  »  »■  I  —  I  I  ■  IIIMI  — 

-Srf?  S  /•  (US) 


where  the  limit  of  integration  rQ(<f>)  is  determined  by  condition 


'i cos*?  ,t  r*»in»y  , 


(113) 
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Fulfilling  in  (112)  Integration  with  respect  to  r  and  taking  into 
account  relation  (113) >  we  find 


since  in  the  last  definite  Integral  the  integrand  has  the  period  ir. 
Substituting  (60)  into  (114),  we  obtain 


(115) 


Substituting  (115)  into  (111),  we  find 


a\m 


3  P 

inab1 


(116) 


Thus,  we  obtained  four  relations  (108),  (109),  (110)  and  (116) 
for  the  determination  of  semiaxes  of  ellipse  a  and  b}  approach  a  and 
constant  which  enters  into  formula  (88)  for.  pressure  p. 


From  relations  (109)  and  (110)  we  find 


(A*  (*)-£(«)]  B  » 


or: 


D 

^A  +  U  * 


(117) 


Equation  (117)  determines  the  eccentricity  of  the  ellipse  e  according 
to  the  assigned  ratio  B/A .  Let  us  note  that  ratio  B/A  and,  conse¬ 
quently,  the  eccentricity  of  ellipse  limiting  the  region  of  contact, 


25^ 


V 


are  determined  only  by  the  configuration  of  comrpessible  bodies 
(see  formulas  (8*0  and  (80)).  Figure  51  shows  the  dependence  of 
eccentricity  e  with  respect  to  ratio  B/A  (let  us  remember  that  ratio 
B/A  does  not  exceed  unity). 


Fig.  51. 


£ 

A 


lY  3gll>  (0,  rb,)P 

V  m-**)  a+u  • 


(119) 


Detecting  from  equation  (117)  the  eccentricity  e,  by  formula 
(119)  we  find  the  semimajor  axis  of  ellipse  b.  Knowing  the  semimajor 
axis  of  ellipse  b  and  its  eccentricity  e ,  let  us  find  tb  semiminor 
axis  of  ellipse  a  by  formula 

a  =*  b  (120) 
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Substituting  (116)  into  (88),  we  obtain  the  final  formula  for  pressure 
p(x,  y)  in  the  region  of  contact 

i~p— (121) 

Substituting  (116)  into  (108),  we  obtain  the  formula  for  the  approach 
a 


(122) 

Formulas  (117),  (119),  (120)  (121)  and  (122)  completely  solve  the 
examined  contact  problem  of  the  theory  of  elasticity,  successively 
determining  the  configuration  of  the  region  of  contact,  pressure  in 
the  region  of  contact  and  approach  of  compressible  bodies  with 
compression. 

With  B  -  A,  i.e.,  in  the  case  when  the  initial  distance  between 
points  touching  with  compression,  according  to  formulas  (82)  and 
(84)  are  equal  to 

fi(x,y)i-fi(x,y)’=Ar*  (r-/zr+yi),  (123) 

the  eccentricity  e  of  the  ellipse,  which  limits' the  region  of  contact, 
is  equal  to  zero  according  to  graph  51*  In  this  case  b  =  a,  and  the 
region  of  contact  turns  into  a  circle  of  radius  a.  When  e  =  0,  as 
one  can  see  from  formulas  (96)  and  (101), 

A'(«)»£(e)®-y-  (124) 

According  to  (124)  formulas  (119)  >  (121)  and  (122)  take  the  form 


y)' 


■V 

3P 

•Jn* 


4n<A 


3  _  (^1  f  ®»)  P 
8  XT « 

6,)P 


(125) 

(126) 
(127) 


and  we  arrive  at  the  solution  of  the  axisymmetrical  contact  problem 
of  the  theory  of  elasticity,  obtained  by  us  earlier  in  Chapter  III. 

The  account  we  have  given  in  this  section  of  the  solution  of  the 
contact  problem  belongs  to  Hertz1.  In  this  solution  an  important 
fact  is  the  assumption  that  in  the  expansion  of  (80)  in  the  selection 
of  the  direction  of  coordinate  axes  x  and  y  corresponding  to 
conditions  (81),  not  one  of  the  coefficients  =  A  and 

a22  +  ^22  ~  ®  burns  into  zero.  Actually,  otherwise  for  the  initial 
distance  between  points  of  the  elastic  bodies  touching  with  compres¬ 
sion,  we  would  not  have  the  right  to  take  as  the  first  approximation 
the  expression  (82).  The  special  case  when  one  of  the  coefficients 
A  and  B  is  equal  to  zero  or  both  these  coefficients  are  equal  to  zero 
was  not  examined  by  Hertz.  For  the  case  of  radial  symmetry  we 
Indicated  complete  solution  of  the  problem  on  the  compression  of 
elastic  bodies  initially  touching  at  a  point  regular  for  surfaces 
of  both  compressible  bodies,  not  imposing  any  additional  limitations 
on  the  configuration  of  these  surfaces  in  the  neighborhood  of  the 
point  of  initial  contact.  In  the  absence  of  radial  symmetry  such  a 
complete  solution  of  the  contact  problem  of  the  theory  of  elasticity 
is  associated  with  great  mathematical  difficulties.  However,  leaning 
on  the  property  of  the  potential  of  the  elliptic  disk,  indicated  by 
us  In  §  1  of  this  chapter,  it  is  possible  to  supplement  the  solution 
of  Hertz  by  a  number  of  other  particular  solutions  of  the  contact 
problem  of  the  theory  of  elasticity. 

Let  us  consider  the  case  when  the  expansion  of  (80)  starts  from 
the  uniform  polynomial  of  the  fourth  power,  which  takes  with 
proper  selection  of  the  direction  of  coordinate  axes  x  and  y  the  form 

Ai'  +  Bx'y'+Cy'  (A>C). 

Then,  disregarding,  due  to  tne  smallness  of  the  region  of 
contact,  smalls  of  higher  orders,  in  region  l  we  will  have 


'Hertz  H.,  Gesammelte  Werke,  Vol.  1,  Leipzig,  1895,  P-  155- 
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A  (x>  y) + A  (z.  y) «  Ax 4  -I-  Z?*y + Cy*  (^4  >  C), 


(128) 


and  condition  (77)  will  take  the  form 


fC  _ n(z‘,  y')di‘dy'  _  y|»4  — j?x*y*  —  Cy* 


(129) 


If  as  region  I  we  take  again  the  part  of  plane  xOy  limited  by 
the  ellipse 

a*  + 

the  multiple  integral  standing  in  the  left  side  of  relation  (129) 
will  represent  the  potential  of  the  elliptic  disk  V(x ,  y ,  0)  with 
density  p(x y  According  to  the  formula  (4)  and  (46),  if  for 
pressure  p(x’,  y')  we  take  the  expression 


p{x’,y')=*a i  j/ +  '* • 


(130) 


this  multiple  integral  will  equal 


ff  /><*'.  y')dx'd<j'  _ L  C  fl  _  Tj  (xsiny-ycosf)*  1  , 

S,1  pg-.V+iV-yy  4  i  i  J  L‘-?svfiwrj  + 

4.2a  fi  (x.Mny-ycosT)1  in _ cTf _ _ 

*L  a**in»?  +  fr»coJ»f  J  J  y4.$itltf+j,tC01*f 

.,1  (  f  1  »  ±  3  »  z'  1  'i  3  „  "\  (•*  sin  j  -  y  cos  f )’  . 

1=3  ||  L  2  l^"8a*  \.'7a‘^*4  flV  «*  sin*  ?  +  cos’ fi-' 


4.2  o  <*  sin?-;/  cos  ?)<  I  _ 

■**  8  (o’  sin*  ?  +  !/s  cos'*  f )!  J  Ya* 


Y  o‘  sin*  7  -j-  6>  cos’  f  ’ 


(13D 


In  order  that  the  polynomial  in  x  and  y  in  the  right  side  of  relation 
(131)  is  identically  equal  to  the  polynomial  appearing  in  the  right 
side  of  condition  (129),  it  is  necessary  that 


1  1  3 

7ai  +  >7  <*t  =*0, 


* 


whence 


Substituting  (132)  into  (130)  and  (131),  we  find  that 


W>-«. /»-£-£  [i-Kt-s-jf)], 

U-gi& 


V)dt'A^ 


IjJ  +(y-y7?  T 


a&fl, 


c  r  i  — 


-ycos»)‘  I 


(•‘liQ’f+^eosff? 


.1-u  f  Ti  x*»Jn*f-<*»y*l3*fco** 

4  a6M  L1  nswT+w? — 


—  . .  -  w  (a*  sin*  9 +  6*  cos*  ?)»  4 

6«V  tin1  y  cos1  f-lxy*  tin  9  cos*  y-fy*  cot*  9  1  ,  if 

(•'tin*  9  +  *W?)*  J+/.>,in‘f+irc^?r 


We  find,  further,  by  replacing  4>  by  ir  -  tj> 


m 

5 


tlr.*  9  co  5  ?  <f> 

J  (a*  tin* f +  &*cos*  fp* 
*/t 


COS  9  df 


m,  i  ?in*?Cos?rf9  r  sin*  ? 

J  ?  +  t* cos*  ?»/.)  +  J2(a»sin»?+i*cos5 f)*/*  ~ 

,  ,  «/2 

■  {  stn1 9  cos  ?  df  __  r  sin*  {» cos 

)  (a1 siu* ?+l* cos* f  )***  J  (a’sin^  +  i’cos**)'**  **  . 


and  analogously 


sinjcos*  vdf 


J  (a*  sin’  9  +  i*  cos*  f)*1*  *" 

0  I 

According  to  (135)  and  (136)  relation  (13IO  takes  the  form 

C  f  P(x,.y’)dx’dy’ 

V  v  (*-*')’+ (9  -yT  *“ 

« 

afca  (  f  4  _  **  *in<  ?  +  Cx’yt  sin>  ? — l ±  V* 0054  f  1  v_ 

4  ML  (a1  sin1 9 +  6*  cos1 9)1  .  J  '' 


<*? 


a1  sin1  y  +  tc  ccs*  f 

« 

.!!!)  C  f  --  »*  tin*  9  4  Ci*y»  sin*  ?  cos*  ?  4- »« cnt«  T  1 

4^‘  J  L  (t  —  «*»iD*9)*"  J  ^ 

<*? 


X 


1  — c1  sin*  *  * 


(132) 
when 

(133) 


(134) 


(135) 


Cl  36) 


where  *•» j/Li— • the  eccentricity  of  the  ellipse.  Since  in  the 

obtained  definite  integral  the  integrand  remains  constant  with 
replacement  of  4>  by  ir  -  <j>»  relation  (137)  can  be  given  the  form 


Cf  P (**.  yydx’fy  _*«<!  1  f  r«  *,hrs*»+62y*in‘;c3t**+y«&4<*1 , 

))  »**  - 11  ~  —  J  • 


(138) 


Let  us  introduce  the  designation 


a  (9)  «y‘s_«»8jR»?. 


(139) 


We  find 


x*  sin4  9  4  6xy  s  in*  9  cos*  9+ y*  co%*  9—1  v  A 

w  x*  sin4  9 + 6zsy*  sin*  9  (l—sih*  9)4  y*  (i  r^2  sin® 9^  sin*  9)  ■■ 

“  y*  +  (6*  V  ~  2y4)  sib*9 -{•  (i* — 6s*y*  4*  J/*)  sin*  9  *■ 

_  J. + «JV  (,  _  4,,  + _  2  v +4.,  _ 

«■  7T  l«*y'+6sVy*— 2«y  4**~  6x*y*  4y*— * 

(6e*ay  -  2«y  4  2x4  ~  i2xy 42y*)’A*  4.  (x*  -  6x*y* 4 y4)  A*J  « 
«  {I*-6(l~e,)xy  4-(l-e’)y -2[x4~3  (2-«*)*V +, 

4-  (i  -«*)  y*3  A* + (i*  -  6*V 4 yW- 


(.140) 


Substituting  (i40‘)  into  (.138),  we  obtain 


c  c  j,M#i  __  yi .  _  .a  c  _£l  4. 

26,44 v  *  •  y  .I1™ 

«/S' 

+  2[»*-3(2-.')iY  +  (l-e')»'.J 

—'[  x4 — 6  ( i — e‘)  x*y*  4  (i  -r  «*)y J 


cm) 


According  to  the  formulas  (,96)  and  (.102) 


l  *4>  “i-V 


(1^2) 
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In  order  to  convert  the  third  integral  of  integrals  entering  into 
formula  (141),  let  us  use  identity 


&  fsltivcosf\  i  —  2sJn*f  i  sjn* ?(i— sift* »)  , 

If  VTHF — )  - — sr~ +■ —zr~ —  ~  — +; 

T“  «*Sr“  HP  ^  ” 


“ST 


(143) 


Integrating  both  sides  of  identity  (143)  with  respect  to  ^  within 
limits  of  zero  to  ?r/2,  we  find 


0« 


«?? 


% 


whence 


•  -  — - — 


according  to  (142) 


(144) 


Substituting  (142)  and  (144)  into. (141),  we  find 


{  [  — - _ (SWe4?— x‘4.6j5V— v%\  v 

v  V  u-x'j»T(y-vT  o  -  «V* ' 1  + 0  y  y  *  x 

X(l-f,)*A'H-t6lx*-3(2-<‘*)*y+(l~«,)y,](i~e*)^(e)- 

-{«‘-6(l-««)2y+(i-^>)»  y*]I2(2-c‘)£(e)~(i-«>)tf(c)l) » 
^ “ '*>’ A»-f(-3(l- e*)* A (e) * 

+ 6(1  — j1)  £  (e) — 2  (2  — c*)  £  (c) + (i  —  c*)  A'  (e)  ]  x*  *f 
+6(3(1- c*)’A*  (<)  — 3(2— f*)(l -e*)  £  (c)+2  (2  -  e»)  (1  -  e')E  (e)- 
-  ( 1  -  e’J'A*  (c)  ]  z'y* +  ( -  3  ( 1  -  e‘)»  K  («) + fi  ( 1  -  c‘)‘  £  («)  - 


X  (36V  (1— e*)*A  (e)+l-(l-<’)  (2-3c  *)A'  (e)+2  (i-2i»)  £  (e)J  x‘  + 
*j*6(l— <’)(2(1  — es)  A’(c)— (2— <*)£(«)  Jx*y*4. 

+  0  -  e*)*  ( -  (2  +  e‘)  A'  (c)  +  2  (1  +  e*)  £  («))  y*}. 


(145) 
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Thus,  if  for  pressure  p(a',  y ')  we  take  expression  (133) •»  then 
multiple  integral  standing  in  the  left  side  of  condition  (129)  will 
be  determined  by  formula  (l1^)*  So  that  in  this  case  condition  (129) 
is  fulfilled,  it  is  sufficient  that  polynomials  standing  in  right 
sides  of  relations  (129)  and  (1*»5)  be  identically  equal  to  each 
other*  By  comparing  coefficients  of  these  tyo  polynomials,  we 
obtain  conditions 

<««> 

jjg^ao  lW) 

(148) 

isb  I  <2+ <■)«  M  -  2  (!  +  «’)  E  W 1-  ^  •  (149) 

Substituting  (133)  into  (85),  we  obtain  an  additional  condition 


In  turning  from  rectangular  coordinates  x ,yl  to  polar  coordinates  r, 
4>,  i.e.,  assuming 


cos?, 


we  find 


(15D 


where  the  limit  of  integration  ( 4> )  is  determined  by  relation 

rtw'i  ,  rl»b*  i  .  , 

— r  * 


(152) 


Fulfilling  in  (151)  integration  with  respect  to  r  and  taking  Into 
account  relation  (152).,  we  find 


M 

e«S*  f  if  t 


tab 


(153) 


according  to  (60). 


Substituting  (115  and  (153  into  (150),  we  obtain 


whence 


®*(?*®*~ 1 .  -Pt 


5  p 

(154) 

Thus,  in  order  to  obtain  the  solution  of  the  examined  contact 
problem,  we  must  satisfy  five  conditions  -  (146),  (147),  (148),  (149) 
and  (15*0.  At  the  same  time  at  our  disposal  there  are  only  four 
constants,  the  selection  of  which  we  can  arrange  in  order  ~  semiaxes 
of  the  ellipse  a  and  1 b,  approach  a  and  coefficient  a ^  in  formula 
(133)  for  pressure  p.  Thus,  aforementioned  conditions  Impose  a 
limitation  on  the  assigned  constants  appearing  in  the  formulation  of 
the  examined  contact  problem.  Let  us  first  discuss  the  character 
of  this  limitation.  From  conditions  (147),  (148)  and  (149)  we  find 

f<2-j  *••)&•(<■) “2(1  c 

ii  - *»)  l*  -  (  )  -  a  (l  -  &*)£(• )  **  A  » 

*t-8U— *)* {e\  f (a ->-')g(f)l (!-•») 

(1  - » »>  (ir)-i(t-  «»>  £  (<•)  A  * 

Expressions  standing  in  left  sides  of  relations  (155)  and  (156) 
depend  only  on  eccentricity  e.  Thus,  excluding  from  relations  (155) 


(155) 

(156) 
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(156)  the  eccdhi^Idiby  e,  we  obtain  the  connection  between  ratios 
B/A  and  C/A ,  In  order  to  show  the  character  of  this  .connection,  let  us 
introduce  the  designation 

(15?) 

Since  relations  (155)  and  (156)  express,  the  ratio  B/A  as  a  function 
of  ratio  C/A}  ratio  B/A  should  be  a  certain  definite  function  of 
parameter  k  introduced  by  us .  Let  us  present  this  functional 
dependence  in  the  form 

(158) 

In  the  table  below  a  number  of  values  of  function  §(fc)  is  given: 


As  we  see,  function  6(k)  over  a  wide  range  of  the  change  in 
argument  k  obtains  small  values  as  compared  to  unity.  Substituting 
values  of  constants  B  and  C  from  (157)  and  (158)  into  (128),  we  find 

/.  {*,  y) + /,  <*,  y)  -  A  ■ +  2ft  { i  -  £  (k)  ]  *y  4  * Y }.  (159) 

Thus,  so  that  we  could  arrive  at  a  solution  of  the  examined 
contact  problem,  the  initial  distance  between  points  touching  with 
compression  /,(*.y)47*(z*y)'  should  have  expression  (159),  where  A  and  k 
are  constants  subordinate  to  conditions 

0<h<i,  A>0,  (160) 

and  in  other  respects  are  arbitrary  constants. 

Since  quantity  6(k )  is  small  as  compared  to  unity,  formula  (159) 
can  be  replaced  by  an  approximate  formula: 
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o 


/»(*»  #)+/*(*, 


(161) 


Figure  52  shows  curves  determined  by  equations 

C«**%*j*^e*,  Jay  + 

when  k  «  0*079  (in  this  case  S(&)  -  0.12*1,  and  the  eccentricity  e, 
determined  by  equation  (155),  is  equal  to  e  =  0,975).  The  first  of 
these  equations  determines  the  internal  curve  and  the  second  the 
external  curve  bn  Fig.  52.  As  we  see,  even  at  values  of  k  close  to 
zero,  and,  accordingly,  with  eccentricity  e  close  to  unity,  we  obtain 
a  fully  satisfactory  approximation,  passing  from  the  dependence 
(159)  to  the  approximate  dependence  (161). 


Thus,  whereas  Hertz  showed  the  solution  of  the  contact  problem 
for  the  case 


A  (*»  y)  -I-  /.  (*,  y)-A  (z*+kf), 

we  actually  arrived  at  the  solution  of  the  contact  problem  for  the 
case 


/.  (*.  y) + /» (*»  y) “  A  (z* + W)*' 

Substituting  (157)  into  (155),  we  obtain  the  equation 
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U2+e')K{c)-2(l+e'>E(t)]ll-t*)>  ,.a 

( t  -  el)  (2  -  3«  »)A'  (<r)  -  2  »  -  Xe’fS  (*)  * 


(162) 


which  determines  the  eccentricity  s  of  the  ellipse  limiting  the  region 
of  contact  as  a  function  of  the  assigned  coefficient  k.  Figure  53 
gives  a  graph  of  the  dependence  between  the  eccentricity  e  and 
coefficient  k. 


Substituting  (15*0  into  (147),  let  us  obtain  the  relation 

* 

i5*Tf^)'1(1  - ' '•>  P  -*  W-*  <» -2='!E  (01  -  , 

from  which  it  follows  that 


>|(l-  ('}  (2  - it')K  (7) -  2 (1  - 2**}  £(«)]  (O.  +  Si) P 
“  -  «*)* 


(163) 


Thus,  having  determined  from  equation  (162)  the  eccentricity  e, 
by  formula  (16 3)  we  find  the  semimajor  axis  and  by  formula 


a-.&JMT?  (164) 

the  semiminor  axis  of  the  ellipse,  which  limits  the  region  of  contact. 
Substituting  (154)  into  (133),  let  us  obtain  the  final  expression 
for  pressure  p(x,  y )  in  the  region  of  contact: 


(165) 


Substituting  (154)  into  (146),  we  find  the  approach  of  elastic  bodies 
with  compression  a: 

(166) 

Formulas  (162),  (163) 9  (164),  C 165 )  and  (166)  completely  solve 
the  contact  problem  examined  by  us,  successively  determining  the 
configuration  of  the  region  of  contact,  pressure  in  the  region  of 
contact  and  approach  of  compressible  bodies  with  compression. 
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APPENDIX  1 


REDUCTION  OP  CERTAIN  ELLIPTIC  INTEGRALS 
TO  CANONICAL  FORM 


1.  Let  us  first  consider  the  definite  integrals 


-f 

n«*0,  i,  ... 


Assuming  in  (1)  t  =  1  -  »  ,  we  have 


Introducing  designations 


*n*°  \  ~~p=  =  4==f=\  *  »»0f  I,'.,., 


we  find 


c«  »=*  j/2  (AT9-“Xj)» 

c, » j/2  (X, -  3X,  +  3X,  - X,),  et  c , 
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Thus,  the  calculation  of  definite  integrals  a  -v  / 
the  calculation  of  definite  integrals  X  .  U3ing  eonven*4.  *  - 
designations 


dt 


£(*)“  ^ 


<$) 


for  complete  elliptic  integrals  of  the  first  and  second  kinds,  we 
find 


V  C  <** 

v  f  .  **dx 

At  ®*  \  — «=> 

5  j/ (l-J**)  ; 


‘•(4s). 


*K£)-S(f)]- 


Let  us  use,  further,  the  identity 


2  (2n  —  3)  *»»-♦  -  2  (2n  -  2)^>n-»4-(2n  - 1)  s™ 
2 


(6) 


(7) 


(8) 


Integrating  both  sides  of  identity  (8)  with  respect  to  x  within 
limits  of  zero  to  unity,  we  find  in  accordance  with  designation  (3) 


0«-|*I2(2n~  3}  Xn.t  -3(2  n  -  2)  AV»  +  (2  n  -  i)  Xn], 


whence 


X„ 


«  *"  J  y  a  2a  — •  3 

*$FZxA***' 


n ssd 2#  3#  **• 


(9) 
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Formula  (9)  makes  it  possible  to  express  any  integral  Xn  by 
integrals  Xq  and  which  in  turn  are  expressed  according  to 
formulas  (6)  and  (7)  by  complete  elliptic  Integrals  of  the  first  and 
second  kinds. 

In  particular,  from  formula  (9)  it  follows  that 

XS~§(3X,-X,), 

,  .  (10) 

X, » -J  (2X,  -  X%) «  §■  (0  Xt  -  4X#). 

Substituting  (10)  into  (4),  we  find 

c.«=/2(X,-^),  cx  «*  —•  Xt,  (11) 

Substituting  (6)  and  (7)  into  (11),  we  have 


C=/z[2£(£)-*(£)].  1 

c‘““ TkK~)’ 


(12) 


From  tables  of  complete  elliptic  integrals  find  (see,  for  example, 
Ya.  Shpil’reyn,  Tables  of  Special  Functions,  Part  II): 

^C*?)”1'85'*07*  £(t)”1*35084*  (13) 

Substituting  (.13)  into  (12),  we  obtain 

c*=a  1.19S14,  c»=» 0,87403,  c,- 0,71888.  (lH) 

We  performed  the  calculation  of  Integrals  and  a ^  in  Chapter  III 
(for  integrals  and  a 2  we  used  designations  J ^  and  J 2)*. 


lSee  formula  (150)  of  Chapter  III. 
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2»  Let  us  considers  further,  the  definite  integral 


Assuaing  in  (15)  t  *  1  -  *  »  we  obtain 


(I  -» 


We  find  further 


Sr “ 4 + ir^r*1 +*cCT^~  fnr=S>2F®. 
“* + (i+ r=ifc?)  ~sr?50  +£=Sf?$ 


(15) 


(16) 


Substituting  (17)  into  (16),  we  obtain 


f2 1  /■  ■ 


■+.';  ‘ 


*  .  .l+«f  *** 

" ('Tsoy’-".T-5 

.wCf _ _ _1 

i+< 


(18) 


Introducing  designation 


•  y <‘-«9  C‘-t**)  * 


and  using  designation  (5)#  we  can  give  to  formula  (18)  the  form 
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(20) 


The  elliptic  integral  H(y,  k)  is  expressed  by  elliptic  integrals  of  . 
the  first  and  second  kinds.  .This  Vransforaiation  is  based  on  formulas 
of  the  addition  of  elliptic  integrals,  which  we  derive  below. 

•  "  t 

3.  In  order  to  obtain  formulas  of  the  addition  of  elliptic 
Integrals,  let  us  examine  the  differential  equation 


where 

-&**)  (22) 

a  #  ’  .  *  " 

with  the  initial  condition 


when  *»©  (!*!<!>. 


(23) 


Dividing  the  variables  in  the  differential  equation  (21),  we  obtain 


i*  in 


whence,  in  accordance  with  the  Initial  condition  (23) * 


or 


(24) 


U3ing  for  the  elliptic  integral  of  the  first  kind  designation 
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we  will  be  able  to  give  to  relation  (24)  the  form 


.  -  (2.6) 

«  *  »  -V  ’  ‘ 

Thus ,  we  obtained  the  solution  of  differential  equation  (21) 
in  elliptic  integrals.  At  the  ..same  time,,  as  we,  will  now  show,  for 
this  differential  equation  the  algebraic  integral  can  be., obtained. 

If  y  as  a  function  of  *  satisfies  differential  equation  (21), 

then 

i(i -»«*((,+*£)- . 

£  [,i  is) + li  (y)i  -  ,V  (»)+ 4X'J) + [i  to + si'  Ml  %  - 

-  »&'<*>+«*)-(*<*) + • 

whence 


i  frA  M + *1  <ri)  («)  v  (>)-  xA 

i 


according  to  (22) 
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A*  (s)  «  (i  -  **)  (i -  *V>-  i -  (i  + &)*'  +  ■ V*, 


whence 


A  (a)  A'  <*)«  ~(i  +  &*)«+2*V. 


Thus , 

*A*(s)  A'  <s)-*Afo)A'  <*)-  yl2i'a*~(l  +  &*)*]- 

-*(2AV~(1  +  k*)  yj-  2**ary  (*-*»*).  (28) 


On  the  other  hand 


<y)~^  ** 

«s*fl-{W  Wy**  |> 

»  *»*  Y  -  *vy  «  <**-  y*)  (i  -  #*y). 


whence 


sri  (y)~yA  (s)  • 


(29) 


Substituting  (28)  and  (29)  into  (27),  we  find 


*ly&  (*)**&(»)}  £h 

,4{i -r‘W>  “  T=^F 


(30) 


Hence 


dfyAfc)  rf(i-JWJ 

j37*)r*i(y)  *“  "  ' 

la{yi(*)  +  si(y)]*ld  (i— &Vy*)+lAe, 
s£C*H£«L&) 

t-*v7»  * 


(3D 


where  g  is  an  arbitrary  constant. 

Let  us  define  now  the  arbitrary  constant  o  in  accordance  with 
initial  condition  (23).  Assuming  In  (31)  *  *  0,  y  »  a,'  we  find 


(32) 


Substituting  (32)  into  (31) >  we  obtain 


yA(*H*3(y) 
"l  -VsV 


(33) 


Thus,  by  integrating  differential  equation  (21)  according  to 
the  initial  condition  (23)1,  we  obtained  the  solution  in  two  forms  - 
in  the  form  of  relation  (26)  and  in  the  form  of  relation  (33). 

Thus,  if  numbers  y  and  s  satisfy  relation  (33)>  relation  (26) 
takes  place  between  elliptic  integrals  of  the  first  kind  with  upper 
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limits  s,  y  and  s.  We  arrived  at  the  formula  of  addition  for  the 
„  elliptic  integral  of  the  first  kind,  it  is  clear  directly  from 

relation  (26)  that  this  formula  is  accurate  only  when  x  and  y  satisfy 
the  inequality 

\F{x,  k)fF(y,  k) } < P(i,  k)mK (A).  (3*0 

Let  us  now  derive  the  formula  of  addition  of  the  elliptic  integral 
of  the  first  kind  when 

X (*)«/?(*,  *)+  (y,  &)<2K(k).  (35) 

i 

For  this  we  replace  the  initial  condition  (23)  by  initial  condition 

y«-i  when  **»  *'  (0<^<1).  (36) 


Integrating  differential  equation  (21)  according  to  the  initial 
condition  (36)*  we  find 


a 


or: 


9 


S 


dy  ' 
A(y)» 


i.e. , 


F(x,  A)+F(y,  k)~K(k)+F(t\  A).  ( 37 ) 

M 

On  the  other  hand,  differential  equation  (21)  has  the  solution 
(33) »  where  z  is  the  arbitrary  constant.  Let  us  define  constant  z  in 
"  accordance  with  initial  condition  (36).  Assuming  in  (33)  x  3  s'  and 
y  *=  1,  we.  find 


&  UP 

t  -  *****  “  *' 


(38) 
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Thus,  according  to  condition  (35)  instead  of  the  formula  of 
addition  (26)  we  will  have  the  formula  of  addition  (37),  where  s'  is 
connected  with  z  by  relation  (38),  Let  us  convert  formula  (37). 

Prom  relation  (38)  we  find 


*  1  -  w 


1 


<1 -**)«« 


M ft 

r+w*' 


2i‘(t  - 

•  ix^Tvijr » 


whence 


it  '  it* 


(39) 


From  (38)  it  follows  that 


su i  when  «'«0.  (40) 

Integrating  (39)  and  taking  into  account  (40),  we  find 


Substituting  (41)  into  (37),  we  obtain  the  formula  of  addition 


F(x,  A)  +  F(y,  A)»2K(A)-F(*,  k).  (42) 

Let  us  derive  now  the  formula  of  addition  for  elliptic  integrals  of 
the  second  kind. 

Using  identity  (29),  we  can  give  to  relation  (33)  the  form 
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**  —  u* 


or 


Tiif  “  am  i(ij 


«=3  A*i 


(43) 


But  if  y  as  a  function  of  x  satisfies  relation  (33),  then  y  satisfies 
the  differential  equation  (21).  Using  relation  (21),  we  can  give 
to  equality  (43)  the  form 

dz  +  i~T^f  “  kh  &  ^  ^44) 

Taking  the  initial  conditions  (23),  we  find  from  (44) 

ft 


or 


i  -  w 


X 


t  -  tv 
A(y> 


t  -  *  V 
A(y) 


dy=*k'zxyi 


(45) 


Using  for  the  elliptic  integral  of  the  second  kind  the  designation 

s  *>.  <«) 

we  will  be  able  to  give  to  relation  (45)  the  form 

E(x,  k)  -f  E (y,  k)z=tE (z,  k) 4- k'xyi.  (47) 

Thus,  if  x ,  y  and  z  satisfy  relation  (33)  and  inequality 
(34),  for  elliptic  integrals  of  the  second  kind  the  formula  of 
addition  (47)  takes  place.  If  x  and  y  satisfy  inequality  (35),  then, 
using  initial  conditions  (36),  we  find  from  (44) 
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or 


5 


“S]3T 


dz-r 


y-^fdy*.k*x(xy~ty 


l  -•*»** 
d(*> 


dz 


1  -  ft  V 
-i(y) 


~~fdy~k'i(zy~t% 


Using  designations  (46)  and  (5),  we  will  be  able  to  give  to  this 
relation  the  form 


E(s,  k)+E(y,  k)tn  E(k)+E(z\  k)+ k*z(xy-z'). 
Prom  relations  (38)  and  (39)  it  follows  that 

i  -  *v*  i  -  **  di 

~T(?r  d2at-  mt>  • 


(48) 


(49) 


Integrating  (49)  and  taking  into  account  (40),  we  obtain 


E(z\  *)~  -(!-*’) 


S 


dx 

(1 


(50) 


We  find  further 


,,  d  {x\' t*  x  _  k*  \r\  _ ftV _ j_  k*i'Y  \  -  ;»  _ 

d*  \  /rwj  “  v  i  -  k'S  y  (T^>  ;*)  (i  —~k*zi)  ”**  (i  -  A*i*)^*  *’ 

ft*  (1  -  =*)  (1  -  ft*s»)  -  ft*;*  (l  -  ft*;*)  f  ft*;*  (i  -  ;«) 

“  =* 

ft* -2  Ji*s*  4-  l-ft*;»  1-** 

“  (l -*»;«)*(;)  ™  A(;)  “  (l-ft*;»)4C*)* 


(5D 


Using  identity  (51),  we  find  according  to  (50) 


„  t  lz££j,-  1 +  ‘nSF? , 
i  jw  J  40)  +  TTStO 


F  1  -  i*a* 


,£(!,):£(«,  *> +  *]&§£. 


(52) 


Further,  according  to  (38) 


£l EL  «  * i/UHE  ».♦ 

K  i-iv*  •  r  **• 


Substituting  (53)  into  (52),  we  find 

£(s',  A)  =  £(A)- £(z,  A)+AV.  '  (51* ) 

Substituting  (54)  into  (48),  we  obtain  the  formula  of  addition 

E(x,  A)+£(y,  A)=*2£(A)— £(:„  A)-j-A*xy2.  (55) 

Joining  formulas  of  addition  (26),  (42),  (47)  and  (55),  we  will 
finally  have 


*)+F(y.  A)~F(z,  A),  . 

E  (x,  A)  +  E  (y,  k)  =  £  (s,  A)  +  k'xyz 

when  { F \x>  A)  +  £  (y,  A)  |  <  AT  (A), 
£(*,  A)  +  F (y,  A)  -  2A’  (A) -  £(z,  A), 

E(x,  k)  +  E(y,  A)=»2£(A)  — £(z,  A )  +  k’syt 
when  K  (A)  >i,F(z,  k)  +  F(y,  A)<2A(A),  - 


(56) 


where 


!/■*  (j)  +x±(ii) 
t  -  &‘*V  * 


4.  Let  us  turn  to  the  transformation  of  the  elliptic  integral 


t 

n(y,A)»  \ - - ===.. 

0  <1-  ***V)  }/  (1  -  **)  (l  -  {  *•) 
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We  will  first  assume  that  0<y<i.  Since  in  this  case  when  0<x<i 


1*1*.  *)+*(-*. '*)!<*(*), 

we  will  have,  according  to  the  formula  of  addition  (56) 


F(z,  k)  +  F(- y,  k),  \  (53) 

E(x,  k)+E{-y,  k) -k'xyl,  0<x<i,  J. 


where 


But 


1  -  *‘*y  ~  * 


(59) 


k 


(60) 


and,  analogously. 


E(~-y,  k)~*~E  (y,  k). 

Thus,  formulas  (58)  can  be  given  the  form 

F(x,  k)~F(y,  h)-PC.  k), 

E(v,  k)-E(y,  &)-££,  *)-*’*y C.  0<*<i.- 


(61) 


(62) 


Let  us  designate,  further,  by  y '  the  number  for  which 

F(y\  k)iF(y,  A)  =  A'(A).  (63) 


Then 


0 <F(jc,  *)  +  *(y,  *)<#  when  0<*<y', 
K<F(x,  k)  +  F(y,  k)<2K  when  y'<z<l. 


and  according  to  formulas  of  addition  (56)  we  will  have 
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F(x,  k)+F(>j,  k}**F(z,  k),  } 

E(s,  &)+  £(y,  k)~E{z,  k)  +  ft'xyi,  0 <z<y%  j 
F(S.  y)  +  F(y>  k)~2K{k)-F(z,  k), 

E (s,  A)  +  £(y,  k)  -  2 E  (k) -  E (z,  k)  +  A'zyz,  y'  <  *  <  1. 


From  formulas  (62),  (64)  and  (65)  we  derive 


E  (s,  k)  - E  (C,  A)  =*  2E  (y,  k)  -  k'xy  (z  +  C)  when  0  <  *  <  y\  ' 

E  (:,  k)+E  G,  h)  =  2E  [k)  -  2 E  (y,  k)  +  k'xy  (z  +  C) 

when  y'<3<i.  ( 


Further,  according  to  (56)  and  (59) 


z  +  C< 


2x'y 

i  * 


Substituting  (6?)  into  (66),  we  find 


s’»:Wrav-T£C'  ‘>+£(j.  *>  ] 

when  0<x<y', 

A*yA  <y)  j—gp  = ~  £  ('»  *>  ■ +  7 £  (*’ k)  +  £  <36  *)  ~  £  <*> 

when  y'  <  x  <  i. 


Multiplying  both  sides  of  eaualities  (68)  by  dx/b(x) 
integrating  with  respect  to  x,  we  find-  (considering  that 
depend  on  a) : 


\  /  n(  x»d*  i  c  E(;,k)dx 

k  V*  (y)  )  -  ft**  V;  A(*)  2  )  a  (*) 


1  f  5  t-i  ft?  rf*  i  p  /..  i.\  i 

“i— 3^r +£w**> i  w* 

t 


A’y&  (y)  ^  “  *  V 

*»  V' 


i  t-  BC,k)dx 


A  l*) 


W'  y 


(64) 

(65) 


(66) 


(67) 


(68) 

and 
and  C 


(69) 


whence 


mmw,a  f  £**  m  JL  C  BfrkU*  r  S(s,k)dx 
J  J  (l  —  krJpy'fM?)  2  J  A(r)  8  J 


+ 7  $  £wi+£^  *>  $  4-E(*>  s  m  • 


Differentiating  with  respect  to  x  both  sides  of  the  lirst  of  relations 
(62),  we  find 


whence 


t  1  « 


*(*)“*(;>*  0  <  x  <  1. 


Differentiating  with  respect  to  x  both  sides  of  the  first  of 
relations  (64)  and  the  first  of  relations  (65),  we  find 


whence 


dz  di  A  .  .  ,  dr  rf:  . .1  .  _  y  1 

17)°%'  0  <  z  <  y  ,  iw»-4(Jj(  y  <z<l. 


further,  from  (59)  and  (56)  we  find 


C*=»  —  y  when  x«=»0.  when  x=»l, 

*  '  1  —  A*jr  \  F 

z«y  when  x=»0,  s «* when  2=»j', 
9  t  —  * 


s=,T7r&  when  *ral- 


Introducing  designations  £—^7* ° Vi,  and  ~ V-Vyyt'^  °yi>  we  find  in 
accordance  with  formulas  (71),  (72)  and  (73): 


•f  ffC.ft)4s  f  ,  C  BU, 

l  ~3~ “+3~t< 

0  w  V’ 


-~3^j 


Vi  VI 

1  f  E( S,k)di  4  e(*,*)<h 

J  ”Srtfr~  J  “TO  3  ~SuT*“* 

,  .  “»  .  V  Vt' 

fl  E (:,!;) da  « 

3  Ati)  ”3  A(I)  “3  3(55  wp 


(74) 


since  function  -%-jgy-  according  to  (6l)  is  odd.  Further,  according 
to  (63) 


\  &km  i  K7*)~  \  Gfi~xW-pW*  Q**F(y>  *>• 

K*  0  0 


Substituting  (74)  and  (85)  into  (70),  we  find 


*'yA  wtirnra 


Thus,  when  0<y<  1  we  arrived  at  the  relation 


s’ix 

fc'sV)A(a)' 


**y/(i-v’)(t -*•»*) 


Quite  analogously,  by  using  formulas  of  addition  of  elliptic 
integrals  corresponding  case  y  >  1,  we  can  obtain  relations 


»<**)• 


y*-i  J /(y‘-»)(i-*V) 

i<y<l-,  ' 


H(y,  £)»•  — 


*«y  (*V-i) 

y  >  1/*. 
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£> 


We  restrict  ourself  to  the  formal  derivation  of  formulas  (78)  and 
(79)  from  formula  (77). 

* 

Assuming  in  the  right  side  of  formula  (77) 

T, 


we  obtain 


v  4  ■ 

II  (y,  k)  <= 


-*<*>$  •»»+*<*>$ 


dy 


k'yYW-  i)  U-*1?) 


(80) 


When  l<y<~we  have 


s/^+ 


the  imaginary  part. 


(81) 


and  similarly 


5  y (y* — i)~(i — k*j}1)  ”  5  /(y’-iHt-ikV)"**  the  iRiaglnary  part  ^2) 


Substituting  (8l)  and  (82)  into  (80,  we  find 


$  / vrf  '«+*<«>  5  -77— , ... 

a<*  »  jv'o- 

I’d'lv'-tH'l-W) 


*V  I(y’  - 1)  11  -*V) 

+  the  Imaginary  part. 


(83) 


But  the  left  side  in  relation  (83)  is  the  real  part.  Consequently 
the  imaginary  part  of  the  expression  standing  in  the  right  side  of 
relation  (83)  must  be  equal  to  zero,  and  we  arrive  at  formula  (78). 
Assuming  in  the  right  side  of  formula  (78) 

/ 1  -  A-y = i  j/  Ayr T, 


28*1 


we  obtain 


dy 


f  /<V*-i)(*V-l) 


**uVW- 


(84) 


When  y  >  •*.  we  have 


$  /&-  j  j/‘&- 

V  f _ 

“  l  r  ^Jferrfy+  the  imaginary  part,  (85) 


and  analogously 


V  V 

\  *  the  imaKinai*y  part.  (86) 


Substituting  (85)  and  (86)  into  (84),  we  find 


U(y,&)i 


-*<*>$  5 

_ _ i/» 


dy 


+  the  imaginary  part.  (87) 


But  the  left  side  in  relation  (87)  is  the  real  part.  Conse¬ 
quently,  the  imaginary  part  of  the  expression  standing  in  the  right 
side  of  relation  (87)  must  be  equal  to  zero,  and  we  arrive  at 
formula  (79). 


Thus,  elliptic  integral  II (y,  k)  Is  expressed  by  the  elliptic 
integrals  of  the  first  and  second  kinds. 


5.  Above  we  obtained  for  the  elliptic  integral 


■'(!)»  5 


,'!•  t, 
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the  expression  (see  formula  (80)) 


Let  us  transform  this  expression;,  using  the  above  formulas  for 
the  elliptic  integral  JI(y,  k) .  Since  when  0<.5<1 


t</i 

in  the  elliptic  integral  n(/if V^f)  y>P  and  in  integral 

£)  «<*<  Thus,  for  the  transformation  of  the  first 

of  these  integrals  we  must  use  formula  (79)  and  for  second  -  formula 
(78).  Assuming  in  formula  (79)  y m  and  in  formula  (78) 

yr3/r Ti'k°^ir*  we  flnd 

n(,/^'  ^“17rVrh-9GV0~ 

e(¥l)  f  dv  ----- 

'  2  k  /<»•-■>  (fr-O 

;  "  * 

"  -  efil)  f  •  a  - 

^  2  J  I X  (y*~ i)  ft-1 

1  -  1  K  H  2JU  .  (90) 

••  -1 /m(m-‘)  t‘-ri»)  . 


236 


Further 


i  .  ■  8  ' 

i  /(i-V)(«-|v)  •• 


Substituting  (93)  and  (9*0  Into  (91)  and  (92),  we  find 


Vh  _ _  ' 

I_  |/" ■=^rr‘,i'"-£(i¥)+ 

+<1/r=t3?)V^i. 

/*■ 

J.  7(7-ot{7~o' 


Substituting  (95)  into  (89),  we  obtain 


» 0'S  ■ 


-*(i£)fi(/I=«;  l?)]-(trOf  (¥> 


Assuming  y»  —-?===.,  we  find 

K  1 


^  y--— j— -  _ _ 

f  1/  illLdy-i  f  -j£*z31*L-  , 
J  r  „-t  t*  J6 


(9*0 


(95) 
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r% 

(TT 


I 


Av_ 


VTX 


(98) 


Using  identity 


we  find 


f  ^=7*1-, 

*  04  *r 

VT~i 


f  n'dr> 

■»Tf7  ;  rrVWK+y 

J2)_2B(,/rr-(,  1^)+/3S3I . 


/sees. 

1+6. 


(99) 


Substituting  (99)  into  (97),  we  obtain 


'(✓*=*  £)+/$*§• 


(100) 
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Substituting  (98)  and  (100)  into  (90),  we  find 


Substituting  (96)  and  (101)  into  (88),  we  obtain 

(2A:(ir)+ 

+  /2!(l-n  [£  !f  )- 

*  £>«(•+<>*  (¥)]- 

[a-(£2)a (/i~. ¥1)-  ■ 

-*  (?X/i=t  <r)+£  (i2)  F(i/i— ,  £')]  ♦ 

+  i(l-i)A- (4)} {2(i-«0A-(!^)  + 

+  /2c  (1  -  (•)  [  F  £f)~ 

-2£(,/T=T,  !£)]*(•£)}, 


or  finally 


i«-A-(!g:){/2-+/riT,[f(/Tr-!,  q.)- 

-2£(/l“!^)]}.  (102) 

6.  In  Chapter  II,  solving  the  two-dimensional  contact  problem 
of  the  theory  of  elasticity  for  that  case  when  the  initial  distance 
between  points  of  compressible  bodies  touching  with  compression  is 
proportional  to  \x{k{x  —  distance  to  the  initial  point  of  contact), 
arrived  at  the  following  formulas  for  pressure  p\x)  and  half-w?dth 
of  the  region  of  contact  a  (formulas  (103)  and  (10*0  of  Chapter  II): 


^90 


r — - — —  *  0<}aj<c, 
-  C  tk<lt 


bP  (5,  -f  }s)  -jl/fc 

2,4*  f  _foj . 


(103) 


(104 ) 


For  the  case  A  «=■  */a,  assuming  |z|»a;  and  using  designations 
(1)  and  (15)  for  appropriate  elliptic  integrals,  we  have 


0<«  <  i, 

L  3  ACt  J  • 


(105) 

(106) 


Substituting  into  (105)  and  (106)  values  of  elliptic  integrals 
and  «7(C)  from  (12)  and  (102)  we  find 


{1+ [,(/  rrt,  qy 


a„r/sy<>.+o.>y/», 
“*(*¥).  ' 


(107) 


(108) 


Assuming  («bccs*9,  and  /casing,  w~  will  have 


_  VT=i 


r (/*=*.  ¥)=  5  /  vH-n-- 


p  ■*  ~  f  1  +  cos’  9  + 


9  «  arccoi  J,- 


/IT. 


(109) 


We  arrived,  thus,  at  the  formula  convenient  for  calculations 
which  determines  the  pressure  p(x)  in  the  region  of  contact.  In 
accordance  with  formula  (109)  a  graph  of  the  distribution  of  pressure 
in  the  region  of  contact,  located  for  the  examined  case  in  Chapter  II 
(Pig.  11)  is  plotted. 

7.  In  Chapter  III,  by  examining  the  ax? symmetrical  contact 
problem  of  the  theory  of  elasticity  for  the  c  3e  when  the  initial 
distance  between  points  of  compressible  bodies,  which  touch  upon 
compression,  is  proportional  to  r,/»(r—  distance  to  the  axis  of 
axsymmetry),  we  arrived  at  the  following  formula  for  pressure  p(r)  in 
the  region  of  contact 


where 

see  formulas  (157)  and  (158)  of  Chapter  III. 
Assuming  ncoi’iJ,  we  find 


(110) 


(111) 


/(cos’  $.)*■  ]'^2co39  £ - - -°*v- . .  (112) 

y  cos’  <f  y  1  -  y  »in*  <{> 


Using  identity 


we  find 


(113) 


Substituting  (113)  into  (112),  we  obtain 


/(coi* ?.)«=» 2 sin  f  \f  i  -f  coi>*?-f 

^)/2coj  ^-^=^L===r=‘,--2  ^  (11^) 


'^suming  in  (110)  r^acos*?  and  substituting  into  (110)  the 
expression  for  /(cos’©)  from  (11*1),  we  find 


\ 

d?)]*  (115) 

* 


Comparing  formulas  (115)  with  formulas  (109),  we  are  convinced 
of  the  fact  that  the  distribution  of  pressure  in  the  region  of 
contact  in  the  examined  axisymmetrical  contact  problem  is  the  same 
as  that  in  the  corresponding  two-dimensional  problem  of  the  theory 
of  elasticity. 


APPENDIX  2 

THE  APPROXIMATE  SOLUTION  OF  CERTAIN  INTEGRAL 
EQUATIONS  OF  THE  CONTACT  PROBLEM 

1.  In  Chapter  II,  by  examining  the  problem  on  the  compression 
of  two  circular  cylinders,  the  radii  of  which  are  almost  equal,  we 
showed  that  the  solution  to  this  problem  is  reduced  to  the  solution 
of  integro-differential  Prandtl  equation  from  the  theory  of  an 
airfoil  of  finite  span  and  discussed  the  method  of  solution  of  this 
equation  proposed  by  I.  Vekua  [Translator's  note:  name  not  verified]. 
Examining,  further,  the  problem  of  pressure  of  a  rigid  stamp  on  the 
elastic  half-plane  taking  into  account  surface  changes  of  the  elastic 
medium,  we  arrived  at  an  analogous  integro-differential  equation, 
the  approximate  solution  of  which  can  also  be  obtained  by  the  method 
of  I.  Vekua.  After  one  of  the  functions  entering  into  the  integro- 
differential  equation  is  replaced  by  the  properly  constructed 
approximate  expression,  following  the  method  of  I.  Vekua,  the 
solution  of  such  an  integro-differential  equation  in  closed  form  can 
be  obtained.  Here  we  arrive,  however,  at  the  calculation  of  definite 
integrals,  which  are  not  expressed  in  elementary  functions,  and  in 
connection  with  this  for  numerical  calculations  general  methods  of 
approximation  of  the  solution  of  integral  equations  can  be  more 
convenient.  Taking  into  account  graphs  illustrating  the  corresponding 
sections  of  Chapter  II,  we  used  the  method  of  finite  differences. 

This  method  consists  in  the  fact  that  the  unknown  function  is 
assumed  variable  not  continuously,  but  ty  jumps.  Dividing  the 
Interval  of  the  change  in  the  unknown  function  into  n  parts  and 
assuming  tr.at  in  each  of  th*  oltained  subintervals  this  function 


maintains  a  constant  value,  we  reduce  the  solution  of  the  integral 
equation  to  the  detecting  of  these  n  values  of  the  unknown  function. 

By  proper  selection  of  these  values  we  can  achieve  that  the  integral 
equation  is  satisfied  at  n  points  of  that  interval  in  which  this 
equation  should  be  satisfied.  We  arrive,  thus,  to  the  solution  of  the 
system  of  n  linear  equations  with  n  unknowns.  Solving  these  equations, 
we  will  obtain  the  approximate  expression  for  the  unknown  function 
in  the  form  of  a  step  function,  changing  by  jumps.  Constructing 
its  graph  and  smoothing  the  jumps,  we  obtain  finally  a  smooth  curve, 
which  depicts  the  approximate  solution  of  the  integral  equation. 

Below  we  give  the  calculations  made  by  us. 

2.  As  we  showed  in  Chapter  II,  §  7,  in  the  case  of  the 
compression  of  two  circular  cylinders,  the  radii  of  which  are  almost 
equal,  pressure  p(<}>)  in  the  region  of  contact  is  determined  by  the 
integral  equation  [Chapter  II,  equation  (31)]: 

2 (V* + VO  \  P (?'} co» (o - *')  In tg  rf? ' -  . 

* 

c, 

“(Vs+Vt)  \  P  (?')  sio  |  <? — ?'  J  dy'  -}-  20,r,  ^  />(?')  rfy'-' 

-s»  -31 

“('■«-  t)(l-co*?)-acosyf  -?,<?<¥*.  (1) 


In  order  to  exclude  from  equation  (1)  the  unknown  constant  a, 
in  (1)  we  set  4>  =  0.  Let  us  obtain 

2(0, r.  +  O.r.)  $  p(*')cos*']nlgLf,d?'~ 

-ti 

1*  ’ 

-  (*,/*»  *,r,)  ^  p  (?')  si  n  j  |  rf/  +  20, r,  ^  p  (?')  d?'  »  -  a,  (2) 

—  ft  • 

Substituting  a  from  (2)  into  (1),  we  h->ve 

2  ( V.  +  0 ,r,)  ^  p  (*')  [  cos  (?  -  ?')  ft  tg  -  cos  ?  cos  ?'  In  tg  UU  ]  d?’  - 

*  * 

-(Vs+VO  )  A  (?#)  ls‘n  I  ?  l  “  C08  ?  81  n  1 9’  II  &?'  + 

+  20,rl(l— cos 9)  ^  p {?') d^f *=* (a,  f,) (1  —  c°3 7),  -?,<?<?,.  (?) 

-?t 


Integral  equation  (3)  jointly  with  condition 


c  P 

)  p(?)cos?df** 


(*) 


where  P  -  the  compressing  force,  determines  the  angle  and  pressure 
p(<P)  in  the  region  of  contact  -<pQ  <  <f>  <  4>q *  Since  function  p(<t>) 
should  be  due  to  even  symmetry,  we  have 

o  •  • 

2(0lrl+0art)  ^  />(?')  [ cos^-?') 

—  cos  9  cos  9'  In  tg  -j-  j  dy' — 

0 

-(Vi+Vt)  ^  /»(?')  [«al?"-?'l~cos?8iai9'|]^' -f 

o'. 

+  20^,  (1  —  cos  9)  ^  p  (9')  dip9  «* 

.  ’  -1  *•  .  .  .  V 

»  2  (0,pt + 0trt)  ^  p  (9')  [  coa  (9  4-  9')  to  tg  - 

—C0i9C08  9'  lntg  ~]  +  P(?')(sinl9+ 


▼ 

+ 9'  I— cos 9 sin 9']<*9' 4- 29*1% (t  — cos 9)  ^  p (9') 


in  virtue  of  which  the  integral  equation  (3)  can  be  given  the 
following  form 


2(0,r,4*0sr,)  ^  />(*')  [cos(9-9')lntg!-^-2- 4- 

U 

4-  vos  (9  T  9')  In  »g  1  -  2  cos  9  cos  9'  In  tg  J  dy'  —  ; 
u 

-  (*,r»  r,rt)  ^  p  (9')  (‘in  !  9  -  9' 1 4-  fin  1 9  4-  9'  I  — 

a 

•  • 

—  2  co*  9  sin  9')  d^'  4-  (l  ~  cos  9)  ^ 

U 

“(^.-/■»)(l-cos9),  -?.  <?<?•• 


(5) 


Let  us  divide  the  interval  (0,  <J>0)  into  n  equal  parts,  and  we 
will  consider  that  in  each  of  the  obtained  subintervals  function  p(4>) 
maintains  a  constant  value: 

<p(9)*» pk  when  <?<*&,  (6) 

km  1,2, 

Substituting  p(4>)  from  (6)  into  (5),  we  obtain 


n  Kt 

2(Vs+V*)2i  Pk-  [  [cos  (9  — 

S«l  {«-!}» 


+  c«  (9  +  5>')1ntg,-^~2~l—2coi9co*<f'Int5~-] 


M 


4-i  (*-i)» 

n  48 

~  2  c«  9  sin  9']  1/9'  -f  40»r,  (1  -  cos  9)  2  Pk  \  <*?'  * 

A-i  (4-1)1 

•  * 

(rt~~r ») { 1  —  cos 9),  ~9,  <9<9,. 


(7) 


In  the  right  and  left  sides  of  relation  (7)  the  odd  functions  of 
<p  stand.  Consequently,  if  relation  (7)  takes  place  for  any  positive 
value  of  4>,  then  it  takes  place  for  the  corresponding  (equal  in 
absolute  value)  negative  value  of  <f>.  Further,  when  <J>  =  0  both  sides 
of  relation  (7)  turn  into  zero  and,  consequently,  are  equal  to 
each  other.  Thus,  if  one  were  to  determine  p^,  p ^  • • . ,  Pn  in  such 

a  manner  that  relation  (7)  is  fulfilled  when  9  =  ;>,  20 . nO,  then  it 

will  be  fulfilled  at  all  points  9«/0(/«  ...^  -1 ,  0,  1,  ...,  «). 

Assuming  in  (7)  9  «  i9(l  ■»  1,  2,  n),  we  obtain  the  system  of 

equations 

n  41 

2  2  P/t  \  j"eos(/0  —  9')  In  tg — 

coi  (/0  +  9')  In  tg  — ^  T  2  CO*  /O  cos  9'  In  Ig  J  - 

*  ■** 

•  —  (V«  +  V,)2  P*  \  (8in|/0-9'j  +  5in(/0  +  9')  — 

*->  (*-!}♦  (  8 ) 

-2ccs/09io9']rf9’  +  40,rl(l-ccs/0)2  pk  J  ('W,)(l -cos/0), 1,  2, 

4-J  (4—1)8 


Let  us  turn  to  calculation  of  definite  integrals  appearing 
in  equations  (8).  Let  us  find 


when  A<Z 

£4 


jjj  coa(/S  —  .  . 


<*-0» 


•.  \ 


when  A>Z  +  i 

£1 


-  *in  (Z$  -  ?')  In  tg  -  '/ 

« 

— «a(Z— A)01ntgk~^  + 

+  tin  <Z  -  A +  1)  &  In  tg  -  0; 


Thus 


^  ccs(Z0— 


2 

<*-0» 

i*  j 

-  J  cos(Za-^)lntg^9<Z/« 

<*-»)» 

-  -  sin  (Z  -  A)  0  In  tg  {-^L» +sin  (Z  -  A  f  1)  0  In  tg 

ki 

■  5  cos  (ZO  -f  ?')  In  tg  ~~  ?'  =*  , 

(a-Ot  2 

-  .in  (/0  +V)  In  tg  9'  1)(  _ 

«.iu(Z  +  A001atg(ii^»sin(Z+A-l)01ntg^i±^^-d,’ 

** 

C  ccs9'lntg-L-<f?'  =  «ino'lntg-T; — ■» 

«  sin  AO  la  tg  j  —  sin  (A— 1 )  0  In  tg  &I~!2 — J>. 


$  [cos(/0-9')lntglii^L,+ 

+  cos(/0  -f  ?')  In  tg  —  2  cos  ZO  cos  <p'  Intg-y  j  «=» 

«$in(Z  -  A  +  1)0  In  tg  -  -—j-  *■■■  & — sin  (/  —  A)  0  In  tg  --fr 

+  sin  (/  -f  A)  0  In  tg  (i±*L?  —  si n  (l  +  A  —  1)  0  In  tg  — 

■20-2cos/0  ^  sin  AO  In  tg  ~~  sin  (A  —  1 )  0  In  tg  - —  0  j  . 


Further:  when 


*8  it 

\  \  sin  (iO— ?')<£?'«* 

<*-»)» 

■» ccs  (Z0  •»  9O  _  1  jj  **  ®®®  (I  “  &)  8  coa  (I «—  A  *f*  i) 

when  A>J4-i 


\  sinj/O  —  ^lrf?'**  ^  sin('f>'  — Z3)rf?«a 
<&-»*  (*-D» 

m  —  C0S(^'  — *^0)  {*'— C*— *>» 

At  . 

f  {sin(/04-?')  —  2  cos  ZD  sin  ?'J  d?' « 

~-cos(«)4?')*f2cos/Scos?'p"{A*_j)8»>  .  ‘ 

*•  —  cot  (l+i:)0+eo»(/+Af~l)0  +  2cos/9{co»i0— cos(A*»l)0j. 

Thus , 

u 

\  [9in|Z0  — ?'l  +  sin(/&4-?')~ 2  cos /3  sin  9']  d?' — 

<*-«>• 

~S(Z— A)[cos(Z-A)&-cos(f-A4-i)d]4. 

+  cos  (/  +  Jk — 1)  3— cos  (/  4-  A)  0  4-  2  cos  Z0  [cos  AO— cos  (A— 1)  0J,  (10) 

where 

S (A) on  1  when  A>0,  1 
&(A)«  —  1  when  A<  —  1.  1 


Substituting  (9)  and  (10)  into  (8),  we  obtain  the  system  of 
equations 

ft 

2  P*  {  2  (V,  +  0,r,)  [  sin  (Z  -  A  +  1 )  0  In  tg  L^±ila  _ 

&. 1  ’• 

-  sin  (Z  -  A)  0  In  tg  + sin  (l  +  A)  0  In  tg  (~2i.  - 

-sin(i  -f  A  — 1)0  In  tg  (i±i^lI?-20  ]  -f 

+  +  [S  (/  —  A)  [cos  (/ — A  4*  i)  3  ~  cos  (Z  —  A)  0]  4- 

4*  cos  (Z  4- A)  0 — cos  (/  -f-  A  —  1 )  0}  4* 


+  40,j*aO  -  2  cos  /0  { 2  + 0tr4)  [ala  A  0  In  tg 

— sia(A--.  l)01ntg(-~-^—0j  +  1 

+ (v» +  [cos  AO — cos  (A  —  1)  0]  +  204r40 1  m 

»(r,~r()(l~cos/0),  /®1,  2, 


►  »  Ni 
/ 


(12) 


Let  us  introduce  designation 


2(.Va+0.r,)  [  sin(A+ i)  0  In  tg  **±112— sin  AO  in  tg  '^-O  ]  + 
+  (V*  4- V.)  5  (A)  [cos  (A  4-  i)  0  —  cos' AO]  4*  25,rt0. 


(13) 


Then  equations  (12)  can  be  given  the  form 


2  P *  (Vi  +  —  2  COS  /0ifcMl)  aa  (rt  —  r,)  (1  —  cos  /ft), 

/=»  1,  2,  . a, 


(1*0 


since 

&(*  +  A-l)-S(A-l)»i  when  *>S,  l>i 
according  to  (11). 

When  A>0  we  have 

A* «  2  (0»r,-f*0,r,)  X 

X  £  sin  (A+  1)0  In  tg(-~— —sin  AO  In  tg  ~  —  0  J  + 

+  (V»  4-  V?)  [cos  (A  +  1)  0  —  cos  AO]  4-  20^,0.  (15) 


When  A>i  we  have  al^o 


=»  2  (0,r,  4- 0,r,)  x 

X  [  —  sin  (A— 1)0  4-  sin  AO  Intg-~  — 0  J  4- 

4-  (*Ji  +  v«)  [  —  cos  (A  —  1)  0  4-  cos  AO]  4*  20,^0, 


+  40tp,0 2  co*  /O  1 2  -f  0,r,)  jVa  A*  O  la  tg  ~ 

-.in  <A~i)  0  la  tg  ]  4* 

+ ( v*  4*  a*r»)  (cos  AO  ~  co»  (A  i)  0 J  +  20^0 j  e# 

»(?,— p4)(i-cos/0),  /*»!,  2, 

Let  us  introduce  designation 

As to  2(0,p, + 0,r»)  [  s*n (A + 1 )  O  In  ig  — sin  /t0  In  tg  — 0  J  4“ 

4*  (*»**,  4-  r.,r,)  1  (A)  (cos  (A  4- 1 )  0  —  cos' AO]  4-  20,pt0. 

Then  equations  (12)  can  be  given  the  form 

ft  • 

2  Pk  (*W  +  ~  2  C01  /0A*->)  *  -  '»)  (1  -  C0» 

*-! 

/  *  1,  2,  •  •  >  i  iif 

since 

i(/  +  A~i)«S(A-l)-l  when  A>1,  i>l 
according  to  (11). 

When  A>0  we  have 

AJI-2(0,r,+0,pt)x 

X  [  sin(A+l)01ntg(-^~-sinA01nlg  -y-~o]  + 
4-  (x,r,  4-  Vi)  (cos  ( A  +  1)  0  —  cos  AO]  +  20,r,0 

When  A>i  we  have  also 

«=■  2  (0,r,  +  0,r,)  X 

X  [  —  sin  (A — 1)0  lntg^y^  +  sin  AO  lntg  ~ —  0  J  4 
4*  (*»',i  4-  V,)  ( —  cos  (A  —  1 )  0  4-  cos  AO]  4*  20,r,0, 


when  A>i. 


(16) 


Introducing,  further,  designations 

p  ( k )  tn  2  (V,  -f1 0,r,)  ^si  n  kv  In  tg  ~~ — -}* 

+  (Vi  +  V.)  cos  fcO-f  20,  rtkb,-  *>0,  (17) 

we  can  give  to  formula  (15)  the  form 

A*  (A +  1) -/?<&),  *>0.  (18) 

Uniting  formulas  (14),  (16),  (17)  and  (18),  we  finally  arrive 
at  the  following  system  of  equations  for  the  determination  of 
unknowns  p^,  p2,  ...,  p^: 


n 

2  />* (A«-*  +  Af*-» ~2  C08 /0A*-«)  -  (*a-r»)(i  - coa  JO), 

t  *•*,  /tf 

where 

A*=«F(A!+ 1)  — *>0,  A-Jt  ”  Ajuii 

F(k) **2 (0,r,  +  0,r,)  ^si n  AO  In  tg  —  —  A0^ 

+  (*>r»  +  fir,)  cos  M  +  2O,r,A0.  , 


(19) 


3-  We  will  subsequently  assume  that  compressible  cylinders 
are  made  of  one  material,  i.e., 


0,«0„  *,«*„ 


(20) 


where  0,=.^!,  «, a, ,  £-  elastic  modulus  and  p  -  Poisson's 
ratio  of  compressible  bodies. 

Since  on  the  assumption  that  radii  of  compress! Me  cylinlers 
are  almost  equal,  It  is  possible  to  also  assume 


r,  r,  =  r. 


'  >1 


i 


•.  1 


Then  the  expression  for  function  F(k)  in  formula  (19)  will  take 
the  form 


F (k)  e»  40,  r  sio  kb  In  tg  —•  -»  20»r&  0  2xxr  coi 


X 

or 


F(*)- -20  tr/(k), 


(22) 


where 


Assuming  further 


—  20r8k, 

we  will  have  in  accordance  with  (19)  and  (22) 

W <*+!)- /(ft).  *><>,  *>1. 


(23) 

(24) 


(25) 


(26) 


Substituting  (25)  into  equations  for  the  determination  of 
unknowns  p^,  pn  (19),  we  obtain  the  equation 


2  Pn (2 ' 05  —  1/ -t  —  ** -55-  (i  —cos /0), 

/**  1,  2, n, 


1-1 


(27) 


where 


I 


*  r. 


(23) 


A  1 1  •  •  •  |  A| 


As sum' 


in  (27) 


we  obtain  the  equation 


4  ’ 


\(2 coi sa i  —  cos /&,  /« 1,  2..,.,  ft, 


(30) 


determining  unknowns  q2,  ...»  q^.  Solving  equation  (30)  for 
unknowns  q^,  q2>  •••»  Qn»  then  by  formula  (29)  we  will  manage  to 
find  p±i  p2,  pn. 

Below  we  give  solutions  of  the  system  of  equations  (30)  for 
three  values  of  angle  4>Q:  30° »  50°  and  60°,  taking  Poisson's  ratio 

y  equal  to  0.3  and  setting  n  «  5. 

According  to  (24)  when  y  =  0.3 


c 


According  to  (23)  we  will  have 


f(k)  «=»  —  2  sin  A:0  in  tg  •—  +  —  c6s  A5).  v31) 

Since  when  n  =  5  we  will  have  0*«6*  when  ?»s»304,  0«»10*  when 

n  * 

?• «=>  50*,  0«12*  when  <}>0  =  60°. 

Given  below  are  values  of  differences  &*«=»/ (fc.fi)— -/(A),  calculated 
in  accordance  with  formula  (31). 


Substituting  from  this  table  differences  6 ^  into  equations  (30) 
and  using  here  relations  =  when  &>i  (see  (26)),  we  obtain 
equations 

ft®*30* 

0,278395,-0, 18258ft  -  0,04031ft  -  0,02020ft  -  0,01266ft  -  0,00548, 

0,64959(7,  -  0,12505ft— 0,282S4ft- 0,093 14ft-0, 03442?  ,=  0,02186, 

0,79081ft  +  0,19207ft  -  0,25G72ft-0,336G6ft~  0, 14300ft  *•  0,04894, 

% 

0,86282ft  +  0,31882ft  +  0,0416Gft-0, 34501ft-  0,41828ft  *>  0,08646, 

0,89252ft  +  0,37884j,  +  0,14990ft-0, 05685ft  -  0,415585, «  0,13398. 

■  ?9<=50* 

0,446825.-0,309705,  -  0,07288ft  -  0,03944ft  ~  0,027205, «  0,01520, 
l,01730ft-0, 235985, -0,49264ft~0, 17774ft- 0,11446ft  =«  0,06030 
1 ,174285,  +  0,252305,  -  0,477805.-0,64 1 78ft  -  0,28950ft  -  0,13398 

1 ,183265, 4-  0,396065,  —  0,023045,-0,657885,  —  0,782125,=*  0,23397 
1 ,0S970ft  +  0,451485,  +  0,  l043Sft-0, 22378ft  -  0,820265, »  0,35721 

9,  -  60* 

0, 52452ft-0,376i05, -0,092185,-0,052345,-0, 038025.-0, 0218( 

1,174605,  — 0,303345,  — 0,608725,— 0,232605,  — 0,15S145,'—0,0S64( 

1, 30514ft +  0.514SG5, -0,612145,-0,810145,-0,392145,-0,1901 
1 .2340S5.  +  0,3S7S0ft  —  0,0i'5705,-0,S503S5,— 1,012625,  -  0.330S 
1,01 876ft  *  0,33024ft  +  0,02024ft-0,36S22ft— 1,09294ft  «  0,5000 

Solutions  of  these  equations  are  reduced  by  us  in  the  following 


Table  q j,. 


k 

u  \ 

i  '  J 

2 

s 

j 

3 

<■ 

| 

|  3 

;  jo*  i 

I 

o.u:^  * 

C, 1 , 

,  'V  1 03  V 

i  i 

1  0,0370 

o,o:»9S 

:o»  1 

0,3. .>7 

0  j  . 

0  j  •  ,3 

!  o,:;oo  ! 

0.1753 

CO*  j 

O.S.’ji 

fi.fO.O 

0,  *  2'j  i 

!  0,0212  1 

1  I 

0/.055 

table . 


When  y  *  0.3  we  have 


l-ji*  o.ot 

*s  "  %e~  * 


Substituting  (32)  into  (29),  we  find 


_  *  _  £t 

Pk  ~UtT r 


(32) 


(33) 


Substituting  the  found  values  of  q ^  into  (33),  we  obtain  values 
of  Pi, ,  reduced  by  us  in  the  following  table 


Table  p^. 


i  \  * 

?.  \ 

* 

2 

1  4 

1 

5 

|  30’ 

0,2935  — 
r 

V. 

ft,  mo  =-5 

r 

0,1785  — 
r 

0,1502- 

r 

0,1027  — 
r 

1 

50® 

0,0030  — 
r 

0,5790  — 

0,5279  — 
r 

0,4419 y 

0,3025  y 

6J* 

1,4137- 

r 

1,3844  ~ 

1.259J  ~ 

i,om~ 

O.C999--  ■ 

Since  on  the  assumption  p  ( )  =  p^  when  (A  — 1)0  <  9  <  A8  (see  (6)), 
the  obtained  table  for  values  of  30°,  50°,  and  60°  of  angle  <t>Q 
enables  plotting  a  graph  of  pressure  p  as  a  function  of  angle  <f>. 
Smoothing  the  obtained  step  graphs,  we  arrive  at  those  distributions 
of  pressure  p  in  the  region  of  contact  which  are  represented  on 
figures  placed  in  Chapter  II. 

Assuming  in  relation  (4) 

P(r’)*=P*  when  (ft — 1)0  <  9  <  fcO,  *«1,  2, ....  n,  r4«r, 
we  find 


n  XI 

2  2  p*  ^  cos  9  d-f  Of 

l-l  (*-!)» 


jp 

•1 


or 


2 2  />*[ sin A*0 —sin (&  — ■"  1) 0|  . 


Substituting  (33)  into  (3*Oj  we  obtain 


K-«irS  & («‘n  A!> ~ *»n (* - i) °]* 

*-» 


J 


(3*0 


(35) 


Using  tables  of  values  q^,  we  find  by  formula  (35) 


£  =  0,1676 

when 

9#  «*  30*, 

£=0,7722 

when 

9,«=»50\ 

oo 

0 

e  t « 

when 

?.“60\ 

Furthermore,  obviously, 

£  =  0  when  ?,~0. 

since  the  compressing  force  should  be  equal  to  zero  so  that  the 
contact  is  carried  out  at  the  point.  Thus,  we  obtain  four  points 
for  plotting  the  curve  expressing  the  dependence  of  angle  <f>0  on 

atio  P/Ez.  Plotted  along  these  four  points  is  the  curve  given  in 

Chapter  II  which  enables  according  to  the  difference  in  radii  of 
cylinders  i,  elastic  modulus  E  and  compressing  force  P  finding  angle 
4>0  and  thus  determining  dimensions  of  the  region  of  contact. 

Let  us  recall  that  if  the  region  of  contact  is  small,  i.e.,  at 

small  values  of  angle  <j>0,  for  the  solution  of  the  examined  contact 
problem  it  is  possible  to  use  the  fundamental  equation  of  the  flat 
contact  problem  (as  before  we  will  assume  that  the  compress  11  lo 
bodies  are  of  the  same  material) 


-  \  P  (-O  (!n  j  x  —  x'  1  —  In  |  x'  j)  c/x'  «=. 


where 


i 

A 


(37) 


l(x)  -  initial  distance  between  points  touching  with  compression. 


Jointly  with  condition 


^  p (x) dx *=  P  (38) 


equation  (36)  determines  the  pressure  p(x)  in  the  region  of  contact 
and  half-width  of  this  region  a.  As  we  indicated  in  Chapter  II, 
the  solution  of  this  equation  leads  to  formulas 


(39) 

W) 

In  order  to  obtain  representation  about  the  accuracy  which  is 
ensured  by  the  above  used  method  of  finite  differences,  we  conducted 
by  this  method  the  solution  of  equatloh  (36),  having  divided  the 
half-interval  of  the  change  in  function  p(x )  -  a  into  5  equal  parts 
and  having  assumed  the  pressure  p  to  be  constant  in  each  of  the 
obtained  subintervals.  Finally  we  arrived  at  the  solution  of  the 
Integral  equation  (36)  depicted  by  the  solid  line  on  Fig.  54. 

The  dashed  line  on  the  same  figure  shows  the  exact  solution  of  this 
equation,  plotted  in  accordance  with  formula  (39).  As  we  see,  the 
curves  differ  from  each  other  very  little. 


As  we  already  noted  above,  at  small  values  of  angle  <f>Q  for  the 
determination  of  the  half-width  of  the  region  of  contact  a,  i.e., 
quantity  r  sin  4>Q,  it  is  possible  to  use  formula  (40).  Assuming  in 
(40)  a  -  t  sin  we  find 


9#o*orcsin2 


V  "iW* 


(41) 


The  initial  distance  l(x)  between  points  touching  with  compres¬ 
sion  for  the  case  of  two  circular  cylinders  will  equal 


f(z)“',i-}/r]-*J  -(/•,—/>•; -s’)* 


whence  according  to  (37) 


i  \dx'Jx„o  2  \  r,  /•,  y  2r,rt  » 

or,  if  one  were  to  assume  in  the  denominator  °  r2  =  r> 


.4  *=*  . 

2 f‘  * 


(42) 


Substituting  (42)  into  (41),  we  find 


9,«nrcsin2  y - - — ^  • 


(43) 


In  particular,  when  y  =  0.3  formula  (43)  gives 


.  „  _/  1.52  P 

9,  e*arcsin2  y  — -gj- 


(44) 


In  Chapter  II  we  compared  the  dependence  of  angle  on  the 
ratio  P/Ec,  obtained  as  a  result  of  the  solution  of  the  exact 
integral  equation  of  the  problem  (solid  curve  on  the  figure),  with 
the  dependence  of  4>  on  P/Ec,  determined  by  relation  (44)  (dashed 
curve  on  th->  came  figure).  As  we  see,  for  angle  4>q  -  30°  formula 
(4*0,  base  i  <'n  the  assumption  of  the  smallness  of  the  region  of 
contact,  gives  considerable  error,  and  at  larger  values  of  angl^ 
it  is  quit-'  inappl  i  cat  lc  . 


In  Chapter  II  we  also  compared  the  distribution  pressure  p  in 
the  region  of  contact,  obtained  as  a  result  of  the  solution  of 
the  exact  integral  equation  of  the  problem  (solid  curves  on  the 
figures),  with  the  distribution  of  pressure  determined  by  the 
well-known  approximate  formula 


/>(?)“ 


P  cos  » 

f  (sinfccosfc-H,) 


(^5) 


(dashed  curves  on  the  same  figures). 

Presenting  formula  (45)  in  the  form 

.  .  _ P  cos  ?  Et 

£t(jinytc08?#+f,)  r  * 

and  using  values  found  above  of  ratio  P/Ee  for  angles  <f>0  =  30°, 
<j>0  =  50° ,  and  4>Q  «  60°,  we  find 


p(,)«  0,1732 

cos  9 

£i 

r 

when 

9,  *=»  30*, 

1 

| 

P  (?) **  0,5637 

cos  o 

when 

9.  =  50% 

j 

> 

I 

(46) 

/>(?)“  1.4207 

cos  9 

Et_ 

r 

when 

9,  «*•  60*. 

1 

J 

In  accordance  with  formulas  (46)  and  dashed  curves  mentioned 
are  plotted. 

4.  By  examining  the  problem  about  the  pressure  of  a  rigid 
stamp  on  an  elastic  half-plane,  taking  into  account  surface  changes 
of  the  elastic  medium,  we  arrived  in  Chapter  II  at  the  solution  of 
the  integral  equation  [Chapter  II,  equation  (286)]: 

I 

~P(al)—e  ^  /j(at)ln  It  — «|  dt«a,  —  1  <  £  <  i ,  (47) 

-i 

where  p(x )  -  pressure  under  the  stamp,  a  -  half-width  of  the  stamp, 
c  -  parameter  depending  on  elastic  constants  and  on  surface  properties 
of  that  elastic  medium  on  which  the  stamp  presses,  and  a  -  Indefinite 
constant.  Together  with  condition 


£ 

a 


(48) 


^  P  (<*•)<*•’ 


equation  (47)  uniquely  determines  the  unknown  function. 


To  plot  graphs  of  the  distribution  of  pressure  under  the  stamp 
given  in  Chapter  II,  for  different  values  of  parameter  e,  we  also 
used  the  method  of  finite  differences.  Below  we  give  the  calculations 
made  by  us. 

Since  function  p(x )  is  even,  i.e.,  p(~a?)  =  p(x) ,  we  have 

0  1  r 

^  p (at) In 1 1  — « jcfce*  C/j(— •a-;)  In j  —  t  — ; | <ft »  ^p(at)ia  j  t  + 

-t  6  u 


and  equation  (47)  can  be  given  the  form 

i 

r.p(a:)~c  ^ />{at){ln ; S |  + ln(t +  <}]* ® k,  0<c<1.  (49) 

U 

Let  us  divide  Interval  (0,  a)  into  n  equal  parts,  and  in  each 
of  the  obtained  subintervals  we  will  consider  the  pressure  p(x)  to 
be  constant: 

P(*)~Pk  when  (/c —  1)  ^  <x  <  k~  ,  *■=»  1,  2, ... ,  n.  (50) 

Assuming  in  (50)  x  =  a£,  we  find 

p(a\)n3pk  when  ~~~  < c  <  ~  ,  &■=•  1,  2, . .. ,  n.  (51) 


Let  u.!  define  now  quantities  p^,  p2,  ...,  pn  with  such 
calculation  that  equation  (49)  is  satisfied  at  n  points  ««-“l 
(l  =  1,  2,  ...,  n),  i.e.,  so  that  there  will  be  equalities 


^  i»  2f . ♦ ♦  f  n.  (c:2) 


\ 


h 

<* 

f 

i 

f 


Substituting  (51)  into  (52),  we  obtain  equations 


«*  4/n 


A*6!  •  I 

n 

i  ***  i  t  2|  •  •  e  f 

When  fe>i  +  i  we  find 


A 


a-i 

B 


a»-2i+i  ^  zk-ii  +  x  vt-n-i  la  n-y-t  i , 


Zn 


2n 


2* 


tn 


when  i  we  find 


ft 


ft 

»-2l  +  l  ,_'2!-2*-i  C;  — 51-1  ,  2(-5*  +  |  I 

- ~ln - S - jn  a  - 


and,  finally,  when  k  =  l  vie  find 


*/» 

j, 


21  - 1 
2  ft 


5  ln(i5T“0<<t  + 


lli 

t> 


l/n 


?l-l 

IT 


21  —  1 


2f  —  1 

W-*- 

2* 

J  \  2* 

r 

|,/n 

2n  , 

/  12 !  -  1 

1* 

Thus , 


(53) 


(5*0 


k/n 

5  H" 


2n  -t 

2ft 


i-l 


d\  i 


2  ft 


MK  +  *  ]n  m-M  +  U 


in 


2 ft 


I  i.,,2 . ». 


2ft 


2ft 


Further 


n 


»  * 


■2k-rH~i  In  2fr  *-2f-l  U-L21-3  ^  2*4-2t-3  i, 


2ft 


2ft  2ft 

A » 1,  2, ... ,  rt* 


2ft 


ft  *' 


(55) 


Substituting  (54)  and  (55)  into  (51;  and  replacing  for  the 
convenience  of  calculations  natural  logarithms  by  common,  we  obtain 
the  system  of  equations 


'Pr 


2H 

2k-2l-i 

2ft 


/  2ft—  2l-»-l  j  g  ]  2k -  21  -Ml  _* 


2n 


lgiiiz«zll4 


2a 

2&  +  2J-1 


2ft 


lg 


!2*+2l-t 


3* -J- 2i  —  a  U+21-3 


in 


2n 


4) 


«.V 


2ft 

/  =  !,  2t ... ,  b, 


(56) 


where 


.1/  0,43429. 

Substituting  (51)  into  (48),  we  find 


n 


A-l 


(57) 


(58) 


Equations  (56)  and  (58)  determine  unknowns  p^,  p2>  •••>  P^  and 
incidentally  constant  aM/c,  Determining  p^,  p2,  •••,  Pn>  in 
accordarice  with  formula  (50)  we  obtain  the  approximate  solution  of 
integral  equation  (4?)  in  the  form  of  a  step  function. 


5.  Assuming  in  (56)  n  =  5  and  taking  into  account  (58),  we 
obtain  equations 

(0,25CS6 + /.)  p,  +  0,05052  p,  -  0,04843//,  ~  0, 1 003  Ip,  — 

-0,13:9Gp,«^-£, 

0,05052/?,  4*  (0,15791  +  X)  p,  -  0,01039/?,  -  0,09305/?,  - 

-0,14408 P,«-^~£, 

—  0,04843/?,  —  0,01 039/?,  +  (0,11 329 -{- >.)  /?,- 0,04573/?, - 

—  0, 12236/?,  a-  —•  —  ~  , 

-  0, 10934 p,  -  0,093G5p,  -  0,04573p,  +  (0.0S398 + ).)  /?,  - 

—  0,07077/?,  =»  — —  , 

--0,15396/?,  -  0,14468/?,  -  0,12236/?,  ^ -0,07077/?,  + 

+  (0,06214  + —  y  , 

Excluding  from  these  equations  a M/o  -  P/a ,  we  obtain  four 
equations 


(0,20634  +  >.)p,  -  (0, 10739  +  >.)/>.  -  D.03S04/?,  - 

—  0,01629p,  —  0,00928/?,  ■■  0, 

0.09895p,  +  (0,16830  +  /.)  pt  -  (0,12368  +  >.)  /?,  - 

~0,0i732p,-0,02232p.«0, 

O.OGOOlp,  +  0,08266p,  +  (0,15902  +  >.)/?,  -  • 

—  (0,12971  +  X-)p,— 0,03159p,»0, 

0,04462p,  +  0,05 163p,  +  0,07G63p,  +  (0,13475  +  X)p,~ 

-(0,13291 +>.)p,~0, 


which  together  with  equation  (58) 


Pi  +  p,  -f  p,  +  A,  +  A, «  7  7 

determine  unknowns  p^  ,  p^,  p^>  P^  antl  P<  •  tk‘"  -able  given  beluw 

solutions  of  these  equations  for  three  value.-,  of  parameter  e  are 
shown,  namely:  c  =  10,  o  -  1  and  c  =  5.1  according  to  (57) 

for  X  =  0 .136*14 ,  X  =  1.3644  and  X  =  lj. «/4i»). 
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Table  p^. 


k 

c  \ 

1 

•x 

3 

4 

5 

10 

p 

0,0658  — 

A 

0,3827  — 
a 

0,4230  — 

<2 

0,5137  — 

A 

0,8121  — 

'  0 

i 

0,4538  — 

C 

0,4645  — 
a 

0,4835  — 

Q 

0,5t7i  — 
e 

0,5791  — 

A 

0,1 

0,4943  — 

a 

p 

0,4206  — 
a 

0,4982  — 

*  a 

0,5025  — 

A 

0,5096  — 

0 

Having  plotted  in  accordance  with  formula  (50)  and  the  above 
table  graphs  of  functions  p(x)  and  smoothed  them,  we  obtain  for 
o  =  10,  c  =  1  and  c  -  0.1  distribution  curves  of  pressure  under  the 
stamp,  given  in  Chapter  II. 


UNCLASSIFIED 

Sacurftr  Cjegetgcattog 


DS£5&iZNT  CCXTSCL  DATA  -  R  &  D 


karfy  c*xS  hufatitn^  ^ ** op f  ***  *****  ,^g  o^^all  report  u  r  *• 

T^0^nTQrNTT"N,I5,,  a“(Tt"vi  ' 1  JJ o'^  T^z^u  mTT  cTVf  SlTTc  aTi'ok 


Foreign  Technology  Division 
Air  Force  Systems  Command 


UNCLASSIFIED 


125.  GROUP 


II  RBP3RT  TITL-tt 


CONTACT  PROBLEM  OF  THE  THEORY  OF  ELASTICITY 


1<*  onc*ii*Tiv4  HOTII  of  fJ»ot  IikIm/v»  ietts; 

Translation 

#•  Au  TMoStii  (pirn  naaur,  * 753»  tl»t  «mm> 


Shtayerman,  I.  Ya. 


Bft  HSFOR  T  OATS 


None 


ICA.  CONTRACT  OR  GRANT  NO. 


6,  PHOJCCTNO.  72302~78 


|  7  At.  TOTAL  NO  OP  PACKS  175.  NO  OF  REFS 


[  OA-  ORIGIN  A  TO  P**S  REPORT  NUMBCR(I) 


FTD-MT-24-61-70 


I #A.  OTHER  REPORT  NO(I)  (Any  other  number*  that  may  be 
I  th/9  report) 


10.  DISTRIBUTION  STATEMENT 


Distribution  of  this  document  is  unlimited.  It  may  be  released  to 
the  Clearinghouse,  Department  of  Commerce,  for  sale  to  the  general 
public.. 


I  II-  SUPPLEMENT ARY  NOTES 


9-  AOST&ACT 


12.  SPONSORING  MILITARY  ACTIVITY 


Foreign  Technology  Division 
Wright-Patterson  AFB,  Ohio 


^In  the  book  Chapter  I  is  deVpted  to  methods  of  the  solution  of 
fundamental  equations  of  the^ontact  problem.  An  account  of 
certain  works  of  Soviet  mathematicians  is  given  concerning  the 
two-dimensional  contact  problehj  of  the  theory  of  elasticity, 
including  the  author’s  works,  p^rt  of  which  has  been  published 
for  the  first  time.  These  include  a  pew  formulation  of  the 
problem  on  the  pressure  of  a  sta^p  pn  an  elastic  half-plane 
and  the  periodic  contact  problem  {Jd^scussed  in  Chapter  LI.  - 
The  author  makes  an  attempt  to  calculate  surface  deformations 
in  Chapter  II,"  which  up  till  np^  have  not  been  calculated  in 
the  theory  of  the  contact  problem.  Chapter  III  gives  a  number 
of  new  solutions  of  an  axisyihmetric  contact  problem  of  the 
theory  of  elasticity.  Together  with  the  classical  solutions, 
a  number  of  new  solutions'  belonging  to  the  authors  is  given  in 
Chapter  IV. 
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